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Abstract

Typesystemdgor programminganguagesanbeusedby compilersto rejectprogramswvhichare
foundto be potentiallyunsoundandwhich may, therefore fail to executesuccessfullyWhena
programis rejectedthe programmemustrepairit sothatit canbe type-checkd correctlyand
thenexecutedsafely Diagnosticerrormessageareessentiato helpthe programmerepairthe
program.

Hindley-Milner type systemgive the programmem greatdealof flexibility (polymorphism
andimplicit typing) while still ensuringypesafety As aconsequencef thisflexibility repairing
mistalescanbedifficult andprogrammersave previously obsenedthatthetypeerrormessages
producedby compilersarenot helpful enough.

This thesisexaminesthe problemof producingmore helpful error messagesor ill-typed
programswritten in programminglanguageswith a Hindley-Milner typing discipline. Three
mainresultsaredescribedFirstly, typeinferencealgorithmswhichinfer typesin differentorders
aredescribedandtheability of theseto producemoremeaningfulerrormessagess investigated.
Secondly the resultsof several otherauthorson helpingexplain type inferenceare condensed
into a single generalisation. Thirdly, error messagesvhich suggestconcretechangeso the
programto remove errorsare producedusingthe theory of linearisomorphisms.This theory
is implementedasan extensionto the MLj compilet Finally, extensiongo Hindley-Milner are
explored,takingthetype systemof MLj asanexample.
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Chapter 1
Intr oduction

This thesisis an investigationof a problemin the areaof programminglanguagepragmatics
In orderto make programminglanguagesnore useful and ‘safer’, semanticianhave devised
typesystems$o ensurehatcertainsortsof programmingerroraredetectedeforeexecution.For
exampletype systemscan ensurethat pointersare not confusedwith immediate(or unboxed)
valuesand that functionsare only appliedto valid aguments. This preventsprogramsfrom
producingerroneousesults(e.g.if apointeris treatedasanumericvaluethenthewronganswer
will be obtainedin calculations)and also preventsprogramsfrom crashing(e.g.if a numeric
valueis usedasan pointerthena memoryexceptionmay occur). Well-designedype systems
allow the productionof high quality software,andcanpreventcatastrophidailure of softwarein
safetycritical applications.Thepragmatidssuein questions makingit easyto correctprograms
whichthetypesystenrejects.

This introductionstartsby looking at a problemwhich preventscertaintype systemsyaining
wider acceptability(Sectionl.1). The aimsof thethesisarethenlaid out (Sectionl.2). Finally
the structureof therestof this thesiscanbefoundin Sectionl.3.

1.1 The Problem

Most programmindanguagecompilersperformseveraltypesof semantianalysison programs
beforethey aretranslatednto machinecode. This thesisis aboutone suchanalysis:typein-
ference In this analysisthe compiler establishesnformation aboutthe typesof datausedin
the programand checksthat the programis acceptableaccordingto the type semantics.This
analysiscanrejecta programas*“incorrect”, in which casethe programmemwvill needto correct

1



2 Chapter 1. Introduction

the programandwill appreciatesomehelpin doingso. To seewhatsortof help programmers
mightappreciate¢considetow spell-checkrswork. Theseareamongthe mostusefulprograms
in popularusetoday They canpointoutwhereyou madespellingmistalkes,andsuggeshow to
correctthem. A spell-checkerwould be neitherusefulnor popularif it only pointedoutthatyou
hadmadea mistake without suggestindnow to correctit, or if it gave informationwhich looked
at the problemfrom the perspectie of how it worked ratherthanfrom the writer’s perspectie,

e.g.

rype-checker

Spelling  error at character 3.
Cannot follow "ry" with "p"

This howeveris the style of responsg@roducedor programmerd®y compilers.

The error messagesypically producedare basedon how the processof type inferenceand
typecheckingfailed,andnotoneitherwhatthemistaleis or how it canbecorrected Thesemes-
sagesanbe usedto repairmistakesbut not aseasilyasmight be possible.Informal discussion
with peoplewho have learntto programwith stronglytypedlanguagesndthenenteredndustry
to programwith otherlanguagesuggestshatthedifficultiesin repairingerrorsis seemas“more
troublethanit is worth; andthis may explain why suchsystemshave not beenmore widely
adopted.The proliferationof paperson thetopic andthe intensityof discussiorat conferences
suggestshat experiencedporogrammerslsohave difficulty with error messageslt is therefore
importantto investigatethis topic bothto help existing usersand encouragevider adoptionof
strongtype systems.

1.2 Aims

Thegenerakhim of thisthesisis to investigatdormsof informationwhich canhelpprogrammers
repairtype errorsin their programs. Algorithms for producingtheseforms of informationare
given. Also of interestis the easeor difficulty of integratingthesenew algorithmswith existing
compilerssothatthework canbe putto use.

1.2.1 Type System for Investigation

As statedearlier this thesisis aboutpragmaticaspect®f type systemslt is importantthoughto
considemotonly how the systemsareusedandhow programmersvork, but alsoto considerthe
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semanticof the type system.For this reasorthe type systento beinvestigateds the Hindley-
Milner type system.This hasa numberof featuresvhich make it attractie to this work.

e Thetype systemandits typeinferencealgorithmshave beenprovento be sound.Thereis
alarge body of theoryrelatingto thetype system.

e Typeinferenceis decidableandin practicetakesareasonabléengthof time (in contrast
to strongerdependentype systems).

e Many desirablefeaturesare exhibited by the system. Theseinclude polymorphism,im-
plicit typing (andtype inference)andhigherorderfunctions.

e Programdor thistypesystemcanoftenbe completelydevoid of type annotationgthough
the syntaxof immediatevaluesmayrevealtheir type,for examplein SML 1 is aninteger,
wheread.0 is real). This makesthe problemof producingerrormessageblarderasthere
is lessinformationto guidethis process.

e Thetype systemis usedin several multipurposeprogramminglanguagesith extensve
librariesandsupport.Thesehave beenusedto write demandingpplicationssuchascom-
pilersandtheoremprovers,andalsoparallelanddistributedprogramson awide variety of
platforms,low-level operating-systerarientedprogramsandgraphicalapplications.

e Thesystenmhasyetto gainwide acceptabilityin the programmingcommunity(compared,
for example,with the succes®f objectorientedlanguagesandthis maybeduein partto
thedifficultiesof fixing typeerrors.

e The systemhasinfluencedthe designof programminganguagesvhich do not useit di-
rectly.

1.2.2 Inclusion of Proofs

It hasnot beenconsideredhecessaryo rigorously prove all of the propositionsin this thesis.
Thisis becausehe aim of thethesisis to look at waysof helpingpeople ratherthanto createa
new bodyof theory Evenif analgorithmis incompleten someway, or evenunsoundor asmall
subsef its domain,in mostcasest is still likely to be of helpto programmersThatsaid,the
work is groundedn theoryandattemptshave beenmadeto statethe unproventheoremswhich
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algorithmsshouldsatisfyin orderto be useful,andthe possibleforms of proofsof thesehave
beenproposed.

1.2.3 Implementation

All of thealgorithmsin this thesishave beenimplementedn someway, whethera ‘toy’ imple-
mentationor in a full compiler This givessomeassurancef correctnessn the absencef a
proof. Exampleof the outputof theseareprovidedasaway of letting thereadergaugewhether
or notthey arelikely to be of useanddeservingof furthertestingwith realusers.

1.2.4 Testing

The aim of this thesishasnot beento producea productionimplementatiorof any algorithm.
Theintentionhasbeento deviseformsof informationwhich arelik ely to helpprogrammersand
to justify theselogically. Detailsof the userinterfacehave not beenconsideredandhencethere
hasnot beenary testingwith users.Beforeintegratingary of the proposalsn this thesisinto a
product,usertestingto establishthe bestway to presenthe informationproducedshouldtake
place.We do howeverknow thatall themethodsn thisthesiscanbeusedto helprepairmistales
in programgfor logical reasons).

1.3 Structure of Thesis

The introductorypart of this thesisincludesa look at the currentstateof technologyin type
inferenceandthe errormessageproducedoy compilersin currentuse(Chapter2). It thenlooks
atrelatedwork in improving errormessagefChapter3).

Therearethreechapterscontainingthe mainfindings. The first of these,Chapter4, looks
at alternatve type inferencealgorithmswhich look at programsin differentordersin orderto
producedifferenterrormessages.

Chapter5 introducesa datastructurewhich canrecordinformationaboutthe typesin pro-
gramswhetheror notthe programsarecorrectlytyped. This datastructurecanbeusedto extract
differentformsof usefulinformation.

The third chapterof findings (Chapter6) is aboutgeneratingerror messagewhich suggest
waysof repairingprograms.Thisis analogougo the exampleof aspellchecler atthe beginning
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of thisintroduction.Thechapteris basedn thetheoryof typeisomorphisms.

After thesemainfindingson Hindley-Milner typessystemsare describedChapter7, looks
atanextensionof this with subtyping.MLj integratesStandardML with the classhierarchiesof
Java. Thisintroducesnew forms of type error. Waysof dealingwith theseerrorsare proposed
anddiscussedwithout any implementation).

In keepingwith the spirit of this thesis,asa bridge betweentheoryand practice,following
theconclusionsn Chapte8 therearetwo appendicesOnehasproofsof theoremsandtheother
hasextractsfrom animplementation.






Chapter 2
Current Technology

Beforelooking at new waysto improve type errormessageandhelp programmersiehug their
mistales,we will look at the adviceproducedby currentcompilers. First we will describethe
standardsigainstwhich errormessageshouldbe comparedSection2.1). Thenmessagefom
popularcompilerswill be shavn andcomparedagainstthe standard¢Section2.2). Lastly, the
algorithmsusedto producethesemessagewill be givenandexamined(Section2.3).

2.1 Guidelines for Error Messages

In a recentarticle on error messagefor the World-Wide-Web, Jalob Nielsenclaimsthat “the
guidelinesfor creatingeffective error messagebave beenthe samefor 20 years”[Nie01] and
thattheattributesthatgooderrormessagemusthave areto be

Explicit in their statementhatanerrorhasoccurredandin the statingthe consequencesf the
error,

Human-readable sothatthey canbe understoody their intendedreaderanddo not have the
feel of beingproducedor othersoftwareto read.

Polite particularlyin notimplying thattheuseris solelyatfaultandin notimplying thattheuser
is stupid.

Precise in their statemenof the problemandin any additionaladvicethey give.
Constructive by giving adviceabouthow the problemcanberectified.

7



8 Chapter 2. Current Technology

For type errorstheseguidelineshave severalconsequencedt shouldbe statedexplicitly that
a type error haspreventedcompilation,in contrastto warningmessagesvhich do not prevent
compilation (e.g. a warning that patternmatchingis incomplete). A clear statementhat the
programhasnot beenrecompiledwill preventprogrammersn anedit-recompile-testycle from
goingon to testthe dynamicbehaiour without realisingthattheir latestchangeis not reflected
in thecompiledprogram.

Thebenefitsof makingerrormessagesadabldy humansshouldbeclear In particular for
type error messagethis meansnot referringto the internalrepresentationf typesandsyntax.
Errorsshouldalsobegivennamegatherthanabstractdentifiers(“TypeError” ratherthan“Error
Number8”). Politenessefersmoreto the phrasingof the messagéhanits content.Precisionde-
mandgthatextrainformationis given,e.g.wheredid thetypescomefrom, wherein the program
wasthe error found. Thesethreeaspectof messages— readability precisionand politeness
— arehighly dependanbn theintendeduserof the compiler, for examplethe theoremproving
communityaretypically familiar with type inferencealgorithmsandwill understandermssuch
as“occurserror”, whereasn educationt cannotevenbetakenfor grantedthatthe programmer
understandthattypeinferencetakesplace.

Giving constructve adviceis the mostdemandingof the guidelines.Nielson statesthat for
a “Pagenot found” error on the World-Wide-Web this could includeadvicesuchas“check the
spellingof the URL”, or evenautomaticallysuggessimilarly speltvalid URLs. By analogythis
meanghatfor atype checlerthe messagesould suggest particularchangeto the programor
make a genericsuggestiorsuchas“check thatthe functionis curried; or “checkthatreal and
integerarithmeticarenot mixed”

2.2 Current Error Messages

In thissectionwe will look ataselectiorof errormessageBom aselectiornof compilersandsee
whetherthey addresshe guidelinesdescribedabove.

2.2.1 Three Compiler s

Considetrthis programwhich hasatypeerror(in StandardML [MTHM97])

map ([1, 2, 3], Int.toString)
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Theproblemisthatmaphastype(a -> 'bh) -> ’a list -> 'b list —whichmeanghatit

takesa functionandthenalist ascurriedarguments— but hasbeensuppliedwith its aguments
in uncurriedform andin the wrong order It is difficult for currentcompilersto explain the
problembecauseof the curried type and the polymorphism. Here we will seehow different
compilersreactto this program.The compilersshonvn areall currentlyin popularuse.

Moscow ML  Following is thetranscriptof aninteractie sessiorincludingthe programabove
(Theprogrammess input followsthe“- " prompt.)

Moscow ML version 2.00 (June 2000)
Enter ‘quit(); to quit.

- map ([1, 2, 3], Int.toString);

I Toplevel input:

I map (1, 2, 3], InttoString);

|

I Type clash: expression of type

! (a ->'b) ->'a list -> b list
I cannot have type

! c *'d > 'a list -> b list

This errormessagsuffersfrom severaldeficiencies

e It doesnot explicitly statethatcompilationwasnot possible(this is indicatedby “Type
clash”,but someusersmaynot understandhis expression).

e Themessageoesnotmalke it clearwhatthetwo typesgivenreferto. It shouldbe precise
andstatethatthefirst is the inferredtype of thefunction,andthe seconds implied by its
context.

e Thereis no constructve adviceabouthow to repairthe problem.

The error message strengthdie in beinghumanreadable:it hasa neatly phraseddescription
andhighlightsthe expressiorcontainingthe problem.

IMoscowv ML version2.00,availablefrom http:/iwww.dina.kvl. dk/ “se sto ft/ mosml. html .
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Standar d ML of New Jersey! Hereis atranscriptirom aninteractie session.

Standard ML of New Jersey, Version 110.0.7, September 28, 2000
- map ([1, 2, 3], InttoString),

stdin:17.1-17.30 Error:  operator and operand don't agree [tycon mismatch]
operator  domain: 'Z -> 'Y
operand: int list * (int -> string)
in  expression:
map (1 = 2 : <exp> i <exp>,iInttoString)

Thetypeslistedin this messagearedifferentfrom thosein the Moscav ML messagéecausea
differentinferencealgorithmis used but the problemsaresimilar

e The messagdacks humanreadability by quoting the internal representatiorof the list

ratherthanthe original syntax.

e It isuncleawherethe“operatordomain”’camefrom, andit is possiblehatsomeprogram-

merswill notunderstandhisterm.

Eachof thesecompilershasa differenttype inferencealgorithm, but the outputfrom each
could be improved. A new problemcanbe seenby comparingthe two compilers. Their error
messagearesufficiently differentthata programmewusedto oneplatform could have difficulty
usingthe other For exampleMosconv ML quotesthe type of the function,whereadNew Jersg
guotesthe type of its domain. A Moscav ML userfailing to readthe messageorrectlymight
think thatNew Jersg ML is claimingthatmap hasthetype’z -> Y.

MLj2 This compilerdoesnothave interactie sessionsThefollowing file wasusedto testit

structure  Test = struct
val _ = map (1, 2, 3], Int.toString)
end

And this messagevasreported

1StandardVIL of New Jersg version110.0.7. Copyright Lucent Technologies.Availablefrom http://cm.

bell- labs.com/cm/wh at/ sminj/ ind ex. html .
2MLj Version0.2,Copyright PersimmorT Inc.. Availablefrom http://www.dcs.ed.ac .Uk /ho me/mlj /.
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Error at 2.31-56:type mismatch
argument type: ‘ac list*(int->string)

[for ’ac={Int8.int,int,Int64.int,Int16 int} ]
expected:  ’'ab->'aa

This messagdooksdifferentfrom the previoustwo.

e Themessagéackshuman-readabilitpy notquotingtherelevantsourcecode. This should
be particularlyimportantin MLj asthe sourcecodeis not alreadyvisible (becausat is a
batchcompilerratherthaninteractve). Thelocation“2.31-56" is designedo bereadby
othersoftware(e.g.the sml-modefor thetext editorEmacs)yatherthana person.

¢ Readabilityis furtherreducedby shaving theinternalMLj representationf typeswhich
includesanidiosyncraticrepresentatioffior the typesof numberg(to dealwith overload-
ing). Thisis unlikely to be understoody mary ML programmers.

e Again,it is notclearhow the quotedtypeswereobtained.

2.2.2 Location and Cascades

Onecharacteristiof typeerrormessageis thata smallmistale earlyin theprogramcanleadto
alargenumberof errormessagekteron. Considetthis program

val one = "1"

val two one + one
val three = two + one
val four = three + one

val five = four + one
New Jersg SML reports

stdin:18.17 Error:  overloaded variable  not defined at type
symbol:  +
type:  string
stdin:19.19 Error:  overloaded variable not defined at type
symbol:  +
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type:  string
stdin:20.20 Error:  overloaded variable not defined at type
symbol:  +
type:  string
stdin:21.19 Error:  overloaded variable not defined at type
symbol:  +
type:  string

Thesimplemistalkein thefirst line (usinga stringinsteadof aninteger) hascausedour identical
messages.

As well asproducingseveralmistakesfor onemistale, noneof the errormessageproduced
actuallyreferto the mistale: they all have thewronglocation.

Moscov ML avoidstheproblemof cascadeby announcingnly oneerrorandthenstopping
typeinference

I Toplevel input:
! val two = one + one

| ~

I Overloaded + cannot be applied to argument(s) of type string

2.3 Current Algorithms

To understandvhy currenterror messagebave the characteristicshey have, let ushave alook
at two typeinferencealgorithms. Thesewill be givenfor the simplelanguagan Figure2.1in
which expressionsave the typesin Figure 2.2 asgiven by the semanticsn Figure2.3 (in the
styleof [MTHM97]). Notethattupletypesarewritten with anglebraclets,(...), this allows us
to have unarytuplesandaunit type.

Typeinferencerequiresatypeervironment,l”, whichis afinite mapfrom identifiersto type
schemesI” canhave mappingsemovedfromit (I'y is " with any termfor x removed)andcan
be augmentedvith nev mappingsfor exampleafter a declaration.l + (x : 0) is the sameas
MxU{x:o}.(x)isary o suchthat(x: o) .

Typeschemesreobtainedrom typesby closingatypeunderatypeenvironment.[ (1) (the
closureof T underl) is thetypeschemevyas - - -an. T Whereas - - - a,, arethetypevariablesoccur
ring in T but which do notoccurfreein I'. In particular closingatypeunderatype ervironment
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Figure 2.1 An ML-lik elanguage.

e = X identifiers

Ap.e A-abstraction

let Xx=ein e let-declaration

€ €1 functionapplication

(e1,...,en) tupleexpression

p = X identifier patterns
| (p1,-.-,Pn) tuplepatterns

Figure 2.2 Types,type schemesgrvironmentsandsubstitutions.

T = typevariable
| (T1,...,Tn)C typefrom constructoic
| 1T functiontype
| (T1x...XTpn) tupletype
= VYai...0,.T typescheme
r {X1:01,...,%: On} ernvironment

S = {da1+Tq,...0n— T} Substitution

with nofreetypevariablesresultsin every typevariablein thetype beinguniversallyquantified.
(Somepapergdenoteclosurewith clos-(1).)
If someof theboundtypevariablesn aschemeg, canbeinstantiatedo give ¢’ thenc > o'.
Thelanguagdacksseveralof the featuresof StandardML

e Modulesystem

e Explicit typeannotationandconstraints
e Overloading

¢ Recursve declarations

Thoughthesefeaturesare relevant to producingerror messageshey will be omitted asthey
differ from languageto language.The corefeaturesin the figuresare consistenfacrossa range
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Figure 2.3 Typesemantics.
Firstfor expressionsl - e: 1.

rx) >t

MNe=x:t

MFe: T —1 MEe v
Feper:T

N-e:t1 ... ThEe T,

M (er,....en) : (T1 X ... X Tp)

FrEp: (M) Mhe:ty

FEApe:tp—T11
MFep:To F+(x:T(to)Fer:ma
M- letx=eine :T1
Thefollowing arefor patterns]” + p: (', 1) (I’ describesheidentifiersin the pattern).

VAR

ApPpP

Tup

ABS

LET

VARPAT

MEx:(F+(x:1),1)

ro F P1: (Fl,rl) I'l F P2 (rz,'[z) Fn_l F Pn: (Fn,rn)

TupPPAT
Fob (P1,---,Pn) : (Mn, (T1 X ... X Tp))

of languagedncluding StandaraML, MLj, O’'Caml, Haslell.

2.3.1 Substitutions and Unification

In addition to the types, type schemesand type ervironmentsseenin the semantics,type
inferencealgorithms make extensve use of substitutions A substitutionis a map with fi-
nite supportfrom type variablesto types. Substitutionsare denotedby a set of mappings,
{ady — T1,---0n — Tpn}. A substitutionrepresents meansof refining types. If we know that
acertaintype (containingtypevariables)s associateavith anexpressionandthata substitution
is alsoassociatedavith it thenwe canapplythe substitutionto thetypeto refineit.

The setof type variableswhich a substitutionactson is calledits support,supgS) = {a :
a # Sa}. Substitutionsalsohave freevariablesFV(S) = {a : 3B € supgS).a € FV(B) }.

SubstitutioncanbecomposedS; § is thesubstitutionwhich hasthesameeffectasapplying
first § andthenS,.

All substitutionsn typeinferenceareidempotentj.e. SSt = St. Thisis achievedby ensuring
supS) NFV(S) = {}. This restrictionpreventsus from getting ‘infinite’ or recursve types
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(typeswhich containthemseles). Somelanguagesillow alimited form of recursvetype(which
will notbediscussedn thisthesis).$ S is idempoteniff bothcomponentareidempotentand
FV(S) NsupdS) = {}-

We definean orderingon types: T > T iff 3S: St = v. We saythatif 1 > 1’ thent' is
a substitutioninstanceof 1. Also, a type ervironment, ", hasa substitutioninstance,”’, iff
3S: S =T’ (whereS satisfiesyx: (S7)(x) = S (x))).

Unification, function U, returnsthe most generalsubstitutionwhich whenappliedto each
of its agumenttypeswill producethe sametype. For exampleU (int — a,  — real) = {a —
real, B — int}. A surwy of applicationsandtechniquedor unificationcanbe foundin [Kni89].
Typeinferencefailsif no unifier exists. Typeinferencefails (andmistalesaredetectedpecause
of afailureto unify. Implementationshenproduceerrormessagemdicatinga problemwith the
subepressiorof currentinterestandmentionthe un-unifiabletypes.

In mostcompileramplementedn languagesvith imperatve feature§suchasStandardviL),
insteadof storingexplicit substitutionsatypevariable a, is representedsareferencavhichcan
referto atype,t, toimplementthesubstitutiorterma — 1. Themainmotivationfor thisis speed,
especiallyin generatingelaboratedsyntaxtreescontainingtypes. It hasbeensuggeste@dPW93]
thatthis styleof implementations moreefficientfor large projects(though[Tof89] suggestshat
explicit substitutionsareequallyefficient for smallerimplementations) Theredo not appeato
have beenary studiesof whetherusing explicit substitutionswill causeary appreciableslow-
down ontoday’s computers.

2.3.2 Two Algorithms for Type Inference

The two most common type inference algorithms are W: the classic bottom-up algo-
rithm [DM82] andM, atop-davn algorithmin usein Moscov ML andObjective Caml[LY98].
Bottom-upinference(Figure 2.4) answerghe question“What type doesexpressione have in
environmentl, andwhatrestrictionsmustbe madeto thetypesin the environmentfor thisto be
thecase?”(ltakesanexpressiorandervironmentandreturnsatypeandsubstitutionof typesfor
type variablesin the environment). Top-davn type inference(Figure2.5) answerghe question
“What restrictionmustbe madeto type variablesfor expressiore to have typet in ervironment
?” (It takesanexpressiongrnvironmentandtargettypeandreturnsa substitution).

W satisfieswo theoremswhich areprovedin [Dam85], similar theoremscanbe shown for
M [LY98].
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Theorem 1 (Soundnesf W) If W(I', e) succeedsvith (S 1) thenthereis a derivationof
S ket

Theorem 2 (Completenesf W) Given(T, e) letl'" beaninstanceof " andn beatypescheme
sucdthatl' +e:n. Then

1. W(I',e) succeeds
2. If W(T',e) = (P, m) thenfor someR: " = R, andn is a genericinstanceof RPI (T1).

Theorem 3 (Soundnesof M) Let e be an expressionand ™ be a type ervironment. If there
existsa typet su thatM(I",e, 1) = SthenS - e: Srt.

Theorem 4 (Completenesof M) Let e be an expression,I” be a type ervironment. If there
exists a type T and a substitutionP sud that S + e: Pt thenM(I",e 1) = Sis defined,and
there existsa substitutionR sud that P|ney = (RS)|new Whete new is the setof variablesusedby
M(I,e 1) and|y isdefinedby Sy = {a— 1€ S:a ¢V}.

Hybrid algorithmsin which somerecursve calls look like thoseof W and otherslook like
thoseof M arealsopossiblgLYQ00].

2.3.3 Generating Messages in W and M

A type error is typically announcedvhen unification fails. This occursin W at application
expressionstuplesand someother syntacticforms not in the languageshovn here (suchas
moduleswith signatureconstraints)In M unificationcanfail at A-expressionsyariablestuples
and,aswith W, at otherexpressiongpresentn real languagesut not shavn herewhich must
have a particularform of type.

The errormessageshown from real compilersall announcehe expressionbeinginspected
whenunificationfailed, andthe types(or partsof them)which failed to unify. Variationsoccur
becausehetypescanbe quotedbeforeor afterthe attemptedunification.

Typeinferencecancontinueafterunificationhasfailedby giving theexpressiorbeingexam-
ineda ‘bestguess’type (suchasanew type variable). This allows mary type errormessageto
be producedwhich is usefulif the programmeiis ableto fix several of thembeforerecompil-
ing. It hasthe disadwantagethatonemistake may causea cascad®f errormessagesyhich can
confusethe programmer



2.3. Current Algorithms

17

Figure 2.4 Bottom-upalgorithmW.

W(eln =(St)if I +e:T.

W(r,x) = letVay---an1=Tr(X)
in ({},{a1+ Ba,...,0n— Bn}1) (for new Bs---Bn)
W(T,epe1) = let

W(T, eo)
W(Sl, er)

(S0, 7o)
(S1,11)
0= "SIt
V =U (15,11 — B) (for new B)

in (V$S,VB)
W(T,Axe) = let

P
o

(M, 1) =Woa(r, p)
(ST)=W(",e)
in (SS(t—1))
W(T,(e1,...,en) = let
(S1,11) =W(T',e1)
(S0, Tn) =W(Sh-1... ST, €n)
S=$%...5
in (S, (St x...SMn))
W(T,letx=epine) = let
(S0,T0) =WI(T', &)
(S1,12) = W((Sol") + (X: Sl (10)), €1)
in (S19,11)

Wpa (F,x) = (I +(x:B),B) (for new B)
Wpa(r7<p17"'7pn>) == |et
(rlaTl) :Wpa(r, pl)

(Mn,Tn) = Wpa(rn—l; Pn)

in (Mp, (T1 X ... X Tp))
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Figure 2.5 Top-downvn algorithmM.
M(I,e1)=Sif I Fe:St.

M(F,xT) = letVag---0n,.T =T (X)
inU({ay— B1,...,0n— Bn}T,T) (for new Bs)
M(I eper,T) = let
S =M(T, e, B — 1) (for new s)
S =M(Sr, 1, SB)
in 5%
M(F Ap.et) = let
S =U(1,B— B) (for new Bs)
(I, S1) = Mpa(Sl', p)
S =M("e S5
in $5%
M(T,(ey,...en),T) = let
S=U(1,(B1X...xBn)) (for new Bs)
S =M(S,e1, 1)

S =M(S-1...SiS e, S-1..-S1$Bn)
in&,...$S
M(Fletx=epine;,1) = let
S = M(T, e, B) (for new B)

S =M((SIN) + (x: (S )(SB)), €2, 1)
in §%

Mpa(X,I,T) = (M+(x:1),{})
Mpa ((P1,---, Pn),l,T) = let
S=U(1,(B,--.,Bn)) for new Bs)
(M1,S1) =Mpa(p1, T, B1)

(rm S’]) = Mpet(pnv rn—lv 31—1- . Sl$1)
in (M, S...S1S)




Chapter 3

Related Work

Therehave beenanumberof worksrelatingto typeerrorsandhelpingprogrammersisetypesin

their programs.Thesehave largely operatedn oneof two ways: explaininghow a type wasin-

ferred(Section3.1) or suggesting locationwherea mistake may have beenmade(Section3.2).
Also relevant to this thesisare interactve programdevelopmentsystemsand userinterfaces
which offer someway to avoid or repairtype errors(Section3.3). In this chapter alsoinclude
a brief surwey of otherimportantworks which provide backgroundnformationto the thesison
type systemsandtype checkingalgorithms(Section3.4).

3.1 Explaining Type Inference

One popularproposalfor helping programmersisetypesis to offer a facility to explain how
typeswerederived.

HelenSoosaipillahasproducedan“explanationbasedtypecheclerfor asubsebf Standard
ML [S0090].Thiscanexplainhow typeswerederived(it worksfor correctlytypedprogramsnot
for type errors). The programmeoperatest by asking“why” typeswerederived. For example
if the compilersaysthat 1+2 is anint, the programmercanask“why?” andbe told thatit is
becausd is anint, 2 is anint and+ hastypeint x int — int. Thisdesignhasnotbeenintegrated
into any compilet

Mik e Bearen and Ryan Stansifer[BS93] describea similar system exceptthatit explains
type errorsratherthan correctly typed programs.Again the programmeicanask“why?” par
ticular typeswerederived to get moreinformation. The systemhasbeenimplementedout not

19



20 Chapter 3. Related Work

integratedinto any compilet

Dominic DugganandFrederickBent[DB96] deviseda unificationalgorithmwhich collected
explanationsof why typeswerederived. The explanationgake theform of a collectionof loca-
tionsin the programwhich wereusedto infer the type of somesubexpression.This systemhas
beenaddedto a versionof the StandardviL of New Jersg Compilercalled SML/E (standing
for “explanation”}t. Dominic Dugganhasalsoproduceda definition for “correcttype explana-
tions” [Dug98, whichis examinedin moredetailin Section5.4.3.

Olaf Chitil too, haslooked at a formal presentatiorof type explanationsand hasproposed
that thesebe basedon inferencetreesof principal typings [ChiO1]. Basedon this notion of
type explanationhe hasimplementedan algorithmicdelugger[Sha83]to track down the loca-
tion of mistalkesin Haslell programs.This operatedy askingprogrammerguestionssuchas
reverse . [b] -> [c] Is intended type an instance? whenit believesthatthe ex-
pressiorshouldhave thattype. After a seriesof questionst will announcea sourcefor thetype
discrepanciesThesystemis impressve to watchin actionbut seemdo askmorequestionghan
shouldbenecessaryTheexamplein Chitil’ s paperusesiinequestiongo trackdown themistake
in afive line programcontaininglessthanforty syntactictokens. Othersystemgdescribedn
thenext section)canalreadyproposea smallsetof possibldocationsfor mistalesin aprogram.
If the numberof possiblelocationsfor a mistake is n thenthereis a setof n questiongpossibly
asfew as[lg n| questionswhich candistinguishthe actuallocation. Chitil’s systemappearso
exceedthis. It hasalsobeenshavn thatquestionsaboutwhethera particularexpressionshould
have aninstanceof a particulartypearehardto answementally[YM97].

My own introductionto thetopic camefrom my supervisorStepherGilmore’s, pape{Gil95]
which suggeste@nnotatingypeswith identifierswhich wereusedto infer them. The resultant
annotatedypeswerecalledwide-typesor deep-typesl extendedhiswork by creatingbig-types
[McA97] whichincorporatedheinformationin bothwide- anddeep-types.

3.2 Finding the Location of Mistakes

An orthogonabpproactio explainingwhy atype couldor couldnotbeinferredis to suggesthe
locationin the programof the expressionwvherethe programmehasmadea mistale.

ISML/E is available from http://guinness.cs .St evens- tec h.e du/ “dd uggan/Publi ¢/S mle/in dex.
html
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Gregory Johnsonand JanetWalz dealtwith this problemfor ML by looking at unification
[JW86]. They basetheir solutionuponlooking for maximumflow in graphsrepresentinginifi-
cationandaim to find the singleanomaly(mistake) which preventstype checkingandto avoid
producingextra errormessagely instantiatingunknovn typeswith thetypethey aremostlik ely
to be.

Mitchell Wand[Wan8§ alsomodifiedunificationsothatit couldkeeptrack of which pieces
of codewereusedto derive typesandannouncehetwo which wereinconsistent.

Mikael Rittri advocatesaninteractve approactto finding the sourceof type errors[Rit93a].
He proposes specificatiorfor sucha systembut this hasnot beenimplemented.

OuksehLee and KwangleunYi provedthatM will alwaysfail soonerthanW (it looks at
lessof the programto find aninconsisteng) [LY98]. This meanghatit hasa greaterchanceof
announcinghelocationwherea mistalke wasactuallymade.

3.3 Changes to the User Interface

LaurenceRideauandLaurentThérey [RT97] have written aninteractive programmingenviron-
mentfor SML and CamlLight. This includesa syntaxeditor which type-checkgprogramsas
they arewritten. Built into thetype checler is Wand-styleerrorlocation,andDuggan-stylaype
explanation.Theseareintegratedinto theeditorsothattherelevantlocationsin the programcan
be highlighted.

Jonathahittle hasalsocreatedaneditorfor SML with anintegrateadtypechecler[WBL97,
Whi98]. This editoris basedon the principal of proofsas programs in orderto type checka
programa proofis devisedto prove thatit correctlytypes.If aproof cannotbefoundthenthere
is atypeerror. Programsarewritten by analogy— usersstartwith a simple program(perhaps
the mapfunction) andtransformit into the programthey require(perhapghefoldleft function).
Eachstagen thetransformatiorshouldresultin avalid program.If typecheckingfails afterany
transformatiorthenthe new additionsare highlightedasa possiblesourcefor the mistake. The
systemis only designedor teaching,t doesnot supportthe full SML languageandit doesnot
reflectthe editing stratgiesusedby experiencedrogrammersin orderto investigatevhatsort
of helpwould be useful, Whittle conducteda surwey of the mistakesmadeby studentdearning
to programin SML [Whi96]. The conclusionof this surwey wasthat syntaxerrorshad more
effect thantypeerrors. Thisis why programsareauthoredoy transforminga syntacticallyvalid
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programusing stepsguaranteedo presere syntacticvalidity. Hence,Whittle’s work is not of
suchdirectrelevanceto this work.

KarenBernsteimndEugeneStarkpresenteé modifiedversionof algorithmwW whichallows
the type checkingof openexpressionswith unboundvariables|BS95. Their ideais that pro-
grammersvantingto find outabouttheir programcanfind outwhattypesanexpressiorrequired
its ervironmentto have. This hasnot yet beenimplementedn arny widely availablesystem.

YangJunsinterestis the visualisationof typesasgraphicalsymbols the psychologyof how
peoplemanuallychecktypes,andfinding the locationwherea mistake hasbeenmade[Yan97,
YM97, Yan99,YMTO00, YMTO01, Yan0]. An experimentalcomparisorof graphicalmeansof
displayingtypeswith traditionaltextual representationshavedthatthe graphicalrepresentation
did not helpgroupsof programmersr learnerssolve problemsnvolving types.

Therehave beenothermoreminorworkson changingheuserinterfaceof typeinferencefor
exampleDavid A. Turnercompletedcanundegraduatgrojectwhich modifiedtheerrormessages
producedy theML-Kit compiler[Tur9(. Thechangesvereto thetext of errormessage§ather
thanhighlighting differentsyntaxor announcingdifferenttypes). For examplehe produceda
specificmessagd the conditionof an‘if * expressiorwasnotaboolean.

3.4 Background Reading

The backgroundnformationusedin this thesisincludesinformation abouttype systemspro-
gramminglanguagesindtheir compilers,userinterfacesfor compilersandunification.

3.4.1 Type Systems

The Hindley-Milner type systemand inferencealgorithmW (describedn Chapter2) are de-
scribedby Robin Milner and Luis Damas[Mil78 DM82]. More information on thesecanbe
foundin LucaCardelli's writings aboutthe Hindley-Milner system{Car87 anda surwey of type
systemsn genera[Car97. OuksehLeeandKwangleunYi provedthatalgorithmM is correct
[LY98] andthathybrid top-dovn andbottom-upalgorithmsarepossiblgLY0O].
Trevor Jim [Jim95 haswritten on the propertiesof principal typingsasopposedo princi-

pal types(atyping is an assertiorof theform I - e 1). Jim’s work influencedBernsteinand
Stark. Jim claimsthat using a type systemwith principal typings can producemore accurate
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error messagebecauséehe type of the useof anidentifier canbe inferredindependentlyof its
definition.

Nikolaj SkallerudBjgrner[Bj@94] haslookedat producingminimal typing derivations(find-
ing the mostspecifictypesthatidentifierscanhave, in contrastio the usualmostgenerakypes).
Againthistypecouldbe of useto programmersvishingto understandhetypesin theirprogram
by removing unnecessargolymorphictypes.

Xavier Leroy hastackledtheproblemof typing referenceandcontinuationgLer93]. Damas
alsodealtwith this problem[Dam85]. To show thedifficulty with with polymorphicreferences,
consideifor example

val r =ref [
fun fr =@ = [1 2 23
val p=(f r, 1

Fromthefirst line, it looksliker shouldhave the polymorphictypeschemeya.’a  list  ref
(accordingto the semanticsn Figure2.3. In the lastline, however the pair cannothave type
schemeyaunit  * 'a list ref because isnow aint list ref . Thereareobviousis-
suesin explainingtypesin programdik e this, andrepairingthe mistalesthat may comefrom
misunderstanding.This topic, however, is not dealtwith in this thesisbecausef the incom-
patible approachesakenin differentlanguagegcf. the differencesbetweenSML in 1990and
1997[MTH90, MTHM97]).

RobertoDi Cosmohaswritten a book on typeisomorphismgDi 95]. Theserelationsform
the basisof Chapter6.

3.4.2 Compiler s and Langua ges

The examplesof type errorsin this thesisarebasedon StandardML, andimplementationsare
alsoin this language.StandardviL hasa formal definition which canbe foundin [MTH90] or
[MTHM97], andanaccompaging commentaryn [MT91]. Andrew Appelhaswrittenacritique
of thelanguagdApp93] andStefan Kahrshashighlightedsomemistalesandambiguitiesn the
1990 definition [Kah93]. Textbooksandintroductionsto SML include [Tof89, FF98, Pau96
Gil97].

Theoriginal versionof the ML-Kit 1 wasaninterpretetbasedlirectly on the semanticsThis

1ITheML-Kit is availablefrom http://www.it- c.dk /re search /ml kit /.
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hasbeendocumentedBRTT93].

MLj is anextensionof the SML languagganda compilerfor the extendedanguagewhich
offersintegrationwith Javal. Informationaboutthe implementatiorandsemanticof MLj can
befoundin [BKR98, BK99, MKBO0O].

Anothervariantof ML is Caml,informationon which canbefoundin [Ler97, LRVD99]2.

Apartfrom thevariantsof ML, Haslell is a Hindley-Milner basedanguag@. Thislanguage
differs from ML in thatit is lazy and pure. This createsvery slightly differentrequirements
for type errors(for examplethereis no needto considerimperatve features)but everything
discussedn this thesisshouldbe relevantto Haslell. Haslell's type systemis documentedn
[PHO8, HHPW94].

3.4.3 User Interfaces

NormanRamsg hasdiscussed methodto preventprinting too mary errormessagefRam97]
which couldbeappliedto type errors. Therehasbeena conferencen Userinterfacesfor Theo-
remProverswhich hasalsodealtwith type checking[UIT96].

3.4.4 Unification

We have seenthat unificationis critical to type inference. A surwey of unificationalgorithms
andapplicationshasbeenproducedby Kevin Knight [Kni89]. As well asequality unification
(producingsubstitutiongo make termsequal),this thesisdealswith unificationmoduloisomor
phism (Chapter6). | wasalertedto this in part by Mikael Rittri’s work on library searches
[Rit93b]. Algorithms for isomorphicand associatie commutatve unification canbe found in
[NPS93 Sti75,Sti81, LC89].

IMLj is availablefrom http://www.dcs.ed.ac .Uk /ho me/mlj /.
2Objective Camlis availablefrom http://caml.inria.f rlo caml/ .
SImplementation®f Haslell areavailablefrom http://www.haskell.or gl .



Chapter 4
Order of Type Inference

We have seenn Chapter2 thattheorderof typeinferencas importantto theerrormessagepro-

duced(witnessthe differencebetweerbottom-upandtop-davn implementations)This chapter
givesalternatve inferencealgorithmswhich type checkin differentordersandexamplesof how

they malke type inferencefail at differentpoints(i.e. at differentexpressionsand when differ-

enttypesfail to unify) and canproducemore pleasingerror messagesFirst a new algorithm
to make type inferenceof applicationssymmetricis presentedn Section4.1, andthen other
syntacticformsareexaminedin Sectior4.2.

4.1 Symmetric type inference?

Critical to the operationof type inferencealgorithmsis their useof substitutions.We will see
thatthe way in which substitutionsareappliedin typeinferencealgorithmW meanghaterrors
aredetectedowardstheright-handsideof expressionsThis sectionintroducesa new operation
— unificationof substitutions— which allows greatercontrol over the useof substitutionsso
thatthis biascanberemoved.

We will seein Section4.1.1that one complaintabouttype errorsis that the part of the
programhighlightedby the compileris generallynot the part of the programin which the pro-
grammemadethe mistale. We thenexaminethetype inferencealgorithmandseethatit hasa
left-to-right bias towardsdetectingproblemsdlate in the codeandthis biasis causedy theway
unificationandsubstitutionsaareused.

1This sectionis basedon materialin the publishedpape{McA98a] andthetechnicalreport{McA98b]

25
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The solutionto this problemwith the corventionalinferencealgorithmis a new type infer-
encealgorithmdesignedrom a pragmaticperspectie. The key ideahereis thatthe algorithm
shouldbe symmetrictreatingsubexpressionsdentically sothatthereis no biascausingerrorsto
tendto be reportedin onepartof a programratherthananother The new algorithmrestsupon
the novel conceptof the unificationof substitutiongo allow the symmetrictreatmentof sube-
pressions.Sectiond.1.2introduceshe operationof unifying substitutionsanddiscussesow it
will remove the left-to-right biasfrom type inference. Section4.1.3 presentsa variationof the
classictype inferencealgorithm for Hindley-Milner type systemswhich usesthis substitution
unifying procedure.

Furtherusesof unifying substitutionsaregivenin Section4.1.5andissuesn implementing
theseideasarediscussedn Section4.1.6.

4.1.1 Left-to-Right bias in W

Let usfirst considera simple A-calculusexampleof a Hindley-Milner untypeableexpression.
Thisfunctionshouldtake arealnumberandreturnthe sumof theoriginal numberandits square
root:

Aa.add a (sqrt a)

A typical errormessagérom atype checler would read:

Cannotapplysqrt : real — real to a : int.

A programmerseeingthis messagemay be confusedasa is intendedto bereal. Sothe
mistale cannotbe that sqrt is being appliedto a, it mustbe that somethingelse causesa to
appearto be anint. The sourceof the problemwill becomeapparentf we look at the type
ervironmenttheexpressions checledinside:

add : int— int— int

sgrt : real — real

Themistale hasbeento useintegeradditionwhererealnumberadditionis required.

Clearlyin this casetheerrormessagés inappropriateasthereis equalevidencethata should
be areal asthereis thatit shouldbe anint. The type checler hasincorrectlygiven priority to
theinformationderived from the leftmostsubepression— it hasa left-to-right bias. It would
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have beenmoreinformative in the exampleif the type checler had pointedout that therewas
an inconsisteng betweenthe two subepressionsjnsteadof falsely claiming that either was
internallyinconsistent.

A classicexampleusedto illustratethe monomorphisnof functionargumentss

ALl 3,1 true)

Theprogrammehaswritten afunctionwhich expectstheidentity functionasanargument.This
is not possiblein Hindley-Milner type systemsas argumentscannotbe usedpolymorphically
Whena compileris facedwith this expressiont type checksfrom left to right, first establishing
thatl musthave atypeof theform int — o andthenfindingthatl cannotthereforebeapplied
to true of typebool. The programmemill begivenanerrormessagef theform

Cannotapply! : int — a to true : bool.

Thismessag@mpliesthatthereis aninconsisteng insidel true. In factthereis aninconsisteng
in the useof | betweenthe two subepressions. The algorithm presentecherewill find this
inconsisteng in the usesof | betweerthe two subexpressionf (I 3,1 true) insteadof finding
anapparentnistalein | true.

Thetypeinferencerule App in Figure2.3stateghatif (giventhetypeenvironmentl") sube-
pressioney hastype 1 — T (it is a function), andthate; hastype v’ underthe sametype en-
vironment(it is a suitableargumentfor the function), thenthe applicationof ey to e; hastype
1. Non-determinismarisesfrom the function agumenttype 1’. If we are attemptingto shav
I - epey : T, thereis no way of knowing whatt’ to usein the sub-dervationfor eachof ey and
e1. Thisis handledby introducingatype variableandusingunification.

The inferencerule tells us thatin orderfor ege; to be typeable,three conditionsmustbe
satisfied.eg mustbetypeable g; mustbetypeableandthetypesof thetwo mustbe compatible
for application.It is, therefore desirablgor errormessage® describea mistale asbeingeither
in ey Or €1, or asanincompatibility betweenthem. We saw thatthis distinctionis not madein
currenttype checlers. Sometimeshey announcenincompatibilityasif it wasa probleminside
e1. Similar statementsanbe madeabouttherule Tup whichis usedto type (I 3,1 true).

Theresultof type inferenceshavn to the programmerwhenit succeedsis a polymorphic
typeschemelf W returns(S, 1) thenthetypeschemes (S7)(1). Sincer typically doesnothave
ary freetypevariablesall typevariablesn theresulttypewill nhormallybe universallybound.
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Table 4.1 Waysin whichW canfail to typecheckanapplicationexpression.

Pointof failure Possiblemeanings

Recursie call W(I", ep) Thereis aninternalinconsisteng in ey.
€ is incompatiblewith I".

Recursie call W(SI,e) Thereis aninternalinconsisteng in e;.
e1 isincompatiblewith I.
Thereis aninconsisteng betweengy ande;.

UnificationU (S11o,T1 — B) | € cannotbeappliedto e;.

The left-to-right bias arisesin applicationexpressionsecausehe first substitution,S, is
appliedto the type ervironment,l”, beforetype checkinge;. This meanghatif anidentifieris
usedincorrectlyin eg andusedcorrectlyin e; inferenceon e; couldfail andwrongly imply that
€1 containsanerror.

Table4.1shavsthedifferentwaysin whichtheapplicationcaseof W canfail, andhow these
can be interpreted. The concernhereis thatit is not possibleto differentiateinconsistencies
betweeney and e; from inconsistenciesnside ;. Hence, it is the third causeof failure of
W(Sp, I, e1) which we wish to eliminate. The solutionproposechereis to delay applyingthe
substitutiondo I' by having somemeansof combiningsubstitutions Sucha meanss described
in the next section.

4.1.2 Unifying Substitutions

We have alreadyseensomeexamplesdemonstratinghe left-to-right biasof W. We have also
seenhow the algorithmworksandknow why the biasarisesin the caseof application.The ob-
jective of thenew algorithmis to allow usto infer typesandsubstitutiongor eachsubexpression
independentlyThenew algorithmUs dealswith combiningsubstitutionsthenext sectionshowns
how to modify W to make useof it andSectiord.1.5shavs how to furtherextendthe algorithm
andhow to applyit to othertypeinferencealgorithmsandothertype systems.

To treatthe subexpressiongy ande; independentlyn a modifiedversionof W, therecursve
callsmustbeW(I",ep) andW(I",e;1). Thiswill yield two resultpairs: (S, To) and (S, 11). It is
necessaryhento
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e checkthatthetwo substitutionsareconsistent

e applytermsfrom & to 11 andfrom $ to 1p sothatthe resultingtypeshave no freetype
variablein the supportof eithersubstitutionand

e returnawell-formedsubstitutioncontainingentriesfrom both S andS;.

The secondof theserequirementds not simply 11 and $;1g, becausdhesecould have
unwantedfreetypevariables Lik ewisethethird of thesds notsimply $ S or 5. Theessence
of thesethreeoperationcanbe summarisedn thesetwo requirements:

e checkthe substitutionsareconsistentandif they are
e createa substitutionwhich containghe effect of both.

We mustunify thetwo substitutions.

4.1.2.1 Examples of Unifying Substitutions

Beforewe look at the algorithmfor unifying substitutionsjt will be worthwhile seeingsome
examples.
Thesimplestcaseis wherethetwo substitutionsarecompletelyindependent.

S = {a—int}
S = {B—vV}
Us(S,S1) = {awint,B— v}

If thesupportof S andS; containacommontypevariable we mustunify therelevanttypes:

S = {aint—p)
S = {a—y—real}
Us($,S1) = {Br real,yrsint}

Note that equivalent results cannot be obtained simply by composing the substitutions
(S or ). The previous example would have occurred inside the lambda term
AFAX(f1) 4+ ((fx)+0.1). S is the substitutionproducedfrom f1 and S; comesfrom
(fx)+0.1 (a is thetypevariablefor f).
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Substitutionunificationcanfail, for examplewith

S = {B—a—real}

S = {B+real —real,a+ int}

Thereis aninconsisteng betweertheinstantiationf a in this case.

Unification canalsofail with anoccuis error, asin this case.

S = {a—int— B}
S = {B—int—a}

Clearlythetwo substitutiongogethehereimply thata and shouldmapto infinite types,hence
thetwo substitutionsannotbe unified.

4.1.2.2 Formal Definition of Unifying Substitutions

A substitution,S, unifiessubstitutionsS and S, if SS = SS;. In particulara mostgeneral
unifier of a pair of substitutionss S suchthat

(SH=SS)A (VS : (S'S=9'S) = (IR: S’ =RS))

i.e. S unifiesS andS;, andary otherunifying substitutionis aninstanceof S.
Theunifiedsubstitution S Sy, hastheeffectof bothS andS; sinceS S0 < o andS o <
Sa, for all a.

4.1.2.3 Algorithm Ug

Algorithm Us computeshe mostgeneralunifier of a pair of substitutions.

To seehow the algorithmworks, notethatthe supportof the resultconsistsof threepartsas
shawvn in Figure4.1. The algorithmto be introducedheredealswith eachof the threepartsof
thesupportseparatelyThefreevariablesn therangeof theunifier arefreein eitherS or S and
arein the supportof neither

The algorithm, commentedn italics, is in Figure4.2. Note thatit canterminatewith an
occurserrorasindicated,or if U fails.
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Figure 4.1 Thesupportof Us(S, S1).
The supportconsistof threeparts(shaded) Thedisjoint partsof the supportof § andS;, and

thefreevariablesn theirrangeswvheretheir supportsoverlap

S

S

sup
FV

4.1.2.4 Verification of Ug

It mustbe shovn thatUgs doesindeedcomputethe mostgeneralunifier of a pair of substitutions.
Two theoremdaefinethis property

Theorem 5 (Soundnesf Ug) For any pair of substitutionsS and Sy, if Us(S, Sp) succeeds
thenit returnsa unifying substitution.

Proofof thisappearsn AppendixA.1.

Theorem 6 (Completenesof Us) If S’ unifiesS andS; then
1. Us(Sy, S1) succeedseturningS, and

2. theris someR sud thatS’ = RS.

Proofof thisappearsn AppendixA.2.

4.1.3 The New Version of W

Now thatwe know whatit meango unify two substitutionsandhave seenthatthis is possible,
let us now look at the new type inferencealgorithm, WS in Figure4.3. This differsfrom W
only in the casefor applicationsandtuples.

As statecearlier thealgorithmtreatsey ande; symmetricallyandfeaturedJsin ananalogous
mannerto (andin additionto) U.
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Figure 4.2 Algorithm Us commentedn italics.

Us(S0,S1)

let

Fir st split the supportsinto threedisjoint parts:
Do = supgS) — SUpS1) To = Slp, = {0 — S : a € Do}
D1 =supS;) —sup(S)  Ta=Sifp, = {0 — Sa:a € D1}
Dry = SUpSo) N SUPHS:)
Note: FV(To) NsupSy) = {}, similarly for T;.
Startwith Top andaddtermsfor variablesin D1 oneat a time,
alwaysproducingidempotensubstitutions.
S=To {0y —T1-Ap—=Th}=T1
S =let
Considerdj 1 — Tj+1
Substituteawaytypevariablesof supdS) fromTi.1,
andremoea;1 fromS:
Ti1= ST+
If aiy1 € FV(Ti,,) terminate (occurserror)
in {Qit1—T,1}9
S, is theunifier for To and Ty.
Nowdealwith typevariablesin {31 ---Bm} = Dn.
Vo=§,
Vi1 =let
To=ViSBi+1  T1=ViSBiw1
If Bi+1 € FV(10) UFV(11) terminate (occurserror)

in U (T, T1)Vi

in Vi
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Figure 4.3 Algorithm WS'M | casedor applicationandtuples.

WM epey) = let
(S0, T0) = WI™M(I", e0)
(S1,11) =WOM(T ,en)
S =Us(S, S1)
,=S10 T11=S1;

V =U(15,1; — B) (for new B)

(VSS,VB)

WIM(T (ey,....e)) = let
(S, 12) =W¥M(Tey)
(Sna'[n) :WSYM(rva’])
S= S +usg---+ush

(S (St1 % ...x Stp))

WhereS+y, T = (Us(S T))S(i.e. theunifiedsubstitutionratherthanthe unifying substitution).
This operatoris commutatve andassociatre.

4.1.3.1 Correctness of WS'M

Algorithm WS'M shouldproducethesameresultsasW. To verify thisit is necessaro provethe
soundnesandcompletenestheoremdor WM, Thesetheoremsareanalogougo thosewhich
Damasprovedfor W.

Thealgorithmis soundif every answerit givesis atypefor the parameteexpressiorunder
thetype environmentobtainedirom applyingthe substitutionto the original type ervironment.

Theorem 7 (Soundnesof WM)  1f WS'M(T" e) succeedsvith (S, 1) thenthere is a derivation
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of S Fe:t.
Theproof of this canbefoundin AppendixA.3.

Theorem 8 (Completenesof W'M)  Givenl ande, letl” beaninstanceof I' andn beatype
schemesud thatl™ - e: n.
Then

1. W'M(T e) succeeds
2. If WS'M(T | e) = (P,m) thenfor someR: I’ = RPI, andn is a genericinstanceof RPT (T1).

Proofof thistheoremcanbefoundin AppendixA.4.

BecauseW>'M satisfiesthe samesoundnessind completenessheoremsas W, and we
know thatthe solutionsof thesetheoremsare unique (from the principal type schemeheorem
of [DM82]) we know thatWwS'™ alwaysproduceghe sameresultsasW.

Corollary 1 (WM andW are equivalent) For any pair, (I',e), W(I,e) succeedandreturns
(S,1) if andonlyif WSM(T", e) succeedandreturns(S, ).

4.1.4 Interpreting the Failure of WS'M

The argumentfor usingWS'M is thatit is possibleto createbettererror messagewhenit fails
thanis possiblewith W. First, recallthe waysin which the applicationcaseof W canfail and
the possiblecause®f thisasgivenin Table4.1. In particularwhenW (I, e1) fails this maybe
causedoy e; beingincompatiblewith a mistake in ey. This is the sortof error messageavhich
programmergind sofrustratingasit is not easyto find the original sourceof the problemfrom
it.

Now considerthe possiblecausef failure of the applicationcaseof WM | givenin Ta-
ble 4.2. Clearly from this, type checlersusingWS'M canproducemoreinformative error mes-
sagegshanthoseusingW.

4.1.5 Other uses of Ug

This sectionexploresfurther usesof Us. It canbe usedto type checklarger expressionghan
simpleapplicationssymmetrically(for examplecurriedexpressions)andit canbeusedin other
typeinferencealgorithms.
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Table 4.2 Waysin whichWS'M canfail to type checkanapplicationexpression.

Pointof failure Possiblemeanings

Recursve callW(T", ep) Thereis aninternalinconsisteng in ep.
€ Is incompatiblewith I".

Recursve callW(I',e;) Thereis aninternalinconsisteng in e;
e1 isincompatiblewith I".

SubstitutionunificationUs(S, 1) | Thereis aninconsisteng betweerey ande;.

UnificationU (S1o, 11 — B) e1 is notasuitableagumentfor ey.

4.1.5.1 Larger Syntactic Structures

Thetypeinferencealgorithmgivenearliertreatedapplicationexpressionsymmetrically Simi-
larly, thetreatmenbdf tuplesandrecordss typically asymmetri@andUs canbe usedto eliminate
thisasymmetry

Not only canUs be usedto treatsimpleapplicationexpressionsymmetrically— it canalso
be usedfor curriedapplicationsof theform epe; - - - €,. Eachof the subexpressionsnustbetype
checled, thenall the resultingsubstitutionsare unified andthe type of the curriedexpressions
found. The adwvantageof this techniqueis thatit allows type checkingto follow the structureof
the programin theway the programmevwiewsit. Thisis discussedn Section4.2.1.

4.1.5.2 Type Inference Algorithm M

It is clearthatthis algorithmsuffersfrom the sameleft-to-right biasasW in the applicationand
tuple casesandagainit is a simplematterto changeM to remove thesebiasesascanbe seen
from Figure4.4.

If the inferenceMSYM(I',eo, B — 1) fails, this implies that ey is not a function, or doesnot
have the correctreturntype. TheinferenceMSM (", e1, 3) will fail if andonly if I ande; are
inconsistentthereis notypingfor I' - e1). If theunificationfails theneithere; is nota suitable
argumentfor ey, or thereis someotherinconsisteng betweerthem.
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Figure 4.4 Theapplicationcasefor the modifiedM.

MM ey, 1) = let
S =MM(T, &, B — 1) for new B
S =M¥M(T e, B)
in (Us(S1, %))

MM (er,....e),T) = let
S=U(t,(By,...,Bn) for new pBs
S =MM(sT e, By)

Sh =M M(S en, Bn)
S=S +ug---tusSh

S

WhereS+y, T = (Us(S T))S(i.e. theunifiedsubstitution ratherthanthe unifying substitution).
This operatoris commutatve andassociatre.

4.1.6 Implementation

The modifiedversionof W hasbeenimplementedor a simpleA-with-let calculus. The imple-
mentatiorhasalsobeenextendedo dealwith curriedexpressions.

Onedifficulty in implementingtype inferenceusingUs for a full programminganguagds
thatit preventssubstitutionsfrom beingimplementedusing referencegas mentionedin Sec-
tion 2.3.1). Becausaipdatingglobalreferencesepresents greedystratayy it is in conflict with
the cautiousapproachakenhereof waiting until aslate aspossibleto apply substitutions.
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4.2 Other Syntactic Forms

Us is new function for changingthe orderof type inference but otherchangesanbe madeto
typeinferencewithoutusingthis.

4.2.1 Curried Expressions

A commonsyntacticstructuren functionalprogramss thecurriedexpression.Thereareparticu-
lar problemswith producingerrormessagefor curriedexpressiongstypeinferencealgorithms
strictly follow the seriesof applications but the programmerdoesnot really regardtheseasa
seriesof applications. Insteadthe view is asa single applicationwith several aguments(e.g.
Paulson[Pau96]describesnap asbeingboth a functionwith two agumentsandasa functional
whichreturnsafunction).

Thedifficulty is thata seriesof unificationsis usedto typechecktheexpressiorin W, andary
of thesecouldfail resultingin aerrormessageeferringto afunctionwhichisitself anapplication
expressionand which missessomearguments. Similarly, M constrainseachsubepressionas
beingafunctionratherthanconstraininghefirst to bea higherorderfunction.

It is easyto changethe applicationcaseof W or M to usea single unificationto dealwith
curriedapplications.Thesechangesreshowvn in Figures4.5and4.6.

Figure 4.5 Curriedapplicationcasefor W.

WEURRT fay...a,) = let
(So,Ts) =WI(T, f)
(S1,11) =W(ST, 1)
(S0 Tn) =W(Si1... ST, an)
S=U(%...S914,S...S1(11 — ... — Th — B)) (for new B)
in (S%...S,PB)

Toimplementhesejt is typically necessaryo write ashortroutineto go throughtheabstract
syntaxof anapplicationexpressiorandfind the functionandlist of aguments.
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Figure 4.6 Curriedapplicationcasefor M.

MCURR fa;...an1) = let
S=M(T,Br— ... — Bn— 1) (for new Bs)
S =M(SI, SB1)
S=M(S-1..-SMN S-1---SBn)
in$,...S

This changehasbeenmadeto W in theMLj compileraspartof thework describedn Chap-
ter 6. Thesechangedo the algorithmscanalsobe accompaniedvith usesof Ug asdiscussed
previously.

4.2.2 Signatures

A complaintof StandardvIL programmersanda criticism sometimedevied againstthe lan-
guage|s thattype specificationsn signaturesarenot usedduringthe type checkingof a struc-
ture. For examplein thefollowing program

structure  Test : sig

val testval : int

val testFun : int -> int
end =
struct

val testval = 1.0

fun testFun x = (x * 2) + testval
end

Typecheckingthiswill typically yield atleasttwo errorsstating,in this order

e The arithmeticexpressioncannotbe correctasit mixesreal andinteger arithmetic(this
couldresultin severalmessages)
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e The structuredoesnot matchits signaturebecausdestVal is specifiedas an int and
definedasareal.

The setof errormessages clearlyinconsistentpn the onehandthereis the complaintthat
test\al shouldbe anintegerandon the otherthereis the complaintthattest\al cannotbe added
to integers.

It would be preferablef definitionswere checled againsttheir specificationbeforemoving
onto the next definition. It might be suggestedhatthe specificatioris morelikely to be correct
thanthedefinition(asin animplicitly typedlanguagehe programmehasgoneto someeffort to
supplyit, andit is typically smallerthana function definition). In the caseof the example,this
would resultin a messagehattestVal doesnot meetits specificationput no messageabout
thearithmeticexpressiorasthereaftetestVal would beassumedo be aninteger.

Onedifficulty aboutthis regardsSML programssuchas

structure  Test : sig

val test : int
end =
struct
val test = 1.0

val two = 1.0 + test
val test =1
end

This programis correctlytypedeventhoughit appearshatthefirst definition of test doesnot
meetits specification. The programis correctlytypedbecausenly the secondest becomes
partof the structurewhich the signaturemustmatch.Hence to generatevalid errormessages
is necessaryo first establishwhich definitionsactuallyneedto be checledagainsthe signature.
Thisis generallya simplesyntacticanalysis(thoughSML's open in afunctorcanmake it more
difficult). This syntacticstructureis quitecommonasit is oftenusefulto defineoneversionof a
function (e.g.a pretty printertaking a syntaxtreeand a recordof tabbinginformation)andthen
export a simplerversion(e.g.the pretty printer taking only a syntaxtree) but to give both the
samename.

Changingthe syntacticstructureof the languagewill also prevent this problemascanbe
seeby Haslell. Haslell requiresthattype specificationsareplacednext to definitionsandtype
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checkseachdefinitionagainstits specificatiorbeforemoving onto the next definition.

4.3 Conclusions

This chapternntroducedthe conceptof unifying substitutionsn typeinference.This new opera-
tion wasusedto createsymmetrictype inferencealgorithms. The algorithmfor unificationand
modifiedtypeinferencealgorithmsweregivenandprovedsoundandcomplete.

The chapteralsodiscussedtherchangego the orderof typeinference,in particularusing
a singleunificationfor curriedexpressionsandusingsignatureconstraintsvhile type checking
structures.



Chapter 5

Graphs for Type Inference?!

This chapterpresentsa way of recordinginformation aboutthe typesof programsasa graph,
whichworkswhetheror notthe programis correctlytyped. Thegraphdescribesiow thetypesof
expressionsvereinferred.Informationproposedy otherauthorsasmeango helpprogrammers
delug programgqseenin Chapter3) canbe extractedfrom thesegraphs.

This chapterstartsby looking at the motivationbehindthis datastructure thendescribeghe
graphg(Section5.2) andthe algorithmsfor generatingandanalysingthem (Section5.3). Meth-
odsfor extractingmoreusefulinformationaregivenin Section5.4. SML implementation®sf the
algorithmsaredescribedn Section5.5and,finally, conclusionsaresummarisedn Section5.6.

5.1 Purpose of Graphs

In conventionaltypeinference(algorithmswW andM for example),the algorithmfails whenthe
input programcannotbe typed. Most compilersthenemploy ad hoc methodsto produceerror
messageandto continuetype checkingaswell asis possible. Most of the work reviewed in
Chapter3 is amoresystematise@vay to dealwith failure of a basicalgorithm,or areplacement
algorithmwhich canalsofail undersomecircumstances.

One problemwith the existing work is that typically the whole programis not inspected
beforegeneratingan error message.Lee andYi [LY98] give the agumentthatit is betterto
inspectaslittle of theprogramaspossiblebeforediscoveringthatthereis atypeerrorasthiswill
reducethepossiblespacan whichthemistake mightlie. Thishoweverdoesnotconsidethefact

1This chapteiis basedn materialin [McA99a] and[McA99b].

41
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thatwhile the mistalke mustlie within the inspectedoortion of the program,informationwhich
couldhelptrackdown andrepairthe mistale maylie elsavhere.For exampleit maybe quickly
establishedhat a particularmonomorphidunctionis appliedto both integersand strings,and
thusthereis atypeerror Inspectingthe restof the programmay establishthat the functionis
usedrepeatedlyon integers,andhencetheapplicationto a stringis likely to bethe mistale.

A secondproblemis thatthe methodgroposedy differentauthorgo helpprogrammersire
largely incompatible.lt would be desirableo presenseveraldifferenttypesof information(for
examplea proposedocationfor the mistale in the style of [Wan86]and an explanationof how
thetypewasinferredin the style of [Dug98]).

In this chapterthe intentionis to be able to inspectthe whole of ary syntacticallyvalid
programbuilding up informationaboutthe typesin it. After theinformationhasbeencollected
(asagraph)it canbeinspectedo find out whetherthe programwastyped,whattype (if any) it
has,andotherinformation.

This chapteralsoshavs thatmostof thework previously proposedor helpingprogrammers
facingthis problemcanbe characteriset a uniformway.

5.2 Graphs

Thestructureof thesegraphsfollows the structureof types(they arenotannotatedgyntaxtrees).
The graphsareanalogougo the representationf typesusingmutablereferencegor type vari-
ables:anedgeis analogouso areferencéeingfilled with atype. Thereareverticesrepresenting
thetypesof expressionsandverticesrepresentindype constructors.The varietiesof vertex are
illustratedanddefinedin Figure5.1.

Thetypesof verticesare

Program fragment vertices. Theseare identified by a programfragment, f. A fragmentis
a subepressionof the programand its locationwithin the program,i.e. a node of the
syntaxtree,or a particularoccurrenceof a subexpression.Thesemayalsobetaggedby a
sequencef otherfragmentgo give [ folf, +,..1,. Thetaggingis usedio implementHindley-
Milner polymorphismasexplainedlater Theseverticesrepresenthe typesof fragments
or instance®f thetypesof thesefrom instantiationof polymorphictype schemes.
Thecircle denoteghefactthatthereis atype variableassociateavith every fragmentin a
programandshows thatedgescancomefrom thefragment.
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Figure 5.1 Vertices.
lllustratedarea vertex for the programfragmenti.i; the fragmentAi.i taggedwith aninstance

of I; a nullary type-constructqrint; a unary type-constructaqrlist; the binary function type-
constructorandatypevariable,a.

oAi.i o [AL.i]l int o list o — o a

v = of A programfragment

o[folf.f,..t, A programfragmenttaggedby otherprogramfragments
(op...on—1)C A typeconstructorc with arity n andgraph-wideuniqueidentifieri
Gi.j The jth connectiorpoint of thevertex (oj...0n)Ci

a A typevariable

Type constructor vertices. Theseareidentified by a type constructorand someuniqueiden-
tifier. For example,there may be several function type constructorverticesin a graph
eachwith its own identifier: —1,—» .... This variety of vertex containsa numberof sub-
verticescalled connectionpoints Functiontype constructowverticesaredenotedo —j o
with two connectiornpoints,andanidentifieri. The connectiornpointsmay bereferredto
as—i .0 and—; .1. In generala type constructorvertex ¢ with identifieri andarity n is
(00...9(n-1))Gi- Thereis alsoaspecialnullary type constructounbound.

Type variable vertices. Theseareidentifiedby someuniqueidentifierandwrittena (muchlike
typevariablesn traditionaltypeinference).

o — O
int int

. . . f
Edgesare addedbetweenverticeswhich mustrepresenthe sametype. Written +—, they

Figure5.2 Thetypeint — int

arelabelledby programfragmentsandcannotgo from type constructoior typevariablevertices.
They can,however, gofrom theconnectiorpointsof typeconstructovertices.Typesarebuilt up
by edgeggoing fromconnectiorpoints,asin Figure5.2. Following is alist of the combinations
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of verticesanedgecango betweenandtheir meanings.The algorithmfor building a graphfor
aparticularprogramis givenlater, in Section5.3.1.

o of b (op...on-1)¢ (anedgefrom a programfragmentto a type constructormeanshat
the type of the fragment, f, is constructedvith the giventype constructor For example
Ai.i s o — o meansthat Ai.i is a function. Ratherthan going to a type constructoy the
edgemay go to atype variable(in which casewe don't know arnything aboutthe type of
thefragment).

o of b of/ (an edgefrom one fragmentto another)meansthat the first fragmenthasthe
sametypeasthe second.

o of s o[f']t+ (anedgefrom a programfragmentto a taggedprogramfragment)meanghat
thetypeof f is aninstanceof thetypeof f’.

® oG.j Loy (anedgefrom a connectionpoint to ary vertex) saysthatoneargumentof the
typeconstructoiis givenby thetypeatv.

e oXx > unbound (edgefrom identifier x to the unbound type constructor labelled by X)
meanghatx is anunbounddentifier.

Figure 5.3 shaws the graphfor the identity function. The graphshaows that Ai.i mustbe a
functionandthatthetype of the functionarguments the sameasits result.

Figure 5.3 Graphfor theidentity function. Readasa; — q;.
oAi.i

Al

o — O

A more complex example is given in Figure 5.4. This is a let expression,

let | = Ai.iin (I 3,1 true), which containsfunction applications. There are several featuresto
obsere.
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e Thegraphfor Ai.i (seenin Figure5.3) appeardwice, labelledwith eachoccurrenceof I.
Thisis becauseachinstanceof identifier| is aninstanceof thetype of Ai.i.

e The applicationexpressions] 3 andl true, tell usthat eachoccurrenceof | mustbe a
function.

e Theapplicationexpressiongell ushow thetypescheme®f Ai.i shouldbeinstantiated.

e Tuplesarerepresentedh the obvious way, with a connectionpoint for eachcomponent
type.

Figure5.4 A let expression.Thetypeis readasint x bool.
oletl =Ai.iin (I 3,1 true)

let I=Ai.i in (I 3,1 true)

o (13,1 true)
(I 3,1 true)
o X O
y\/ N
ol3 o | true
o | right

let I=Ai.i in (I 3%
° )\ll]| right | true | true
\

O — O

)\i.i\[
I tru Al
o [i]

o true i | right

3 - true .
let I =Ai.iin (1 3,1 true) let | =Ai.i
in (1 3,1 true)

int bool
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Graphscanalsobegeneratedor untypeablgrograms.The programin Figure5.5is similar
to that of the previous figure, exceptthat| is A-boundinsteadof let-bound— this makesthe
programuntypeable.From the graph,we canseeroughly what the type shouldbe (a function
takinga functionandreturningatuple).

Figure 5.5 An untypeablgrogram.

AL(131true)

o)
J/ .(13,1true)
—

@) [¢)

(13,1 true)
AL(13,] true)

(13,1 true) (I 31 true)

| left o | right o X o
/ \(I 3l true)
|
13 true ol3 o | true
3 | true
o — o
I(/\Itrue
03 o true
l/ 3 true
int bool

Thedifferencebetweenhe patternsof edgedn Figures5.4and5.5areshovn in Figure5.6.
Sometimesnvhen a vertex hasseveral edgesfrom it, they all ultimately meetup, othertimes
they diverge. When edgesdiverge, we will call it a branch. Branchesndicatethat programs
areuntypeable.Thereis a conflict betweentwo types,correspondindo a unificationfailurein
conventionaltypeinference.

A programmay alsobe untypeablaf it hasunbounddentifiers.Figure5.7 shovs the graph
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Figure 5.6 Patternsof edges.
Normaledge Branchingrepresents conflict

O @)

O
O
o

Eventhoughverticeshave multiple edgesthereareno branches

(o]

N

o

/

o}

:

/
N

o

O

@)

for a programwith unboundidentifiers. The unboundidentifiersare marked with the unbound
type constructorIn Section5.4.1we will seehow to readtherequiredtypesof unbounddenti-
fiersfollowing the exampleof [BS95].

Thefinal way in which a graphcanindicatethatits programis untypeablds if it containsa
cycle, asin Figure5.8. This correspond$o anoccurserrorin traditionaltypeinference.Cycles
areindirect,asthey canspanacrosghe gapsbetweertype constructoverticesandtheir connec-
tion points,e.g.in thefigure, it is not possibleto reachary vertex from itself, but it is possibleto
reachthelower — from its own connectiorpoint.

5.3 Algorithms

Having informally seensomeexamplesof graphs,we cannow seehow they areactuallyused
to find out basicinformationaboutprograms.Analysisof programsusinggraphsis atwo stage
processfirst generatea graph,thenreadusefulinformationfrom the graph.We will look atthe
algorithmfor generatinggraphsrepresentingypings(Section5.3.1). Thenin Section5.3.2we
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Figure 5.7 An openexpression.

o (I 3,1 true)
J/ I 3,1 true)
o X O
(131 true/ \%
ol3 o | true
ol left o | right

| left 3 | I’Ig;/\\ | true
unbound unbound

o3 o true
l/ truel/
int bool

Figure 5.8 A graphwith acycle.

oAl Il

o — O

<ol

ol right ol left

Y

— O

\f

Al
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will seehow to readtypingsfrom graphs.

5.3.1 Generating Graphs

Thereare several importantalgorithmsfor generatinggraphs: fine scaletraversal,closing the
graph,andthe actualgeneratioralgorithm. Oncea graphhasbeengeneratedthe algorithmsin
Section5.3.2tell ushow to interpretit.

5.3.1.1 Fine Scale Traversal

Generatingandreadinggraphsrequiresan operationwhich searche$or all the type constructor
vertices,type variableverticesand other verticeswithout children, reachablédrom a particular
rootvertex. Thealgorithmfor this canbefoundin Figure5.9.

Figure 5.9 Algorithm search, for finding importantverticesstartingfrom aroot.
Takesagraphandvertex, returnsthreesetsof vertices.

search(G, (00, ,0n-1)) = ({(00,++ on-2)ch, 1}, {})
search(G,a) = ({},{a},{})
search(G,v) = if children(G,v) = {} then
({3 Avh)
else
let
r = | J{search(G,V) : V & children(G,v)}

({cs: (cstvsvs) er},
[ {tvs: (cstvsvs) er},
[ J{vs: (cstvsvs) er})

Thethreesetsreturnedby search are:

Type constructor vertices. If this containsseveral instancef any onetype constructor(e.g.
several lists) then theseinstancesshould be meged (as describedshortly) to closethe
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graph.

Type variable vertices. If thereareseveraltypevariablefoundthenthey canbememged.If any
type constructorsverefoundthenthetypevariablescanberemoved.

Other verticeswith no edgesgoing from them. Theseshouldhave edgesattachedrom them
to thetype constructoror type variablevertices.

If search returnsmorethanonevertex, thenthegraphcurrentlycontainsabranchatthegiven
rootvertex.

ThesearcHunctionis usedwheneerthegraphmustbetraversed We useit to ignorevertices
which have edgesdrom themandthereforehave beeninstantiatecasanothertype. In mosttype
inferencealgorithmsbasednreferences;hainsof referenceareeliminated(aliasing) butin the
form of inferencein this paperwe keepthe verticescorrespondindo thesechainsof references
asthey representaluableinformation.

The searchfunction stopsat type constructors. The remainingfunctionswill traversethe
graphthroughtype constructorgo their connectiorpoints.

5.3.1.2 Closing a graph

Adding anedgeto a graph(to saythatl hasthe sametypeasAi.i) is shavnin Figure5.10. This
involvesa closeoperation:an extra edgemustbe addedto closeup the branchthatis created
(thisedgeis highlightedin thelastpartof thefigure). Closureis usedto ensurethat:

e Thereis at mostoneinstanceof any type constructoreachabldrom avertex

e If atype constructorandsomeothervertex arereachabldrom ary vertex thenthereis a
pathfrom the othervertex to thetype constructor

In orderto do this, closuremergesdistinctinstanceof type constructorsandaddsedgesrom
otherverticesto type constructors.

Figure5.11 shaws the closurealgorithm,andFigure5.12 the accompayging meiging algo-
rithm (thetwo aremutuallyrecursve).

Therearefour possibleresultsof search in the main caseof close.

e If therearenootherverticesreachablethendo notdo anythingto thegraph(justreturnan
updatedist of verticesseen).
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Figure 5.10Adding anedgeto a graphandclosingthegraph.
Add edgefrom | to its definingexpression

Graphdfor the subexpressions
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int int
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o Al
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AL AL

%OI 7
lB
o — [0

03 oi o3 ol
J/B %/ NEW
int int

e If thereare several verticesreachablenoneof which aretype constructorsor variables,
thencreatea new typevariablevertex andlink to it (e.g.if x — y andx — z thenwe must
havey — a andz+— a to eliminatethebranch).

e If thereareseveral type variables(and othervertices),thenremove all but one arbitrary
type variableandredirectall edgedo all thetypevariablesto the nominatedypevariable
(andconnectall otherverticesto theremainingtype variable).

e If therearetypeconstructorgseachablethenmeigeall similartypeconstructorgi.e. meige
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all o — o verticesandall int vertices),remove the type variablesconnectingtheir edges
to all the type constructorgtype variablesareremovedif the actualtype is known), and
connectary otherverticesto all thetype constructors.

merger takesasetof vertices.It picksavertex andfindsall thevertexeslikeit in theset,then
removesall thesimilar verticesfrom the graphandsetandconnectgheiredgedo theremaining
onethenclosesbelow theremainingone. It repeatghis until no verticesareleft in its set.

5.3.1.3 Generating a graph

The graphgeneratioralgorithmin Figure5.13is quite simple. By closingthe graphwheneer
an edgeis added,thereis no needfor an explicit call to a unification function and because
substitutionsandtypesarecombinedn onedatastructurethereis no needfor explicit operations
on substitutions.

Thealgorithmmalkesuseof a function,free(e,x), which returnsevery syntacticinstanceof x
in e. Thesefragmentswill beverticesin thegraphfor e.

Thefunctiongenerate mustalsomake useof atypeernvironmentwhich keepsrackof which
identifiersarein scopeandwhich refer to the basiservironment. T is a pair, (I, B), of a setof
boundidentifiers,|, anda basis,B, mappingidentifiersto a graphandvertex pair, (G,v). If
generate encounterganidentifierin | thenit will producea one-nodegraphi,if theidentifieris in
thedomainof B thena copy of the correspondinggraphin B is used.If anidentifieris in neither
| nor B agraphrepresentinghe unboundtypeis returned.In generate, identifiersareaddedto |
but B is never modified.

Thelastcaseof generate (for let expressions)s the mostcomplex asit mustdealwith poly-
morphism.The graphsfor the definitionandusesubepressionsaregeneratedA vertex for the
let expressionis addedto the graph,andan edgeconnectst to the useexpressiorvertex. The
graphfor the definitionexpressions copiedandtaggedwith every instanceof the boundidenti-
fier — unlesghereareno instance®f theboundvariable,in which casethe graphis notaltered.
Edgesconnecinstance®f x to thetaggedexpressiorvertices.The graphis closedbelow every
instanceof the boundidentifier.

The patternof recursionin the generatiorfunctionis symmetric(in the senseof Chapter4.
The graphsfor the two sidesof an applicationexpressionare generatedndependentlyasin
Chapterd.
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Figure5.11Theclosurealgorithm.
Takesagraph,vertex, labelfor new edgesandsetof verticesseensofar (initially this shouldbe

empty).Returnsupdatedgraph,andupdatedist of verticesseen.

close((V,E), (op---on-1)c,1,8) = if (og---on_1)c € sthen ((V,E),s)
elsecloseSet((V,E),{cg---on-1},8,1)
close((V,E),v,I,s) = ifvesthen((V,E),s)else
casesearch(v, (V,E)) of
{1 AV = (G,su{v})
| ({},{};ve) = let

o = freshTyvarVertex()

(Vu{a},EUu{(v,l,a):vevs}),su{v})
| ({},{a}Utvsvs) = let
Eo = {(vo,l,v1) : (Vo,l,v1) € EAVy & tvs}
E1={(vo,l,0): (vo,l,B) € EAB € tvs}
Eo> = {(vo,l,0) : vp € vS}
in
((V —tvs EgUE1 UEp),sU{V})
(cstvsvs) = let
(cs, (V' E"),d) = merger((V,E),s,cs )
E" ={(vo,l,c) : (o,I",0) e E' Ao e tvsAce cs}

E"” = {(vo,l,c) : vo € vSAC € cS}
(V' —tvs E"UE"),<)

closeSet(G,{},I,8) = (G,s)
closeSet(G,{v} UV,l,s) = closeSet(close((G,V1,s),V.I)
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Figure 5.12Mergeralgorithm.

Takesa graph,a setof seenvertices,a setof type constructorverticesanda label, meigesall

similar type constructorsn the graph. Returnsthe remainingconstructorgrom the set,the new

graph,andthe seervertices.

merger(G, s, {},)
merger((V, E)v S, {(OO' T on_l)C} Ucsl )

| denotesanarbitraryconnectiorpointindex.

({}.Gs9)

let

like= {c': ¢ € csAtycon(c') = tycon(c)}
unlike= {c’ : ¢’ € csAtycon(c') # tycon(c)}
Eo = {(Vo,l,C) : (vo,l,c') e EAC € like}
E1= {(vo,l,c.l): (vo,l,c.1) e EAC € like}
Ez = {(vo,l,v1) :

(Vo,1,v1) € EA vy & likeA

(Acelike:ci1=vy)}
E' =EqUE1UE
Eo={(c1,l,v1):(c1,l,v1) € E'AC € like}
E1 = {(vo,l,v1):

(Vo,I,v1) € E' ABc e like: ¢l = vp}
E” = E,UE]
(G,¢) = close((V —like,E"),c,1,s)
(cd',(G",d")) = merger(G/, ¢, unlike, )

(cs"u{c},(G",s")

Eop is the setof edgeswhich wentto connectionpointsin like, moved so that they go to the

correspondingonnectiornpointof c.
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Figure5.13Generatingagraph.
Takesanernvironmentconsistingof a setof boundvariablesanda basis,anda program.Returns

agraphfor the programs.

generate((1,B),x) = if xel then (({x},{}),X)
elseif (x,((V,E),v)) € Bthen ((V U{x},EU{X,X,V}),X)
else(x is unbound) let v = vertex(unbound) in ({x,v},{(x,x,v)})
generate((I,B),Ax.ep) = let
(Vo, Eo) = generate((I U{x},B), &)
V = vertex(—) V =V U {Ax.ep, V}
E = EoU {(Ax.e,AX.€p,V), (V.1,AX.€p,€0) } U
{(v.0,Ax.ep.€) : e c free(ep,X)}

close((V,E),Ax.ep, AX.€p)
generate(l,epe;) = let
(Mo, Eo) = generate(I",ep)  (Vi,E1) = generate(I',e1)
v=vertex(—) V' =\pUViU{v,ee1}
E" = EoUE; U {(eoey, &€y, v.1), (v.0, &8y, €1), (€0, €8y, V) }

close((V',E'), €, €v€1)
generate((I,B),letx=eyine;) = let

(Vo,Eo) = generate((1, B), &)

(V1,E1) = generate((l U {x},B),e1)

V=Viu{letx=gyiney)}

E=EiU{(letx=epiney,letx=eyiney,e1)}

G = if free(er,x) = {} then {Go} else

{[Gole: e free(e1,X)}
V'=VU | {V:(V.E) e G}
E'=EU | J{E: (V.E) G}

U{(eletx=epin e1,[ep]€) : e € free(ey,X)}

closeSet((V',E’),free(ey, X), letx = eginey)
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5.3.2 Reading Graphs

Therearetwo distinctquestiondo be answeredy readinga graph
1. Doestheentiregraphshaw thatthe expressions typeable?
2. Whatis thetyperepresentetdy somevertex within thegraph?

To find the typing, ' F e : T, for an expression,e, we must generatea graph, G, for the
expression.Thenfind outwhetherthe entiregraphshaws the expressions typeable(i.e. answer
guestionl), thenif it is find thetypet representedly thevertex e (answerquestion?).

We can considerthe first questionto be analogougo type checking(it hasa booleanre-
sponse)andthe otherto be analogoudo typeinference(it resultsin aninferredtype).

5.3.2.1 Type Checking

To checkwhethertheentiregraphrepresentavalid typing, we mustvisit every vertex andcheck
thefollowing

e Therearenobranchesi.e.thevertex hasat mostonetype constructoior onetypevariable
vertex reachabldrom it (by search).

e Thevertex is not partof a cycle (it is notreachabldrom itself). The cycle couldinvolve
type constructor@andtheir connectiorpoints.

e Thevertex is notthe unbound type constructor
Theseconditionsaregivenby Definition 1.
Definition 1 (Valid Typing) (V,E) isthegraphfor a correctlytypedprogramif it has

¢ Nobrandes:
eV v, v eV:

Vit v A (V) v V) A

V= Vo A (VG 1o V) A

V1 # V2
Whee —* is the reflexive transitiveclosure of —. i.e. there is at mostoneleaf reatable
fromanyvertex (all typeconstructorandtypevariable verticesare leaves).
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e Nocycles:pveV :v="v.
Wheev =V iff vi— V or V is a connectiorpointof v,
and=" is the non-reflivetransitiveclosue of =-.

e Nounbounddentifiers: #i : unbound; € V.

An algorithmfor checkingthisis adepthfirst searchof thegraph(branchingattypeconstruc-
tors,to checkthe connectiorpoints). It storesthe pathusedto reachthe currentvertex to detect
cyclesandalsorejectsthe graphif ary vertex hasmore than onetype variableor constructor
vertex asa descendantfFor efficiengy it is alsocornvenientto build up a list of verticesalready
visited andknown to be acceptablethis preventsareasof the graphbeingtraversedmorethan
once.

5.3.2.2 Type Inference

Thesearch functionseenrearlieris alsousedto readgraphs.Recallthattheresultof searchings
asetof verticeswithout edgedrom them,anda setof type constructowertices.Therearethree
possibilitiesfor thetype of a vertex:

e If thereis exactly onetypeconstructovertex andno othervertices thenthetypeis formed
from thattypeconstructotherestof thetypecanbebuilt recursvely from theconnection
points).

e If thereis asingleothervertex (typevariable expressioror connectiorpoint) thenthetype
is atypevariablelabelledby thatvertex.

e Otherwisethereis notype (thegraphrepresentsomefailure of typeinference).

An algorithmfor readingatypeis in Figure5.14,this takesa graphandvertex andproduces
atype. It will alwaysterminatebut will not give atypeif thereis arny sortof conflict.

Firstsearch is usedto find the significantverticesfrom the currentvertex. If search findsonly
verticeswith no children(anddoesnot find ary type constructorsihenthe typeis a new type
variable,andarelationis createdelatingthis type variableto the setof vertices.If search finds
only asingletype constructorthenthetypeis formedby this constructor

Functiontype checksfor cyclesandbranchingin the graph. This allows it to be usedon
graphswhichdonotrepresentalid typings(i.e. graphsvhichwould berejectedby checkGraph).
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Figure 5.14 Algorithm for readingatype.
Takes a graph,a vertex, and a set of verticesalreadyseen(initially empty); returnsthe type

associateavith thevertex (if oneexists).

type((V.E),vU) = let
if v e U then terminate (cyclic type)
casesearch((V,E),V)

{3 {3 {v}) = mkTyvar(v)

{}{a}{}) =a

({(c0---on-1)c}, {},{}) =
(type((V,E),o0,U)---type((V,E),on-1,U))c

(cs tvs vs) = terminate (conflict betweenconstructors)

type aloneis notsufficient, however, to seewhetheragraphrepresentatyping asit will notvisit
everyvertex in thegraph.

type doesnot treatthe unbound type constructorspecially This allows it to producetypes
suchasa — unbound. As it standstype is notsuitablefor readingtherequiredtypesof unbound
identifiers(suchasl in Figure5.7)asit will detecta conflict betweenunbound andtherequired
type. It is clearthat only a minor modificationis requiredto ignore unbound, this modified
algorithmis exploredin Section5.4.1

5.4 Generalising Techniques for Type Debugging

Several authorshave presentedalgorithmsto help programmersunderstandhe typesin their
programsandto help delug type errorsin Hindley-Milner basedlanguages. Thesemethods
werementionedn Chapter3. Eachof thesehassupplieda differentform of informationto the
programmer:the typesof unboundidentifiersand suggestion®f wherein programsmistales
may lie areexamplesof suchinformation.

This chapterhasintroduceda new meansof representindype informationasgraphs.From
thiswe canextractarangeof differentfactsaboutthetypesin programs Sofarwe have seerhow
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to find out whetheror not the programis typed,andwhatits typeis. The graphrepresentation
canalsobeusedto simulatesomeof the schemegroposedy otherauthors.

BernsteirandStark[BS95 choseto describehetypesof unbounddentifiers,while Mitchell
Wand [Wan86] describedocationsin the programwhich may containa mistake and Dug-
gan[Dug9§ producegypeexplanations We seethatgraphsncoddaheinformationproducedy
otherauthors.Thatis, thattheinformationcanberetrievedby atraversalof thegraph.Hence,it
is claimedthatthiswork generaliseanumberof piecesof previouswork. Thisis of practicaluse
asit allows severaldifferentforms of informationto be presenteavithout repeatedaalculation.

5.4.1 Bernstein and Stark’s Assumption Environments

BernsteimndStark’s systen{BS95 is concernedavith thetypeswhich unbounddentifiersmust
havein orderfor aprogramto bewell typed. Theresultsof theirinferencealgorithmcanalsobe
obtainedby readinggraphs.

5.4.1.1 Bernstein and Stark’s Technique

Bernsteinand Stark [BS95 wrote alternatve operationaltype semanticdor expressionswith

unbounddentifiers.They alsogave a deterministianferencealgorithmfor thesesemanticsFor

theopenexpressionl 3,1 true) BernsteinrandStark’s algorithmderivestheassumptiorenviron-

ment{l : {int — a,bool — B}} andthetypea x B. This meanghatin orderfor (I 3,1 true) to

typecheck,it shouldbe putin acontect which givesl atypeschemewvhich canbespecialisedo

typesint — o andbool — 3, or the instance®f | shouldbereplacedoy expressionswith these
types.Thesystencanonly produceassumptiorervironmentgor internally consistenfragments
(e.g.notAl.(1 3,1 true)).

To useBernsteimndStark’s work, first estimatehe probabldocationof thetypeerror(using
a corventionalerror message)then examine partsof the program. This investigationreveals
typesof fragmentsandthetypesof their freeidentifiers.Bernsteinand Stark's contribution is to
overcomeMilner and Damas$ [DM82] limitation of not letting you look inside expressiondo
seethetypesof their subexpressions.
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5.4.1.2 Extracting Assumption Environments from Graphs

The graphfor the openexpression(l 3,1 true) wasshown in Figure5.7. Two typescanberead
for eachinstanceof | eitherunbound or a functiontype. The presencef unbound meanghat
BernsteinandStark’s analysiss relevant.

To generat@nassumptiorernvironmentfrom agraph firstlocateall theverticesrepresenting
unboundidentifiers. Theseareidentified by edgesgoing to unbound, labelledby the identifier.
Thetypesof thesedentifiersarethenreadasnormal,only ignoringunbound. Figure5.15showvs
the algorithmtaking a graphandvertex, andreturningthe type representetby the vertex in the
graph.

Figure 5.15Algorithm B-S-type.
Take a graphandvertex, returnthe type representedby thatvertex, ignoring the unbound type

constructor
B-S-type(G, V) = typeDFS(G,V,{})

The DFSroutinerequiresa list of verticesalreadyseen. It will terminatewithout a resultif it
findsacycle or branch(cf. Definition 1).

typeDFS(G,V,s) =
if v e sthen
Terminate (cyclic type)
else
let (cs vs tvs) = search(G, V)
and cs = {¢; : ¢ € CSAC; # unbound}
case(cs,tvs vs) of
{(hih{H)=av
[ ({HAVEAD = av
| ({}{}{a}) =«
| ({(c0...on-1)ci}, {1, {}) =
(typeDFS(G,ci.0,{v}Us), ... ,typeDFS(G,ci.(n—1),{v} Us))ci
| _.= Terminate (conflicting type)

Applying B-S-type to the vertex representinghe entire programin the graphfor a correctly
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typedprogramwill yield the sameanswerastype in Figure5.14.

Bernsteinand Stark’s inferencealgorithmfails if no assumptiorervironmentexists. This is
the caseif the graphcontainsarny branchesepresentindype conflicts,or cycles. Beforeusing
B-S-type, the graphshouldbe checled for cyclesandbranchesij.e. thatit meetsthe first two
conditionsin Definition 1. Providing thereareno cyclesor branchestype will alwayssucceed.

Theremaybeanumberof verticesfor eachidentifier: eachinstanceof thevertex will appeay
possiblywith differenttags.Thesetof all typesfor all verticescorrespondingo aparticulariden-
tifier is the setof typesrequiredfor theassumptiorervironment.Readinghegraphin Figure5.7
by usingtype on left andl right givestheassumptiorervironment{| : {int — a,bool — B}}.

ImplementingBernsteinand Stark’s techniqueusing graphsallows usto give the program-
mer slightly more usefulinformationasit is possibleto relatetypesto particularinstancesof
identifiers(Bernsteinand Stark’s presentatiordiscardsthis information). Indeed,we cangive
thetypeof ary instanceof anidentifier (evenbound)or any otherpartof the program.It is also
sometimegossibleto usetype evenif the graphfails the first two conditionsin Definition 1.
This makesit moreflexible thanBernsteinandStark's algorithm.

5.4.2 Wand’'s Source of Type Errors

Wand'’s concern[Wan86]is with the location of a mistale. He obsened that the locationan-
nouncedin a type error messagas rarely the location at which the programmermasmadea
mistale. This is attributedto the fact that “the type-checkr canonly reportan error whenit

finds a programfragmentthat cannotbe assignedh type; becausef the flexibility introduced
by polymorphism the actualerrormay be deeplyembeddedn the erroneousragment”. Wand
in factunderstateghe problem: sometimeghe fragmentcanbe assigned type, andthe actual
erroris in aseparatédragmentearlierin the program.

5.4.2.1 Finding the Source of Type Errors

Wand’s modifiedunificationalgorithmallows type errormessaget proposeprobableocations
for theprogramme mistake. Typesmustberepresentedsingstructure sharing atypeis atree
with typevariablesfor leaves,anervironmentbindstype variablesto types.The ervironmentis
essentiallya substitutionbut it is alwayspassedxplicitly andtype variablesin typesarenever
expanded.The ervironmentalso containsreasonswvhich are setsof subepressionsassociated
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with a binding of atype variableto a type. For examplethe bindinga, — int — 3 might have
thereason{(l 3)}. The unificationalgorithmmustdo two thingswith reasons.Whenmaking
anew bindingareasormustbe added andwhenunificationfails reasongor thefailure should
be given. A reasonfor eachtype is built up asthe algorithmtraversesthe types: eachtime a
type variableinsidetype1 is expandedusingthe ervironment,thereasorfrom the ervironment
is addedto the reasonfor 1. When unification fails, a reasonis returnedfor eachtype. The
representatiosharessimilaritieswith the graphsof this chapter

Figure5.16shaws the errormessagg@roducedor the programAl.(l 3,1 true). Fromit, the
programmecanestablisithatthemistaleis likely to bel true or | 3 (thepossibilitythatl should
belet-boundratherthanA-boundis not considered).

Figure 5.16 Wands errormessagéor Al.(l 3,1 true).

Mismatchbetweennt andbool
In expression true

Reasorfor 1sttype: {(I 3)}
Reasorfor 2ndtype: {}.

Wand hasimplementecthis in the SPSsystem,but it was abandonedsit was found to
producetoo muchoutputto beuseful. We includethis methodherebecausét shovs oneuseof
graphsandbecausé maybe possibleto producemoreusefuloutputfrom thereasons.

5.4.2.2 Using Graphs to Find Wand’s Source

To find the probablesourceof a type errorfirst identify a branchin the graphwhich givestwo
distincttypesto a vertex. The graphfor the programAl.(l1 3,1 true) wasshown earlierin Fig-
ure 5.5, In this figure thereis sucha branchat the left-hnandconnectiornpoint of the bottom —.
A branchlik e this correspond$o a unificationfailurein typeinference.

Having found a branch,we mustfind thereasonsassociatedvith it. Thesearethelabelsof
its edges. In Figure 5.5, from the verticesabove the branchwe seethat the expressionbeing
examinedwhenthe branchappearedvaseitherl 3 or | true (dependingon the order of type
inference)andwe alsoseethereasongor the mismatchedypel true or | 3.

Wand’s systenmsufferedfrom aleft-to-rightbiaswhichledit to treatl 3 andl true differently.
Oneis givenasthe expressiorbeingexamined,the otherasa reason.Despitethe slight differ-
encedetweenWand’s systemandthegraph:from the point of view of suggestinghe ‘sourceof
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typeerrors’'they provide the samelist of candidates.

We canalsoextract moreinformationfrom the graph. We canseethatnot only is the mis-
matchassociatedvith the applicationexpressionbut alsothatit is in the type of identifier .
Programmingexperiencesuggestghat this information could be more useful than the site at
which unificationwasperformed.

5.4.3 Duggan’s Correct Type Explanations

Dominic Dugganhasformally definedthe notionof correcttypeexplanation[Dug9§. It should
be possibleto generataype explanationdrom graphsby traversingedgedrom a programfrag-

mentvertex to type constructorverticesand recordingthe labelson the edges. In generating
correctexplanationssomeedgesnustbetraversedackwardsandsomeshouldnotbetraversed.
Thedifficulty is in decidingwhich edgego follow andin which direction.

5.4.3.1 Correct Type Explanations

A type explanationis a setof expressionslike Wand's reasons.Dugganassociateshe expres-
sionswhich build up explanationswith constaints of the form 11 = 1. Eachconstraintis la-
belledby asetof expressionsvhichexplainhow it wasobtained Duggans constraint@reunlike
Wand’s ervironmentswhich constraintype variablesto be equalto atype, ratherthanary two
typesto beequal.A setof constraintscanbe usedto infer whatsometypeis, for examplewhat
type sometype variablea, (associatedvith a A-boundidentifierl) is. The setsof expressions
labellingthe constraintausedto infer atypeform the explanationof thattype.

An exampleof a constraintsetandexplanationis in Figure5.17. The constraintequateshe
type variable,ae, for eachexpressiong, with someothertype. The explanationis the union of
thelabelson the constraintsisedto work outthetype for a particulartypevariable.

Duggandefinestwo conditionswhich mustbe metfor anexplanationto be correct:

Completenessstateghatthe explanationis large enoughj.e. no constraintsvith labelsoutside
thesetarerequiredto infer thetype.

Soundnessstateghatthe explanationis nottoo large, i.e. all of thelabelsbelongto somecon-
straintnecessaryo infer thetype. Thisis thenotionof minimal generatingets.
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Figure5.17A constraintsetandcorrecttype explanation.
e Constraintsetfor A(i,X).(i x,i 3)

{a; i Ox — Qix, O e O3 — Qj3, A3 & int}

e Correcttypeexplanationof x : int
{ixi 3,3}

If theexpression x wasnotin anexplanationof x : int thentheexplanationwould beincomplete.
If the sameexpressionwasin an explanationof i : int — a3 thenthe explanationwould be
unsoundi.e. not minimal).

Therecanbe a numberof correcttype explanationdor a givensubepression.For example
if i wasappliedto 2 and3 theneitherapplication(but notboth)would beacceptabldor acorrect
explanationof its type. Theexplanationproducedn inferencedepend®n theinferencestratey
(topdown or bottomup) andconstraintsolver used.

5.4.3.2 SML/E: an Implementation of Explanations

SML/E?! is Dominic Duggansimplementatiorof typeexplanationsaspartof the StandardvL of
New Jersg compiler Thecurrentversion(versionl.0) doesnot appeato meetits specification
(it doesnot producecorrectdefinitionsaccordingto [Dug98]).

For example for the program

fun f i x=( x i 3 ;
thefollowing explanationis givenfor thetypeof ‘f.i ’ (i.e.theagument of functionf)

The explanation  for the type of fi is as follows:

[0] fi : 'A0 by Assumption
[1] fi : 'Al -> 'a because...
ISML/E is available from http://guinness.cs .St evens- tec h.e du/ “dd uggan/Publi ¢/S mle/in dex.

html
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'AO (the type variable for fi) was instantiated to 'Al -> 'a as a result of
type-checking this  expression:

[2] fi : int -> 'a because..

'Al (the type variable for fx) was aliased to int (the type for 3)
as a result  of type-checking this  expression:

i 3

Thisexplanationhasasetof expressiongi x,i 3}. Thisexplanationdoesnotrepresenthe
minimalgeneratingetasi x is unnecessargknowing thati is appliedto 3 is sufficientto know
whattypeit has). Dugganhassuggestedhatthe definition of minimal generatingsetsmay be
too restrictive for practicé.

It shouldalsobe notedthatwhile correcttype explanationsaredescribedasanaid to delug-
ging typeerrors,SML/E cannotoperateon untypeablgrogramga standarcSML/NJ type error
messagés givenin suchcases).

5.4.3.3 Reading Explanations from Graphs

Explanationdrom graphsareformedfrom the labelson edges.For example,in Figure5.18the
explanationof thetype of eitheroccurrencef i mustinvolve the correspondingpplication(i x
ori 3) asthis is the only edgewhich canbe followedto discover a type. Explanationsare built
from thelabelsontheedgedorming apathfrom aprogramfragmentvertex to atype constructor
vertex.

The main difficulty in creatingan algorithmto extract explanationsfrom graphsis thatthe
pathsto befollowedarenon-directedyou musttraverseup edgesaswell asdown). For example
thecorrecttypeexplanationof thetypeof xis {i x,i 3,3} whichmustbeformedfrom thepath
x %o 3 3 2 int ratherthanthe pathx AL int (cf. Figure5.17). Note thatin this case,
unlike in the caseof the explanationof thetype of i , boththe subexpressions 3 andi x are

necessary

1personatommunication23rd March1999.
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Figure 5.18Graphfor A(x,i).(i x,i 3).

oA(i,X).(i x,i 3)

Ai,%).(1 i 3)

(i, X).(i x,i 3)

o(i X,i 3)

(i xi 3)

i X, 3) (i x,i 3)

ol X oi 3

int

Backtrackingin this way is requiredbecausein orderto make themeasierto read,graphs
aredirectional. Ensuringa directedpathexistsfrom an expressiorto its type andthatthe graph
is agyclic entailsaddingextra edgedabelledby superexpression®f the expressionsvho’stype
they define.In this casethe extraedgeis labelledby A(i,x).(i x,i 3) andcomesfrom a vertex for
X). Theseedgesareaddedassideeffectsof theseexplicitly addededgesfor exampleif we add
anedgefrom v to int, andthereis alreadyan edgefrom v to V' thenwe mustaddan extra edge
from V' toint to ensurev andv arereadasthesametype. This proces®f addingedgegerforms
thetaskof unificationor constrainsolvingbut doesnotrecordreasonsReasonsrenotrecorded
becaus¢heremaybe anumberof differentvalid reasondor addingtheedge.Theseextraedges
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shouldnot befollowedwhenbuilding anexplanation.
Figure5.19shows the edgeswhich shouldbe followedto generateexplanations.Theseare
theedgeswvhich areexplicitly addedduringgraphgeneration.

Figure 5.19Edgedfor explanations.

e {\Vo i Vi:Vo,v1 €V}
i.e. All edgedabelledby anidentifier.

{[)\x.e]t )v\ie 0 —j 0,

—j .0 )\}Le [X]t,
e

[)\X.e]t )\}Le 0 —j o}

i.e. Edgedabelledwith Ax.e which aredirectly associatedavith the o — o for this expres-
sion (optionallytaggedoy sometag,t).

{lever)t & —i .1,
i 0% [eo]ts
[el]t RN —jo:

[eer)t B —i 1}

i.e. Edgedabelledwith egpe; which aredirectly associatedvith the o — o for this expres-
sion.

, let x=gy in

{letx=epinel =" ey,
let x=g; IN

X2 el :

. let x=¢ In
letx=eginel =2 e}

i.e. Edgedabelledwith alet expressiorgoingfrom aninstanceof thelet boundidentifier
to its definingexpressionandfrom thelet expressiorto its valueexpression.

Figure5.20givesthe algorithmfor generatingype explanations.Essentiallythis is a cycle
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avoiding depth-firstsearchwhich traversesonly the edgesgivenin Figure5.19. explain takes
thegraph,vertex andpathtraversedsofar (aninitially emptysetof edges)andreturnsthe path
from the vertex to the vertex definingits type, andthis vertex. For the vertex representinghe
type of x in the graphin Figure5.18, explain returnsthe int vertex andthe edgeset {x X

.0, —.0 '3 3,3 A int}. explain only givesthe explanationasfar asthe maintype constructor
in atype,for exampleapplyingit to eitherinstanceof i in Figure5.18will returnthe pathto the
— vertex. To geta full explanationapply explain to eachof the connectionpointsof the type

constructovertex. Thisis analogoudo the userinterfaceof SML/E, which pausesafter each
typeconstructoiin thetype hasbeenexplained.

Figure 5.20Algorithm explain.

explain(G,v, p) =
let ¢ = children(G, V)
if c={} then
({}.v)
else
let E = Valid edgegto or fromv notin p
For eachv s V € E
if explain(G,V, {e} U p) succeeds
let (x,V") = explain(G,V, {e} U p)
return (eUx,v’)
elsetry nextedge
if none succeedthen fail

By detouringaroundunwantededgesn differentways, it is possibleto generatea rangeof
differenttype explanations.Thesetype explanationshowever, arenot necessarilycorrectin the
sensedescribedoy Dugganasthey may have extra expressionsn them. For examplefor the
explanationof thetypeof i in theexampleprogram,bothi x andi 3 appearThis meanghat
thealgorithmexplain suffersfrom the sameunsoundnesgroblemwasSML/E.

On a pragmaticnote, while both SML/E andtype are incompletewith respectto the pa-
per [Dug98] thereis no reasonto supposehatit is not the definition ratherthan the imple-
mentationswvhich areincorrect. The litmus testfor this is whetheror not the explanationshelp
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programmergno suchtesthasbeenconductedo my knowledge).

5.5 Implementation

All thealgorithmsgivenin this chapteave beenimplementedandtestedfor a small A-with-let
basedanguageTheimplementatiorwasintendedasatest-bedor ideasratherthanafull-scale
practicalapplicationof useon real programs.Sourcecodeis omittedherebut canbe foundin
[McA99a].

5.6 Conclusions

We have seena way of representinghe resultsof typeinferenceasa graph. Both typeableand
untypeablgrogramsanberepresenteth thisway — thisis thefirst work to treattypeableand
untypeableprogramsequally Algorithms for generatingand readinggraphshave beengiven.
Fromthesegraphs,we canextracta numberof differentforms of informationaboutprograms.
Thetypesof unbounddentifiersasproposedy [BS95]andprobabldocationsof mistakesin the

style of [Wan86]. We alsosav analgorithmto extracttype explanationsof the form of SML/E

andnotedthat neitherthe algorithmfor graphs,nor SML/E meetthe requirementgor correct
typeexplanationsn [Dug98]. Thegraphghereforegeneraliseéheseotherformsof information.






Chapter 6

Repairing Mistakes with Type

Isomorphisms

In the previous chaptersof this thesisandin the work by otherson type errormessagegIW86,
Wan86,BS93, Rit93g BS95,DB96, Dug98 Yan97,Yan99,YMTOO], the error messageand
informationproducedelateso explainingwherein a programthe mistake maylie, andhow the
typeswhich indicatethe error werederived. This informationis of help to the programmeiin
dehuggingthe program,but is not of directapplication. Recallthe exampleof a spell-checkr:
thebestway to helpsomeoneaepaira mistale is to suggestvaysfor themto repairit.

In contrasto theotherwork, this chaptersuggestaway to generatenessagewhich do sug-
gesthow to correctmistales. Thetechniquds anapplicationof thetheoryof typeisomorphisms
andhasbeenimplementedaspartof the MLj compiler

This chaptemwill first describethe intendedcontentof the error message¢Section6.1). It
will thenlook at the theorybehindthe work (Section6.2), the novel algorithmsrequiredto use
thetheory(Section6.3),andtheimplementatior(Section6.4).

6.1 The Most Effective Message

The characteristic®f effective error messagelsted earlierin Section2.1, originally by Jalob
Nielson[Nie01], wasto be explicit, human-readablepolite, preciseand to give constructve
advice. The emphasidn this chapteris on making a messagevhich is humanreadableand
which givesconstructve advice.

71
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To give constructve advice the errormessagshouldsuggeshow the programcanbe mod-
ified in orderto correctit. An exampleof suchamessagappearsn Figure6.1.

Figure 6.1 An errormessageffering constructve advice.
Try changing

map ([1, 2, 3], Int.toString)
To
map Int.toString 1, 2, 3]

Themessag@ thefigureis alsohumanreadablelt will beunderstoodby theprogrammens
its contentis all codewhich the programmehaswritten or which closelyresembleshe original
code.Themessag&ould belessreadablef, for example,it introducedhew functionsto uncurry
map andexchangehearguments.

It might be suggestedhatif the compilercanwork outaway of correctingthe mistake then
it could simply correctthe mistake andissuea warning, without requiring the programmetito
changethe sourcecode. This however is not desirableastheremay be severalwaysto correct
the mistalke, not all of which maybefoundby the system.In particularif a functionweregiven
severalargumentsof the sametype, thentherewould be anumberof permutation®f alguments
all of whichwould typecorrectly A simpleexampleof sucha mistake would becompare a b,
in which the functionis incorrectlyusedasif it were curried, but therearetwo possibleways
to repairit (compare (a, b) orcompare (b, a)). Theerrormessageouldform partof an
integrateddevelopmentervironmentwhich would make it easyfor the programmerto make a
changeo theprogram(in asimilarwayto aword processomakingit easierto correcttypeerror
messageshan usinga command-linebasedspell-checkr), but it would still be desirablefor
the programmeto confirmthatchangeshouldbe made— witnessthe frustrationexperienced
whentyping unusualWwordsinto someword processorandhaving themcorrectedcautomatically
Edward Tennerwarnsthat programswhich make changeso datawithout the users knowledge
canreduceproductvity [Ten96]. Donald Norman[Nor98] recommendsgainstincreasingthe
compleity of the externalinterfaceof software. Theintenthereis notto getthe compilerto do
anew task(repairingsoftware)but to getit to do anexisting job better(giving errormessages).
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6.2 Theory

Now thatthe contentof the messagdasbeenestablishedlet uslook at the theorywhich will
yield theresults.

6.2.1 Function and Conte xt Types

Reconsidethe examplein Figure6.1. In it a programmethasapplieda functionto aguments
whicharein uncurriedform ratherthancurriedform asrequiredandwhich arealsoin thewrong
order Thetype of thefunction,Ttyngion, IS

(a -> b)) -> 'a list -> b list
but it appearsn a context which suggestshatit shouldhave atype of theform teortex,
((int  listy  * (int -> string)) > 'c

(for some'c ). Typeinferencefails (in mostalgorithms)whenthefunctionandcontext types(or
someothertypes)fail to unify, andmosterrormessagedescribeheerrorin termsof unification
failing.

Thekey to this techniqueis to notethatwhile no substitutionexists which makesthetypes
equal thereis a substitution{’a — int ,’b + string }, which makesthemsimilar:

(int -> string) -> int list -> string list
is similarto
(int list * (int -> string)) -> string  list

The'similarity’ is thatany valueof onetypecanbetransformednto avalueof theothertype
by a simple function, andtransformedbackto the original value by a secondsimplefunction.
Thefunctionsmandm’, definedby

fun m map (theList, theFunction) = map theFunction  theList

fun m’ map theFunction  theList = map (theList, theFunction)



74 Chapter 6. Repairing Mistakes with Type Isomorphisms

will do the corversionfor the example. The existenceof thesefunctionsmeansthatthe types
areisomorphic Two typest andt’ areisomorphic(t = ') iff thereexist functions(morphisms)
m: 1T — v andm : ' — 1 suchthatVx: 1.m(mx) = x andvx : T.m(m'x) = x. Thismeanghatthe
originaltypes(thefunctionandcontext typeswhichfailedto unify) areunifiablemoduloisomor
phism Thatis, thereexist asubstitutionSandmorphisman andn' suchthat'vx: St.m'(mx) = x
andVvx: St’.m(m’ x) = x. Forinformationonisomorphismssee[Di 95].

Oneof themorphismshasanimportantproperty If we applythe morphismwhich hastype
of theform Tungion — Tcortext t0 thefunctionin theincorrectexpressionthenthe functionwill
fit its context andtherewill benotypeerror E.g.

mmap (1, 2, 3], Int.toString))

is a correctlytypedprogram.We will call morphismswith type of the form Tfungion — Tcortext
repair morphisms

This new expressiorncould form the basisof a constructiveerror messagéit doessuggest
way to remove errors),but lacksreadabilityasthe programmemustunderstandhe definition
of min orderto decidewhetheror not this is the correctway to repairthe program.In orderto
producetheadvicein Figure6.1,theapplicationof mmustbe partially evaluated.

A methodfor producingconstructve readablenessagefor somemistalesis, therefore

e Detectanapplicationexpressionn which thereis anerror.
¢ Identify the functionandcontext types.

e Unify thefunctionandcontet types,moduloisomorphism Generateherepairmorphism
while doingthis.

o Apply therepairmorphismdo the original expressionandpartially evaluate.

The remainderof this chapteris aboutthe algorithmsrequiredto do this (in particulargen-
eratingthe repairmorphismis novel work), andthe implementatiorof the methodin the ML}
compiler

6.2.2 The Type Language

Thetypelanguagen this chapterequiresypevariablesfunctiontypes,constructoref arbitrary
arity, andtuplesof arbitrarysize. Thesefeaturesarealsopresentn StandardML. The syntax
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for suchtypesis givenin Figure6.2. Theunit typeis atuplewith nofields,andatuplewith one
field is includedfor completenessale (similarly, unarytuplesexist in StandardviL, but arenot
usedin practice).

Figure 6.2 Syntaxfor types.

T = d Typevariables
| (11,...,Tn)c  Typesformedfrom n-ary type constructorc
| 1T Functiontypes
| () Theunit type
| (D) Unarytuple
|  (t1x...xTn) Tupleofsizen

Notethatparametrigpolymorphismandtype schemeglay no partin thiswork. Thetypesto
be unifiedwill beinstantiationf polymorphictypeschemes.

6.2.3 Location

For this chapteiis is assumedhatthe correctlocationat which therepairmustbe madehasbeen
correctlyidentified. In existing implementation®of type inferencethis is whereW or M fails.
Thisis thecorrectlocationfor somemistales,but for othersit is known thattheerroris detected
too lateandthewronglocationannounced.

Otherauthorshave proposedneandor finding the correctlocationof mistakes,sothisissue
is notdiscussedurtherhere[LY98, Wan86,DB96, Chi01].

6.3 Algorithms

Two novel algorithmsare requiredto generatehe newv advicefor the error message.Firstly,
an algorithmto generatethe repair morphismis presentedn Section6.3.1. Oncethe repair
morphismhasbeengeneratedye also needto partially evaluateits applicationto obtainthe
modifiedexpression Partial evaluationis describedn Section6.3.2.
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6.3.1 Unification Modulo Linear Isomorphism

Therearea numberof differenttheoriesof isomorphismsgachcharacterisetby a differentset
of axiomsanda differentsetof possiblemorphisms.Di Cosmomakesa comprehensie review
of thesein [Di 95]. It is known thatunificationis not decidablefor mosttheories but thatit is
decidabldor linear isomorphism$NPS93.

Axioms definingthe linearisomorphismrelationare shovn in Figure6.3. The axiomsare
annotatedvith the morphismsabove and below the <. Otheraxiomsfor isomorphismexist,
showvn in Figure 6.4. Beforecommencingwith the unificationalgorithm, it will be worthwhile
checkingthatthelineartheoryis appropriatg¢o programrepair Thecurryingaxiomcorresponds
to aprogrammemistalenly usinganuncurriedfunctionascurried,or vice versa— theexample
alreadyusedin this chaptershaws that this axiom is applicableto delugging. Likewise, the
exampleshaws that commutatvity is useful. Associatvity is of directusewhenfunctionstake
nesteduplesasamgumentsandis alsoessentiafor deriving morecomplex isomorphismgfor
exampleit is necessaryo producea three-agumentversionof the uncurrymorphism). Unary
associatrity is alsoof usefor deriving otherisomorphismsUnit curryingplaysanimportantrole
for programswritten in a lazy style, asit shawvs thata lazy valueis isomorphicto a strict one.
Of the non-linearaxioms,eliminationwould be applicableto someerrorsinvolving imperatve
functions,anddistributivity representasingtwo functionswhereonewould do. Repairingerrors
with eithernon-linearaxiominvolveseitherdeletingor copying source-codewhich seemto be
thingsa programmeiis lesslikely to forgetto do. This intuitively suggestghatthe non-linear
axiomsarenotasrelevantto delugging.

NarendranPfenningandStatmarfNPS93 givenanalgorithmfor unificationmodulolinear
isomorphismwhich hastwo phasesrewriting to uncurryall functionsandflattenall tuples(i.e.to
dealwith thefirst threeaxioms),andthenassociatre-commutatte (AC) unification(for thefinal
axiom). Thisis shavn asacommutingdiagramin Figure6.5. Any AC-unificationalgorithmmay
be usedandno methodof generatingmorphismss given(the paperis concernedvith deciding
unify-ability, not with generatinghewitnesses).

Importantly AC-unificationcanhave mary solutionsandhencetheremaybemary different
waysto repairfound.

Linearisomorphismslo notwork for somemistales.E.g.avaluemaybeusedwhereallist of
valuesis required thisis easyto do by missingout squarebraclets. In thealgorithmsfollowing,
it is suggestethow some“pseudo-isomorphismdik e this canbe dealtwith.
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Figure 6.3 Axiomsfor linearisomorphisms.

Currying

AFAXY). fxy

T—17 -1 =2 (ixt)—=1"

AFAXAY. f (X))

Unit currying

Associatvity

)\<<X171,...,X17m1>,...,<Xn7]_,...,Xn,nh>>.<X171,... ><X17ml,...,Xn71,...,Xn7mn>
=
)\(XL]_,...><X17ml,...,Xn71,...,Xn,nh>.<<X17]_,...,X]_7ml>,...,(Xn7]_,...,Xn’nh>>

Unary Associatvity

Commutativity

(TiXTE X .o Tim1 X Tj41 X ... X Tp)
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Figure 6.4 Non-linearisomorphismsaxioms.

Elimination
Af.()
-0 S
AQ)-AY.()
Distrib ution

Af.(Ax.(A(a,b).a)(f x).Ax.(A(a,b).b)(f X))
T— (U'x1") s T—=1TUx1—-1")

Af,9). Ax(f x,g X)

Figure 6.5 Thealgorithmasa commutingdiagram.

f
T = (T1X...XTp)

g ohof l/h

V= (Tx...xT))

Normalformsof 1t andt’

f andg’ areproducedrom rewriting, h is from AC-unification.




6.3. Algorithms 79

6.3.1.1 The Rewriting Phase

The rewriting phases directedby the axioms. Building up the completemorphismis not dif-
ficult sinceeachaxiomis annotatedoy a morphism. The morphismsare constructedrom the
annotationn the axioms,andfrom ‘map’ functions. Type constructorsg, with arity n, may
have amapfunction

map. : (a1 — B1) X ... x (0n — Bn)) — (a1,...,an)c— (B1,---,Bn)C

anexampleof suchafunctionis StandardviL’sList.map . Thereis alsoamapfor everyarity, i,
of tuple

map.i : (a1 —B1x...x0—B)—(arx...xai) — PBrx...xB)

= ANmy,...,m).A@g,...q).(Mag,...,m &)

Whenthearity of map,; is clear it will bedenotedsimply by map,,. Finally we musthave amap
for functions,definedas

map_. : (B—a)x (o' —=B)) = (a—ad)— (B—Pp)=A(mnl)Af.mofom

Notethatthetypeof the mapfor functionsdiffersfrom the standardorm of mapfunctionsasits
first agumentfunctionhastypep — a insteadof a — p.1

Someuserdefinedabstractypesmay not have a mapfunction, for examplea binary search
treemay not be equippedwith one. If thereis no mapfor a constructothenthereis noisomor
phism(apartfrom equality)overtypesformedby thatconstructor

Morphismsfor permutingonetuple into anotherare alsorequired. This operationis seen
in the associatiity andcommutatvity axioms. ThesemorphismsareAp.p’, wherep andp’ are
patternsaccordingto the syntaxin Figure6.6.

The syntaxof morphismss summarisedn Figure6.7.

Therearetwo functionsrequiredfor rewriting: oneto flattentuples(following the associa-
tivity axiom)andoneto applythe curryingaxioms.Thesearein Figures6.8and6.9.

1We could requireevery mapto take pairs of complementarymorphisms,in which caseall the mapscould
take the samestandardorm. This would make it easierto find a morphismscomplementput would alsomake the
algorithmsharderto readandwould notbe necessarfor theimplementation.
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Figure 6.6 Patterns.

p = X
| <p17"'7pn>

Thereis a @ operatorfor appendingatterns.

X@(Dl;---apn> = <X7 plv"'apn>
<p1,...,pn>@x = <p1;---,pn,x>
<p177pm>@<p&;7p|/’]> = <p17"'7pm7p3_7"'7p:’]>

anda correspondingperatoffor types

T@(T1 X ...XTp) = (TXTyX...XTp) Tis notatupletype.
(T1X ... XTh)@T = (T1X...XTyXT) Tis notatupletype.
(MIX . XTm)@(T] X ... XTy) = (T1X...XTmXT]X...XTp)

Figure 6.7 LinearMorphisms.

m = Ap.p

| appUnit | mkLazy
| curry | uncurry
| map, (my,...,my)
| map.(my,...,my)
| map_ (m,n)

| mo...omy
|

In Ap.p/, no identifier occursmorethanoncein eitherpattern,andthe setof identifiersis the
samefor the two patterns.This ensuredinearity (every input the the morphismoccursexactly
oncein its output).
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Figure 6.8 Flattening.

FLATTENM : type— (typex morphismx morphism)

FLATTENM(T) = let
(', p,p’) = MKPATTERN (T)
in (U,Ap.p/,Ap".p)

MKPATTERN : type— (typex pattern x pattern)
Thefirst patternreturnedmatcheghe agumenttype, the seconds for theflattenedype.

MKPATTERN((T1 X T1 X ... X Tp)) = let

(t1. 1, P1) = MKPATTERN (T1)

(Th, Pny Ph) = MKPATTERN (Tp)
in (1)@...@t,,{(p1,-..,Pn), P1@...@pP;)
MKPATTERN(a) = ({a),V,(v)) for new v
MKPATTERN((Tq,...,Th)C) = ({(T1,...,Tn)C),V,(V)) for new v

MKPATTERN (T —T) = ((T1—T1),v,(V))for newv




82 Chapter 6. Repairing Mistakes with Type Isomorphisms

Figure 6.9 Rewriting.

REWRITEM : type— (typex morphismx morphism)

REWRITEM (10 — 11) =
let
(T, Mo, NYy) = REWRITEM (10)
(7, g, M) = REWRITEM (1)
(t,m,n’) = APPRULE(Ty — T7)
in (T, momap_, (M, M), map_, (M, mg) onv))
REWRITEM((Ty X ... x ) =
let
(T % ... xTh),mm) = FLATTENM ({11 x ... X T))
(4, my, M) = REWRITEM (1)

(T my, ) = REWRITEM(T/,)

in ((t x...xT13), map, (My, ...,My) om, m omap, (M,...

REWRITEM((14,...Tn)c) (Whenc hasamap)=
let
(th,mg, my) = REWRITEM(14)
(th, M, M) = REWRITEM (1)
in ((t},...Th)C, map; (M, ..., My), map (my,...,m.))
REWRITEM(((14,...Tq)C) (Whenc hasno map)=
((T1,...Tn)c, 1, 1)
REwWRITEM(a) = (a,1,1)

APPRULEM : type— (typex morphismx morphism

APPRULEM (19 — (11 = T2)) =
let
(ta,m,m) = APPRULEM (19 x 11)
in
(Ta— T2,
uncurry omap_, (M, Ai.i),
map_, (M, Ai.i) o curry)
APPRULEM(() — 1) =
(T, Af. (), AXA().X)

Thefirst caseof APPRULE handlescurrying,andthe seconchandleghe curry andunit axiom.
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6.3.1.2 The Unification Phase

The mostimportantstepin unification modulolinearisomorphismis associatre commutatve
unification. Therearetwo existing algorithmsfor this: the original completealgorithmby Mark
Stickel [Sti75] andLincoln and Christians simpler but incompletealgorithm[LC89]. Neither
of thesealgorithmsgeneratesnorphisms.

AC unification differs from equality unificationin thatit canhave an arbitrary numberof
solutionsratherthana uniqguemostgeneralsolution. For example(a x ) =ac (a x b) hastwo
solutions,a = aAB =banda = bA B = a. Becauseof this, the AC-unificationalgorithms
must return setsof results(eachresult being a substitution). Each solution hasat leastone
morphismassociatedvith it. Theremay be morethanonemorphismfor a given substitution,
e.g.for (ax a) =ac (ax a) hasonly onesubstitutiona = a, buttwo morphisms\(x,y).(x,y) and
A%, Y) (Y X).

Stickel'salgorithmreducegheproblemto solvinglineardiophantineequationsFor example,
thesolutionsto theproblema x b x a x b =ac B x ax c arecharacterisetly thesetof solutionsto
thelineardiophantineequatiora+ 2b+ o = a+ c+ 3. Thesolutiona = cA 3 = 2b corresponds
to thesubstitution{a — c, 3 — 2b}. Stickel doesnot specifya particularschemdor solvingthe
equationsothereis no directway to generatenorphismsn thealgorithm.

Lincoln and Christianclaim to “slay the diophantinedragon”in their paper Their method
resemblesstickel’s but they generatesimplerequationsvhich have only 1 and0 asresultingco-
efficients. Thesubstitutionsreproducedy generatingooleanmatricesrepresentingarticular
solutions.

The algorithm hereis basedon Lincoln and Christians method,but differsin significant
ways,primarily in theform of its recursve calls. Interestedeadersaarerecommendetb consult
Lincoln andChristians paperfor moreinformationontheoriginal.

The algorithmhasfour functions. Thesetake equationspor conjunctionsof equationsand
return setsof resultsin which eachsingle resultcontainsone or more morphismsand a sub-
stitution. The function namesarelabelledwith X'C to saythatthey arefor AC unificationand
generatenorphisms.

e UNI FY}\('C takesan equationandreturnsa completesetof unifiers (eachunifier is a mor-
phismandsubstitution).

e UNIFYCONJUNCTI ONQ"C takesa conjunctionof equationsandreturnsa seteachelement



84 Chapter 6. Repairing Mistakes with Type Isomorphisms

of which is a substitutionandmorphismlist. Eachmorphismin alist corresponds$o one
of theequationsThisis usedby UNI ka"C for recursve calls (e.g.thetwo recursve cases

in (To, T1)C=Aac (Tp, T7)Caresoty =ac Tp ATy =ac T} OF To =ac T AT1 =ac Tp).

e UNIFYW| THSETX'C takesa setof substitutionandmorphismilists (representinghe mary
solutionsto previously solved partsof the original equation)anda conjunctionof equa-
tions. It returnsa setof substitutionsandmorphismilists. This is usedto handlemultiple
results.

e MATRIXSOLV EX'C takesa conjunctionof equationsandinternally generate®ooleanma-
tricesrepresentingpossiblesolutions.It thenreturnsa setwhoseelementsarefour-tuples
of a substitutiontwo morphismgpre-andpost-processingandal list of equations.

Thetype of my MATRleOLVEX'C differsfrom Lincoln andChristians, in thatthey only return
a substitutionand not a conjunctionof equations. This meansthat there are more comple
recursve calls in my algorithm. This was necessaryn orderto find the componentof the
morphismfor subtermsof thetype, in orderto build the completemorphism. For example,to
unify (To x T1) =ac (g X T7) it is necessaryo recordthemorphismscorrespondingo equations
suchas(tp =ac Tp). Thealgorithmsfor the functionsfollow.

Function UNIFYXIC This is the entry function to be called by the type delugging system. It
hastype equaion — (morphismx subsitution)sd. For examplegivena x b =ac  x a asan
argument,it will producea setcontaining(A(x,y).(y,X),{B— b}).
The algorithmfollows a similar structureto corventionalequality unificationexceptin the
caseof tupletypes.Thealgorithmin ML patternmatchingstyle canbe seenin Figure6.10.
The tuple case(perhapaunsurprisingly)looks rathercomplicated. It follows the following
steps

e Remore termscommonto thetwo tupletypeswith REMOVEDUPLICATES. Thecommon
typesarein tuple 1p andthe uncommorones(uniqueto oneof the original tuples)arein
Ty andTt(;. We alsohave two morphismsmp : T — (tp x Ty) andm : (Tp X ;) — T’
E.g.fort=(bxa)andt = (axc), 1p = (&), tu = (b), T, = ().

Theremay be morethanoneway to remove duplicateseachwith its own morphismsfor
examplein (ax a) =ac (ax ax B). The algorithmas presentedand asimplemented)
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doesnottake thisinto account.SeeSection6.3.1.3for informationon how this affectsthe
algorithm'sresults.

e Sorteachof the typesinto constantterm, variableorder (requiredfor MATRIX SOLVE).
Thesortedtypesarets andts. We have morphismamgor : Ty — tTsandmiy i Tg— T(5. A
constanis a nullary type constructoi(it canonly be unifiedwith itself or atype variable),
andatermis ary constructedype. Any arbitrarily selectedsortingwill work, andhence
implementatiorof SORT is simple.

e Apply MATRIXSOLVE to Ts and tq. This resultsin a set, R, containing tuples
(S, Mpre, Mpog,C) (a substitution pre-andpost-processingrorphismsandconjunctionof
equations).

e For eachentryin the setR, solve the conjunctionunderthe substitution,using UNIFY-
WITHSETK-. This resultsin a set,eachelementof which is list of morphismsm, anda
new substitutionS.

¢ Build the setof results. Eachmorphismhasto: remove the commontypes;thenfor the
uncommortypes:sort, pre-processjo the morphismsrom solvingthe conjunction post-
processandunsort;thenreinsertthe commontypes.

Note alsothatin the function caseof the algorithm, the call to UNIFY CONJUNCTIONN- is
with Top =ac Ty A T] =ac T1. Thesecondconjuncthasthetypesin the oppositeordersothatthe
generatedanorphismsaresuitablefor map_,.

The algorithm could be modified to allow non-reversible“pseudo-isomorphisms’suchas
transformingvaluesinto lists. At thetype constructoicasesif thetypescannotbe unifiedin ary
way (andempty setof unifiersis obtained)thenthe typescanbe checled to seewhetherthey
matchary othermistales,if thisis the casethena unifier anda morphismscould be generated.
For exampleif T andt’ list cannotbeunifiedbut T andt’ canbeunifiedgiving substitutionS and
morphismmthenthe SandmkList o mmaybereturned.

Functions UNIFYWITHSETN- and UNIFYConJuncTion.  Thesefunctionshandlemultiple re-
cursive calls(i.e. conjunctionsof equations).

UNIFYCONJUNCTION]X'C is similar to UN|FYQ\"C, but takes a conjunctionof equationsand
eachresultin the setcontainsa list of morphismgqonefor eachequation).
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For examplethe resultof UNI FYCONJUNCTION,'XlC(a x b =pc bxanc=acc)will include
thelist of morphismgA(x,y).(y,X), Ax.X].

UNIFYWITHSETN. is similar, but it takes a setof previous solutionsas well as a con-
junction. Its job is to try every possibleway of solving the conjunctionwith every possible
previous solutionit is given. It hastype (subgitution x morphismlist)se x conjundion —
(subgitution x morphismlist)sd.

Thedefinitionsfor thesetwo functionsarein Figure6.11.

Function MATRIXSOLVE"X'C Matrix solve determinesiow thetwo typesbeingunified could be
rearrangeaccordingto the associatrity andcommutatvity axioms.Its typeis
equdion — (subgitution x morphismx morphismx conjundion)sd.

MATR|xSO|_VE}\('C differsfrom Lincoln andChristians versionasthey generateanly a sub-
stitution ratherthan a substitutionand conjunctionof equations.Wherethe equationt =ac T/
is producedn MATRIXSoLVEN., Lincoln and Christianwould producethe substitution{a
B,0’ — B} andsolve the equationsx =ac 1,0’ =ac T. The problemis thattheseequationsdo
notdirectly correspondo the generatiorof morphisms.

As a simpleexampleof the output,considerb x b x a =ac ¢ x B. This hasa preprocessing
morphismto rearrangehetuple: A(a, b, c).(c, a, b); apostprocessingnorphismto build theterm
of type B: A{c,a,b).(c,(a,b)); a substitution{p — (B1 x B2)}; anda conjunctionof equations
B1=DbAB2=DbAa=c. Theequationsareto be solved by UNIFYCONJUNCTIONX'C andthe
morphismsrelatingto thatreferto eachequationandshouldbe executedbetweerthe pre- and
post-processingiorphisms.

Ratherthangiving a full algorithmaswe saw for the otherfunction, we sketchhow the ma-
tricesaregeneratedandhow they arecorvertedto pre-andpost-morphismgwith substitutions
andconjunctions)y looking atanexample.

Matricesaregeneratea@xactly asin Lincoln andChristians algorithm.Below is anexample
basedonsolving(bx ((d x e) — f) x B) =ac (axcx ((exd) —y)) x a. Everyway of filling
a booleanmatrix that doesnot causeinherentinconsistenciegfor examplemarkinga constant
to be unifiedwith aterm)is produced.Somemay have inconsistenciesvhich causethemto be
eliminatedaterwhentheresultingequationsresolved. Thisis why thealgorithmproducesets
of results.
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alc|(exd)—yla
b
(dxe)— f v
B ars

Lincoln andChristiandirectly translatea matrix into a substitutionby introducingnew type
variables(onefor every type making up the tuplesbeingunified). This is not possiblewhen
generatingmorphisms. Insteadwe mustfirst introducea new step. If atype variable,[3, has
morethanone‘tick’ in its row or column, we mustcreatea new type variablefor eachtick,
say B1,...,Bn. Theticks are distributed betweenthe new type variables,and a substitution,
{B+ B1Xx...xPBn}, is generated.Two morphismsare also generated:oneto ‘split’ the row
labels,andoneto ‘join’ the columnlabels. Hereis the resultof splitting the variablesfor the

matrix above.
alc|(exd)—y|a
b
(dxe)— f v
B1 v
B2 v

This givessubstitutionS= { — (B1 x B2) }, split morphismmsgiit = A(V,W, (Y, 2)).(W, X,y, ) and
join morphismmioein = A(W, X, Y, 2).(W, X, ¥, 2) (asnoneof the columnheadingsveresplit).

Now the matrix hasonetick in every row and column. The morphismfor rearranging,
Mrearange: @ndconjunctionof equationgemainingto besolved,C, areeasyto generataow.

@)
I

Bi=aca
B2=acC

<d><e>ﬁf:Ac<e><d>—>y

> > >

b:ACG

Mrearane = MW, X,Y,2).(Y,Z X, W)
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In the final resultof MATRIXSOLVE, the pre-processingnorphismis Mrearang © Mspiit and
post-processingorphismis m;jein. Morphismswill begenerateavhenthe conjunctionis solved
(in the example,this involved one non-trivial unification),andtheseare composedn between
the pre-andpost-processingiorphisms.
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Figure 6.10Algorithm for function UNI FYX'C.

UNIFY M. : equdion — (morphismx subsitution)se

UNIFY N (0 =ac T) = {(Axx, {a +— T})}
UNIFYNL(T=pca) =  {(Axx {a—1})}

UNIFY N ((Tg, ... Th)C =ac (T},-.-,Th)C)) (Whenc hasno mapfunction)=
{(AXXUNIFY Z((T1,...Tn)C= (T},...,TH)C))}

UNIFY N ((T1, ... Th)C =ac (T},---,T4)C)) (Whenc hasamapfunction)=
Mapyg
(A(M,S).(map.m,S))
(UNIFY CONJUNCTIONNS (T =pc Ty A ... ATn =ac Th))

UNIFYM (To = T1 =ac T) — T)) =
mapg
(A(M,S).(map_ m,§))

(UNIFY CONJUNCTION M- (To =ac Ty ATy =ac T1))

UNIFY N (T X oo X T) =ac (T X . X T)) =
let
T=(MX...XTm) U=(TI%X...xTp)
(Tp,Tu, T;, Mp, M) = REMOVEDUPLICATES(T, )
(s Meor, ) = SORT(T) (T, M) = SORT(T))
R= MATRIXSOLVEN-(Ts, T%)
in
Umang
(A(S Mpre; Mpog.,C).
MapRg
(A(m,S).
(Mp omap, (AX.X, My © Mpog © Map, Mo Mpre © Msort) © Mp,
S))
(UNIFYWITHSETNL((S ]]),C)))
R
end

UNIFY N (T,T) =

{} (nosolutions)
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Figure 6.11Algorithmsfor functionsUNIFY CONJUNCTION M- andUNIFY WITHSET M.
UNIFY CONJUNCTIONN : conjundion — (subsitution x morphismlist)set

UNIFY CONJUNCTIONNL[] =
{[],{}} (singleresultof emptylist of morphismsandidentity substutition)

UNIFY CONJUNCTIONML [T =pc T] =
magg (A(m,S).([m], 9)) (UNIFY (T =ac T'))

UNI FYCONJUNCTION,'XlC[Tl =aAcTiA...Tn=Ac Ty] =
let
V=UNIFYN (11 =acT)) V' =mapg(A(mS).([m],S))V
in
UNIFYWITHSET M (V/, T2 =pc Ty A +.. ATn =ac T)
end

UNIFYWITHSETM, :
(subgitution+ morphismlist)sd x conjundion —
(subgitution x morphismlist)se

UNIFYWITHSETNA(T,C) =
U(mapg
(A(m,S).
mapg (A(n,S).(SUS,mM@m)) UNIFY CONJUNCTIONN-(SC))
7))




6.3. Algorithms 91

6.3.1.3 Soundness and Completeness Issues

Therearetwo issuesfor proving soundnes®sf UN|FYX'C: showing it producesvalid substitu-
tions, andshawving thatthe morphismsare soundfor the substitutions.It shouldbe possibleto

modify Lincoln andChristians proofto show thatthe substitutionsarecorrect,andshaving that
morphismsarecorrectshouldnot be difficult asthey areall simplefunctions. Neitherof these
aspecthasbeenprovenbut | believe the algorithmto be soundon the groundsthatit hasthe
samebasicstructureasa soundalgorithm,andwhereit generatesubproblemsi is the casethat
thevalidity of the subproblemampliesvalidity of the problem.

Lincoln and Christians algorithmis incompleteasit sometimegyeneratesubproblemsof
the sameform asthe original problem,andhencedoesnot terminate.An exampleof a problem
which cannotbe solvedby it is (a x a) =ac (B x B). This problem,however may be solved by
my versionof thealgorithm— it appearghatthe modifiedrecursve calls of the new algorithm
alwayssolve simplersubproblemsThis hasnot beenproven,soit is notclearwhetheror notthe
new algorithmis complete.

Thereis afurtherissueof completenessf thesetof morphismslin factthe setof morphisms
is known to be incompletein two ways. Firstly, becausecommonsubtermsof the typesare
removed beforeMATRIXSOLV EXIC therearesomerearrangementsiissing. This hasno conse-
guenceo the completenessf the setof substitutionsput leavessomemorphismamissing. For
example,solving (ax a x B) =ac (ax ax a) with thealgorithmwill never produceamorphism
whichmovesthefirst entryof thetuple(asit is removedasbeinga‘duplicate’ typeandsocannot
be changedy therearrangingnorphism).Secondlytherearesituationswhereit maybe better
to producea non-optimalsubstitutionin orderto producea simplermorphism.For examplefor
(ax o) =ac (a x a), thealgorithmwill produce({},A(x,y).(y,X)). It mightbepreferableo have
({a — a},Ax.x) aswell (this indicatesa simplerway of detuggingthe program). This would
changeboththesetof morphismsandsubstitutiongproducedBoth of theseaspectarerelatedto
REMOVEDUPLICATES andit may be usefulto evaluatethesemodificationsin the future. In the
currentimplementatiorthis deficieny doesnot appearto causeproblemsasrepeatedypesare
rare(apartfrom in simplearithmeticfunctions)andprogrammersnustalwaysbe cautiousabout
gettingargumentsn the correctorderwhenusingthesefunctions(e.g.whenusingdivision).
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6.3.2 Partial Evaluation

Unification takesa functiontype and context type and producesmorphisms.To generatesrror
messagest is thennecessaryo applyeachmorphismto theoriginal functionandpartially eval-
uatetheresultingexpression.Thatis, we have startedwith anapplicationexpressionf a; ... ap,
generatednepair andmustpartially evaluatemyepair f a1...an to gettherepairedexpression.

Oneapproacho partialevaluationwouldbeto treatthemorphismasalambdaexpressiorand
evaluateusingB-reduction.Themorphismshowever, consistof easilyunderstoodunctions(see
thesyntaxin Figure6.7) ratherthanbeingarbitraryA-expressionsandit would be preferablehat
thesepartsappearuneraluatedin any error messagehanarbitrary A-expressions.Unevaluated
partsof themorphismcouldappeaif, for example,afunctionisto beuncurriedoutits aguments
arenot present.Hencethe partial evaluationsystemusedis basedon the syntaxfor morphisms
in Figure6.7 ratherthanon the equivalentA-terms.

Becauseof the natureof the morphisms,andthe expressionthey are appliedto, it will be
usefulto have a specificsyntacticform for curriedapplications For example,this makesit easy
to evaluatecurry by actingonthesecondandthird agumentgatherthanonthefirst. Thesyntax
for morphismexpressionss in Figure6.12(thesearethemorphismsn Figure6.7 extendedwith
curriedapplicationstuplesandotherML expressions).

The semanticdor partial evaluationof curried applicationsare givenin Figure 6.13 asa
transitionsystem.

6.4 Implementation !

Theprevious sectionsshovedalgorithmsfor generatingype errormessagewhich areintended
to bemoreusefulfor deluggingtypeerrorsthanthosewhich areusuallyproducedoy compilers.

TheMLj compiler[BKR98][BK99][MKBO00] 2 hasbeenmodifiedto incorporatethesealgo-
rithms. Emphasidn this sectionis on how to implementthe systemfor this real languageand
compiler(Section6.4.1)andon the performancef theimplementatior(Section6.4.2).

1This sectionis basedon materialin [McAO1].
2MLj is availablefrom http://www.dcs.ed.ac .Uk /ho me/mlj /.
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Figure 6.12Morphismexpressions.

Ap.pf

appunit | mkLazy
curry | uncurry
map, ey, ..., €n)
map.(ei, ..., en)
map_ (e, €)
€10...06n

I

(eper ... €n)
(€1,...,€n)

“em|

6.4.1 Implementing the Theory

Thereareseveralstepso producinganerrormessagesingthetheoryandalgorithmsdescribed

in this chapter

e Type inferencefails and the relevant typesand the syntaxwhich they refer to mustbe

recorded.

e Thetwo typesareunifiedmodulolinearisomorphismanda setof morphismss produced.

e Eachmorphismis insertednto the existing syntaxandtheresultingexpressions partially

evaluated.

e Eachnew expressioris incorporatednto theerrormessage.

To modify a compilerto follow this procedurethe existing type inferenceroutine mustbe

changedo incorporatethefirst step.This involvesusingthealgorithmin Sectiord.2.1to collect

thefunctionandcontext typesfrom curriedexpressionsAs we shallsee thereareotherchanges

to thetypeinferenceproceduregoo. The middletwo stepsinvolve the novel algorithmsfrom the
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Figure 6.13Partial evaluationof morphismapplication.

uncurry f (ag,ap) az...an=farapas...an

cury fajapag...an= f(ag,a2) az...an

appUnit faz...an=1f ) a1...an

mkLazy f() a;...an= f a...an

(Mofom)a...an=€
(map_(mm)) fa;...an =€

Mma=€ ... Mha,= &
(map, (my,...,mMy)) (a1,...,8n) = (€1,...,6n)

Theserulesrewrite compositions

(mpo...om)f=e mea...an=¢€
(Mo...omy)fag... an=¢

maj...amb1...bp=e
(ma...am) by...bh=¢€

If noneof theleft handsof the schemdit, thenthefollowing schemas applied.

mfa...an=(mf)a...ay

previous section. Thefinal stageis specificto a particularcompiler aseachhasits own way to
produceerrormessageandpretty-printsyntax.

Thelinearisomorphismunificationroutinehasbeenimplementedndependentiyof MLj for
a generictype language. This is a complex pieceof code, particularly the part which solves
associatie-commutatie unification. It took a considerabléengthof time to implementthis, and
wasdifficult to avoid makingmistakeswhenwriting it. Opportunitiefor mistakeswhenwriting
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include confusingthe two typesbeingunified, and composingmorphismsin the wrong ordet
Unfortunatelya dependantype systemwould berequired ratherthanHindley-Milner, to detect
suchproblemswhile programming(dependantype checkingcould be usedto checkthat the
morphismgproducedvhenthealgorithmrunsalwayshave thetypesthey arerequiredto have).

The decisionto implementunificationin a genericmannemeantthatcorversionfrom ML}
typesto the generictypeswasrequired. The advantageof this is thatit shouldbe possibleto
reusethe unificationroutinesin othercompilers. Basedon my experiencewith MLj, | believe
thatthiswill bethe easiestouteto changingothercompilers.Ilt shouldalsobe possibleto reuse
the partialevaluationsystem.

6.4.1.1 Detecting the Error

ML stypeinferenceroutineis basedon Milner and Damass bottom-upalgorithmW [DM82]
with animperatve implementationof substitutiongtype variablesare referencesvhich unifi-
cationfills with types). Thisis fairly standardn compilers,thoughsomeusea top-davn algo-
rithm [LY 98] andothersusea hybrid of top-dovn andbottom-up[LY0Q]. Chapter® and4 have
moreinformationaboutthesealgorithms.

The applicationcaseof MLj’ s implementationof W first finds a type for the function, t¢,
thenfor theamgument,t,, andthenunifiesto solve the equatiornt; = 15 — B. Theresulttype of
thefunctionis . This approachdoesnot take into accountthe structureof curriedexpressions
in which the actualfunctionis nestednsidethe left handside of the application,andtherefore
doesnot createthe context andfunctiontypesusedin Section6.2.1.1t is partly becaus&V does
nottake the structureof curriedexpressionsnto accounthaterrormessagesanbe confusing.

Becauseof this, the type inferencealgorithmis modifiedto treat curried expressionsas a
single-level expressiorusingthealgorithmin Sectiond.2.1whichinfersatypefor eachargument
andusegheseto form a‘context’ type with whichthefunctiontypeis unified.

A secondchangemustbe madeto take accountof theimperatve natureof the implementa-
tion. Beforeunifying the typesthey mustbe recordedwithout their type variablesinstantiated
(frozen). Thisis becausavhenunificationfails it mayalreadyhave instantiatedsomevariables.
Whenthetypeis frozen,it is alsoconvertedto the particularform requiredfor isomorphicunifi-
cation(describedn Section6.4.1.2).

Lastly, it wasnecessaryo detectwhenunificationfailed,andto acton this by calling a new
routine. For MLj, this meantmodifying unificationso that it reportswhetherit succeedear
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failed. This was becausehe unification routineis responsiblefor generatingerror messages
andappliesa “best guess”substitutionregardlessof whetherit failed. Imperatively generating
an error messages the only indication that an error hasoccurred,andit was not previously
possiblefor the type inferenceroutineto act on this. Hencea new versionof the unification
routine was addedwhich doesnot reporterrorsand doesreturna booleanindicating whether
errorswerefound. This wasimplementedy settinga new boolearreferencevhichis inspected
beforeunify attemptdgo reportanerror If thereferences setthenthe occurrencef anerroris
recordedn asecondeferencansteadof beingreportedasatypeerror.

When a type error is detectedthe context and function typesare passedo the new type
deluggingmodule,alongwith the syntaxfor the function andcurried aguments.Pseudocode
for thisis shovn in Figure6.14.

The pseudocodenakesuseof somefunctions

e splitFunc  splitsthe expressiorinto the functionandalist of curriedarguments.
e infExp C e returnsanelaboratedrersionof expressiore andits typeundercontext C.

e buildContextType  takesanew typevariableandresultsof elaboratinghe agumentsijt
returnsa list of elaboratedxpressionsandthe context type.

e ConvertTypes.convertType freezeghetypes.

o unifyNoReport  unifiestwo typesimperatiely, returningthe unified type anda boolean
indicatingwhetheror not unificationsucceededlts extra agumentsare usedto produce
errormessagef@hey arenotactuallyused).

e buildElabExp  builds anelaboratecturried applicationfrom elaboratedunctionandar
guments.

Two additionalcomplicationdn theimplementatiorarerecordingthe locationswhich annotate
the abstractsyntaxand mustbe reportedin error messagesandtype checkingapplicationsof
Java staticmethodgthis s particularto ML]).
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Figure 6.14Pseudocodéor modifiedMLj typeinference(applicationexpressiorcase).
App(func, arg) =>

let
val (e0, es) = splitFunc(func, [arg])
val (e0’, tFunction) = infExp C el
val esAndTs = map (infExp C) es
val beta = SMLTy.freshType()
val (es’, tContext)  =buildContextType (beta, esAndTs)
val tFunctionLl = ConvertTypes.convertType tFunction

ConvertTypes.convertType tContext

val tFunctionLI

val (_, unifyEr) =
unifyNoReport ~ ((SOME loc, "actual function  type", tFunction),
(SOME loc, "context  requires  function  type", tContext))

val _ = if unifyErr  then
(case TyDebug.tydebug(tFunctionLl, tContextLl, e0:es) of
SOMEs =>
(* Generate type debugging error message. *)
| NONE=>
(* Generate traditional error  messages. *) )
else
0

val e = buildElabExp  (e0’, es))

in
(e', beta)
end

6.4.1.2 Representation of Types

The implementatiorof unificationis designedo be usedin ary compilerwrittenin SML, and
hasits own representatiof types. This representations basedon an SML datatypeto allow
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patternmatching(unlike the representatiom MLj, which is an abstractdatatypewith explicit
inspectionfunctions).

For unificationmodulolinearisomorphismit is necessaryo explicitly representhetuplesin
thetype. This differsfrom the presentatiorf mary type systemsin which the productoperator
is a binary operatoy anddiffers from the semanticoof SML, in which atupleis a dervedform
basedon records. Othertypesaretype variables,constructorsof any arity andfunctions. The
representatiors shovn in Figure6.15.

Figure 6.15Representationf Types.
datatype types =

FUN of types * types
| TYVARof string
| CONof string * types list (* e.g CON(list" [CON("int", m
| TUPLE of types list

Thefreezingof MLj typesinto this representatiors extremelysimple. MLj’ stypeto string
cornversionfunctionsare usedto generatehe stringsfor constructorsandtype variables. The
implementationcurrently doesnot handlerecordtypes,theseare simply corvertedto strings
andrecordedasnullary constructors.lgnoring recordsis unlikely to have mucheffect on use-
fulnessasthe presencef tuplesin the languagemeansthat recordsare usedlessin Standard
ML thanthey arein languagesvithout tuples(they do not, for example,appeamarnywherein the
implementatiorof this chapteror in MLj’ stypeinference).

The freezingroutine for typesin MLj is around40 lines of code,whereasto rewrite the
unificationroutineto useMLj typeswould have involved changingat least5 files andover 500
lines of code. Using this techniquein other compilersshouldmake implementationsimilarly
easy

6.4.1.3 Representation of Morphisms

Therepresentatioof morphismamatcheghedefinitionof morphismexpressionsn Figure6.12.
Thisis shovn in Figure6.16.

Morphismsaretreatedasan abstractype during unificationandarecreatedusingfunctions
in the signaturein Figure6.17. The constructorfunctionsperformsimple optimisationson the
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Figure 6.16 Morphismexpressiorrepresentation.
datatype  morphism =

CURRY| UNCURRY
| APP_UNIT | MK_LAZY
| MAP_FUNof
morphism * morphism
MAP_CONof string  * morphism list
MAP_TUPLEof morphism list
LAMBDA PATof pattern * pattern
COMPOSEf morphism  list
(* "a ob" is [a, b], [] represents identity *)
| CURRY_APPof morphism * morphism list
(* [] represents identity *)
| |
| ML_EXP of Syntax.Exp
| TUPLE_EXPof morphism list

morphismsproduced. Theseoptimisationswereimplementedn orderto make the morphisms
producedshorterandmorereadableduring programdevelopment.The optimisationsare

e Mappingidentity is the sameasidentity.

Identity canbe removedfrom compositions.

Ap.p isidentity.

map, (AP1.PY, - - -, APn.Ph) = A(P1,. .., Pn)-(PL,--- Pp)

Ap1.p} o Ap2.p, = ASp1.Sp, whereSunifiesp; and py.

Thecodefor therepresentationf morphismsalsoincludesa recordof which type construc-
tors have mapfunctions,andwhat thesefunctionsare called. It currently offers thesefor the
SML library lists, options,arraysandvectors.
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Figure 6.17 Signatureabstractinghe morphismrepresentation.

sig
type morphism (* morphism expressions  *)
val | : morphism
val curry : morphism
val uncurry : morphism
val appUnit : morphism
val mkLazy : morphism
val mapFun : morphism * morphism -> morphism
val mapCon : string * morphism list -> morphism
val mapTuple : morphism list -> morphism
val lambdaPat : Patterns.pattern * Patterns.pattern -> morphism
val compose : morphism * morphism -> morphism
val hasMap : string * int -> bool
(* This is the function for applying a morphism to a
list of ML expressions (as curried arguments). ¥
val applyToML : morphism * Syntax.Exp list -> morphism
val toString  : morphism -> string
end

6.4.1.4 Unifying and Generating Morphisms

Theimplementatiorof rewriting to normalformsandgeneratingherelevantmorphismss rela-
tively straight-forward, directly following the algorithmsin Figures6.8and 6.9.

The implementationof AC-unificationis much more complicated. In the implementation,
thedatais representedsfollows
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e A typeequationt =ac T is representedsa pair of types.

e A conjunctionof equationd; =ac T3 A... ATh =ac Ty, is representedsallist of equations
(in the ordershown).

e Substitutionsarelists of type variableandtype pairs. Substitutionscanbe combinedwith
list append(for U) — which will only work if their domainsare disjoint and no type
variablein therangeof oneappearsn thedomainof the other

e Setsof resultsarerepresenteasstreamgthisis on the adviceof [LC89] andleadsto an
aestheticallypleasingmplementation).

The main complicationin the implementationis generatinga lazy streamof matrices,the
codefollows Lincoln andChristians designfor this.

6.4.1.5 Partial Evaluation

After generatinghe morphismwe mustevaluateits applicationto the original function expres-
sion. First, the MLj syntaxis corvertedto the morphismexpressiontype (in Figure 6.16) by
looking throughit for tuplesandcurriedapplications.A directimplementatiorof the transition
systemin Figure6.13is thenusedto evaluatethe expression.

Hereare someexamplesof the resultswhich the implementatiorof partial evaluationpro-
duces

(curry o mapFun((fn (A7, A6) => (A6, A7), 1) o0 uncurry)
map oneTwoThreeList  intToString

Rewritesto

map intToString oneTwoThreeList

And
mapFun(l, curry) o curry o mapFun((fn (All, (Al2, A13)) =>
All, Al12, Al13)), 1) o mapFun(((fn (), (Al7, A18, Al9) =>

)
A19)) mapTuple2 (I, ((fn (A24, A25, A23) =>
A23, A24, A25)) mapTuple3 (I, I, mapFun((fn (A38, A37) =>
A37, A38) ), 1)) o (fn (A20, A21, A22) => (A21, A22, A20) )) o

0
0
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(fn  (Al4, Al15, A16) => ((), (Al4, Al5, A16), ) o
mapFun((fn (A4, A5, AB) => (A4, (A5, AB6)), ) o uncurry o
mapFun(l, uncurry))  foldleft addReciprocals  zero intList

Rewritesto
foldleft (addReciprocals o (fn (A38, A37) => (A37, A38)) zero intList

All the morphismsshavn above wereactuallygeneratediuring unification— soit is clear
thatrewriting is essentiato reducethesizeof outputandmalke it humanreadableTheprogram-
mer’'s mistake in thesecondexamplewasto pasdoldleft  afunctionwhichtakesits aguments
in the wrong order (a mistale | frequentlymake and which leadsto extremely obscureerror
messages).

The most notableartefact from the isomorphismis in the last example above wherethe
anorymousfunction is left unevaluated. Futurework is to partially evaluatethe composition
of alambdatermmorphismwith anMLj lambdaterm,e.g.to partially evaluate

( fn (total, i) =>total + (1.0 / (Real.fromint )) o
(fn  (A38, A37) => (A37, A38) )

to get fn (i, tota) => total + (1.0 / (Real.fromint i)) .  This evaluation of
(Apz1.€) o (Ap2.p3) (WhereAp,.ps is a linear morphism)is obtainedby unifying ps with p;
to get substitution(on identifiers) S and rewriting asASp;.Se. This optimisationis currently
implementedor compositionof two linearmorphismsvhengeneratingnorphisms.

6.4.1.6 Modifying the User Interface

Finally, having generatech morphismand rewritten the expression,the compileris readyto
generatean error message.This sectionis mostly specificto MLj, but it shouldshedlight on
designfeaturesvhich make it easierto improve errormessages.

Theintentionof this chaptemvasto createerrormessagewhich describehow to repairerrors
by printing syntax.Thefirst problemfacedwith MLj wasthatit doesnothave aprettyprinterfor
abstracsyntax(seethesamplesrrormessagei Chapter2). Thefirst stepin developmentthere-
fore, wasto write a pretty printer for the expressiongproducedfrom partial evaluation(which
arerepresentedby the typein Figure 6.16 andcontainMLj expressionsandmorphisms).The
currentimplementations currentlyoverly simple: theonly sortof ML expressiont canprintis
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asimpleidentifier, andit doesnot have ary sortof intelligentindentation.While theimplemen-
tationis not yet of a quality for generalreleasejt is sufficientto demonstratéhat the concepts
in this chaptercanbe applied.

The abstractsyntaxin MLj doescontain“locations” which areindicesinto the sourcecode
file shaving whereanexpressiorbeginsandends.Unfortunatelythe sourcefile is closedbefore
typecheckingandtheinformationaboutwherethefile is locatedn thefile systemis outof scope
during type checking. Syntaxtreescontainingthe string representationf the syntaxwould be
idealfor theerrormessages.

In StandardML of New Jersg, or Moscov ML thereare syntax pretty-printersand this
problemwould notapply.

The string formedsimply reads‘Try changing...to...(or...)". Thisis returnedfrom the
typedehuggingmoduleto thetypechecler. If thecontect andfunctiontypescouldnotbeunified
moduloisomorphisnthenno stringis returned.

The type checler mustthen producean error messagdrom the string, or if no string is
producedit mustgeneratea traditional error messageabouttypesfailing to unify. Following
Nielson’s error message@uidelines,the messagess preciseaboutwherethe typescamefrom:
oneis the functiontype andthe otheris the context type. This shouldmake the messagenore
usefulthanMLj’ s old error messages which onetypeis the “argumenttype” andthe otheris
“expected”.the ML expressioris alsoprintedin thetraditionalerrormessage.

6.4.2 Performance and Testing

Therearetwo importantaspect®f performanceis the outputusefulanddoesthe programrun
in areasonabléime? Also of interest,anddiscusseat the endof this section,is whetheror not
the programwill beeasyto extendto createfurtherimprovederrormessageandwhetherit will
be easyto re-implemenfor othercompilers(this issuehasbeentoucheduponalready).

Memoryusagds omitted,partly becausef thedifficulty in measuringhis, but alsobecause
it is not particularly relevant as most platformsallow virtual memory Using virtual memory
meanghatthe sizeof datastoredhaslittle relevancebut thatthereis animpacton the speedof
the programaspagesarefetchedwhich maybe noticedby the userandis measuredbelow.
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6.4.2.1 Sample Output

Herearesomeactualexamplesof outputfrom the modifiedversionof MLj. The first example
(seenn thebeginningof thechapteiin Figure6.1) hascurriedfunctionusedasuncurried andits
argumentdeingpassedn thewrongorder Notethatall MLj inputfiles mustcontainastructure.

structure Testl = struct

val intList =[1, 2, 3]

val intToString = Int.toString

val _ = map (intList, intToString)
end

Theerrormessageés

Error at 6.11-14:  Try changing
map (intList, intToString)

to
(map intToString intList)

The test program starts by creatinga namedlist (intList ) and renaminga function
(intToString ). Thisis becausehe errormessag@retty-printercannotcurrentlyprint the syn-
tax for lists or long identifiers. Substitutingthe definitionsfor the identifiersin the program
resultsin the samemorphismand form of expressionbeing generatedas shown in the error
messagéelov

Error at 3.13-16:  Try changing
map (?, ?)

to
(map ? ?)

A morecomplex examplehasanamgumentfunctionwith thewrongtype

structure Foldleft =
struct
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val foldleft = List.foldl

val intList =[1 2, 3

val zero = 0.0

fun addReciprocals  (total, ) =total + (1.0 / (Real.fromint )

val totalOfReciprocals = foldleft addReciprocals  zero intList

end

This errormessagés produced

Error at 9.34-42:  Try changing

foldleft addReciprocals  zero intList

to

(foldleft (addReciprocals o (fn (A38, A37) => (A37, A38) ))
zero intList)

The programmeicould readthis literally anduseit asa way to repairthe mistake, or he could
reformulatetheaddReciprocals  functionto take its algumentdn the otherorder

6.4.2.2 Run Time

A shortruntime is notactuallyparticularlyimportantto this program.Programmersxpecttype
inferenceto take sometime (severalsecondsninimum)andwhenthey have madea mistale they
will haveto spendime correctingit (usuallyseveralminutes).

Therealtime takento unify, evaluateandgenerateerror messageext wasmeasurechn the
desktopcomputen work on (230MHz Intel Pentiumll with 64Mb RAM runningRedhat.inux
version6.2). Thecompilerwasinitialisedandusedio compiletheFoldleft example5 times. This
wasthenrepeatedtotal of 4 times(20individualtimingsaltogether) Thefirst compilationafter
initialising the compiler consistentlytook longerthanthe others: 3410+ 60us The otherruns
took 2760+ 30us The shortertimesare probablybecausehe routineis storedin the processor
cacheafterthefirst run. Thesetimesof a few thousandth®f a secondare shortenoughnot to
have arny percevedimpacton therun-timeof thecompiler
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6.4.2.3 Program Extensibility

As hasbeenstatedearlier | believe theapproachusedto implementthis systemcouldbeapplied
to otherML compilers.Changedo bemadeare

e Changeheapplicationcaseof typeinferenceto dealwith curriedexpressions.

e Corvert the type to the specialrepresentatioffior isomorphicunification beforecornven-
tional unification.

e Corvertabstracsyntaxinto morphismexpression@andpartially evaluate.
Therearea numberof known deficienciesn the currentimplementation:

e Sometypesmay not be unified correctlydueto the simplistic corversion(especiallywith
MLJ’' sconstraintsolving[MKBOO]).

Furtherpartialevaluationis possible.

The pretty-printerdoesnot dealwith all MLj expressiongonly identifiersat present).

A naive locationis proposedor thelocationof amistale.

Only linearisomorphismsreusedo unify (andno pseudo-isomorphisnsichascoercing
avalueto alist).

6.5 Conclusions

We have seenthatatheoreticalconstruction— type isomorphisms— impliesthatit is possible
for compilersto suggestvaysto repairprogramswith typeerrors.It hasalsobeendemonstrated
thatit is possibleto implementthis theoryfor areallanguageandcompiler but thattherewere
obstaclego overcome.In particulartherepresentationf typesandsyntaxcanmake implemen-
tationtricky, andthe extra featuresof programmindanguageype systemsio notfit in with the
theory

My sourcecodeis availableonline at http://www.dcs.ed.ac.uk/home/bjm/



Chapter 7

Beyond Hindle y-Milner: the ML) Type

System !

The previous chaptershave examinedHindley-Milner type systems It hasalsobeennotedthat
mostprogrammindanguages$ave otherfeaturesvhich cancauselifficultiesin deluggingtype
errors. For examplethe 1990definition of StandardviL had‘sharingconstraintsin its module
systemandthe 1997definitionhasvaluepolymorphism.

A popularfeatureof new type systemss subtyping. This cancapturea rangeof different
propertiesof types,in particularit is usefulfor object-orientedanguagesn which it canreflect
the hierarchyof inheritanceof classes.A numberof languagesombineHindley-Milner style
typeinferencewith subtyping.

This chapterexaminesonesuchexampleof subtypingusedto captureaninheritanceelation.
ML;j? [BKR98, BK99, MKBOO] is an extensionof StandardViL which integrateswith Java®
[GJS96]and in which Java classeshecomeML types. A subtypingrelation captureslava’s
inheritanceandinterfacemechanismsThe extendedtype systemis particularlyrelevantto this
thesisasit hasmary pragmaticallymotivatedfeatureswhich do not directly correspondo ary
particulartextbook theoriesandwhich cancreateunusualtyping problemsfor the programmer
A prime exampleof this is the useof option typesto represengpossiblenull referencesand
implicit insertionsof coerciongo hidethis from the programmer

1This chaptercontainsmaterialfrom [MKB00] which wasjoint work with Andrew KennedyandNick Benton
completedvhile | wasanemployeeof Microsoft ResearctuK Ltd.

2Thelatestversionof MLj is availablefrom http://www.dcs.ed. ac. uk/ home/mlj/ .

3Javais atrademarkof SunMicrosystems)nc. Compilers,documentatiomndrun-timesystemsareavailable
from http://www.java.sun .co m/.
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In this chapter Sections7.1-7.3introduceMLj. Sections/.4and7.5describethe constraint
solving partof typeinferenceandSection7.6 discussepossibleerrormessagefor MLj.

7.1 Introduction to MLj

ML is anextensionof the StandardML languagewhich allows inter-operationwith Java. The
compilercreateslava byte codefrom SML [BKR98], andthe extensiongo the languageallow
programmergo accesslava classesand createnen Java classedBK99]. It hasa type sys-
tem which combinesML’s parametricpolymorphismandtype inferencewith Java’s subtyping
(classhierarchy)and arbitrary overloadingof methods. Type inferenceinvolves solving con-
straints[MKBO0O]. In this chaptey we will seesomeof the difficulties in understandinghe
resultsof type inferencefor MLj suchasthe factthat MLj programsdo not necessarilyhave
principaltype schemes.

TheJavatypesystendiffersconsiderablfrom SML's. In particular objectsof oneJavaclass
canbetreatedasobjectsof anotherJava classthroughwidening(corversionto a superclasspr
narrowing (run-time checled corversionto a subclass).Java methodscanalso be overloaded
with arbitraryargumenttypes.

ML is unusualjn thatit is nota cleannew languagedesign,nor evenacleannew extension
to an existing design,but ratherattemptsto mege featuresof onelanguaggtype inferencein
ML) with thoseof another(subtypingand overloadingin Java). ML] was designedwith the
following aims.

e MLj shouldbe a conservativeextensionof StandardML. An SML programmaking no
useof theMLj extensiongype checksunderMLj if andonly if it would type checkunder
SML with the sametype. Furthermorejt hasthe samedynamicbehaiour (althoughit
divergesfrom the standardn minor ways,for examplewhenarithmeticoverflon occurs).

e Typeinferenceshouldnotmake ary “closedworld” assumptionsboutexternalJavaclass
libraries. For example,inferenceshouldnot make useof the knowledgethat someclass
hasonly a single subclass.If a programtype checksagainsta Java classlibrary thenit
shouldtype checkagainsiextensiongo thelibrary, with the sametype.

e Asfarasis sensiblehe Jara extensionsare“in thespirit of” ML. For example,it doesnot
follow Java andsupportimplicit wideningof numerictypes,asthesearealsoSML types
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which have explicit wideningfunctionsin the standardibrary.

e Thetypesystemshouldbeintuitive — type inferenceshouldnot surprisethe (SML) pro-
grammer

It is alsoimportantto notetwo non-aims.

e TheMLj languages notattemptingo provide afull object-orientedxtensionto ML (like
Objectve Caml[LRVD99]). Java’s subtypingis notextendedo all ML types,andthereis
no generalsubsumptiorrule. Subtypingis appliedonly to inter-operabilityfeaturesand
only onthe subsebf ML typesthatmatchwith Java.

e Typeinferencefor MLj is nottypeinferencefor Java, which could have a differentflavour
entirely. Attemptingto definetype inferencefor Java is probablya badideaanyway, as
Java programamake somuchuseof overloadingandimplicit coercionthattypeinference
would have very little informationto guideit.

Two questionsareexaminedherewith referencedo the productionof helpful informationfor
programmersisingML.

e Whattypeshouldbeassignedo aprogram?

e How dowe assignthistype?

Thefirst questionseemsdd, giventhatthe semanticof the type systemhave alreadybeen
definedand thesemight be expectedto definewhich type shouldbe assignedo a program.
The semanticsnay actuallyallow severaltype derivationsfor a program. This is alsothe case
in StandardML and other Hindley-Milner languagedut thesealways allow a principal type
scheme[DM82] which capturesthe setof all typeswhich may be assigned.MLj programs,
however do not necessarihhave a principaltype schemebecausef Java overloading.The par
ticular derivationwhich is selectedshouldbe the onethatthe programmeintuitively expected.
In addition,in the context of this thesiswe mustask

e Whatshouldwe doif aprogramcannotbe assigneditype?
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7.2 Overview of MLj types

Hereis a sketchof thetype systemof MLj asdescribedn detailin [BK99].

SML andJava primitive typescorrespondsoMLj andJavaint arethesame).SML arrays
and non-null Java arraysalso correspond.The typesof SML are extendedto incorporateJava
classandinterfacetypes. Java arraysandobjectsthat originatein Java codecantake the value
null ; we modelthis usingML’s NONEvalue, giving referencesypesof the form T option for
classor arraytypet. Hence asubsebf ML| typesaredefinedto bethesetJavaType asdescribed
in Figure7.1.

Figure 7.1 Javatypes.

PrimType = {bool, int,char,real,Real32.real,Int8.int, Int16.int, Int64.int}

T € PrimTypeU ClassType c € ClassType
T € JavaType Coption € JavaType
T € JavaType T € JavaType

T array € JavaType T array option € JavaType

An importantpart of Java’s type systemis the relationwhich defineswhich typesmay be
implicitly raisedto othertypeswhen suppliedas methodarguments. For exampleObject is
wider thaninteger , soa methodrequiringan Object may be suppliedwith aninteger . We
capturethisin MLj with four relationsdefinedin Figure7.2.

o 1<, T, if bothtypesarein JavaType andt canbewidenedto t’.

e 1<, T, if T canbeusedasa methodagumentwhenthemethodtakessomethingpf typet’.
In this caseeitherbothtypesarein JavaType andrelatedwith <, or elsethey areexactly
equal(hencethe“or T = 1" in thedefinition).

e T <7, if amethodof typet canbeusedasif it hastypet’.

e T>,T,if Tcanbenarrovedto U usingacast.See[BK99] for thedefinitionof narraving.
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Figure 7.2 Subtypingrelations.

T SW -[// -l-// SW -[/

T<yT T<pyT ¢ <w super(C) T array <y Object
T<wT T<wT
T <wToption T array <y U array T option <y T/ option
T<yTort=1 7] <aT1...Th <aTn
T<aT X . XTp=TU < X...THh =T

Notethat <,y is definedover only JavaType. Soit is notthe casethatt <, T option for all
typest (e.g.ML datatype®r functions),only whent option € JavaType. Thisdisallons cases
like Object option <,y Object option option aswell. Wideningis usedto definemethod
type corversion,<p. This tells us, for example,thata methodof type Object -> bool may
be usedasa methodof typeinteger -> bool . Non-JavaType methodargumentsmusthave
exactly thecorrecttype.

Therestrictionof <, to typesin JavaType is expectedio be oneaspectof the type system
with the potentialto confusegprogrammergbasedn obsenationof anddiscussiorwith someof
thecurrentusersof MLj).

We arenow in a positionto understandhe typing rulesfor the new MLj expressionspat-
terns,declaration@ndspecificationsasshowvn in Figure7.3. Theseruleswereoriginally given
in [BK99] andarein the style of [MTHM97].

Note the differenttreatmentof fields and methods:thoughthereis no syntacticdifference
fields have no subtypingrelation, but methodsdo. While the (mth) rule allows subsumption,
thereis no generl subsumptiorrule for application.

We previously notedthatthe principal type schemepropertydoesnot hold for MLj, because
of overloading.An exampleof a programwith two distincttype schemess

(* Class C has overloaded method
m: int -> bool m: real -> string ¥
fun f (c : C) x = C#m X

Functionf cantake eitherthetypeint -> bool orreal -> string . Thereis notypescheme
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Figure 7.3 Thetyping rulesfor MLj syntax(apartfrom _classtype for creatingnew classes).
ExpressionCHexp =1

C(longvid) = member(c,id) Chexp=cC
(id : T) € staticfields(c) (id : 1) € fields(c)
(statfld Cklongvid=1 (fid) Chrexp#id=r1

C(longvid) = member(c,id) , Crhexp=c ,
. T<mT , T<mT
t (id : 1) € staticmethods(c) o (id : T) € methods(c)
(statmtl) Ctlongvid= 1 (mth) Crexp#id=T1
Chexp=c , Chexp=T1 , ,
) T<mT T<wUort>pht
(id : 1) € methods(super(c)) Chty=T1
(supmth (cash

Crexp#tid=T1 Chexp:>ty=T1

PatternsC+ pat = (VE,1)

vid ¢ Dom(C) orisof C(vid)=v Chrty=1 1>57

(patcas} Chvid:>ty = ({vid — (1,v)},T)

which describeghis setof types. The programmustbe rejectedbut may be acceptedas part
of alarger programif its context allows its type to be decided.This restrictionis analogougo
thetreatmenif SML overloadingandvalue polymorphismandis therforecompatiblewith the
expectationf programmersthoughstill somethingo bewareof whenannouncingerrors.

7.3 Examples

We will now look at someexamplesof MLj programdgo seewhatdifferenttypescanbederived
for themandsaywhich (if ary) is theoneto assign.For thosefor which a type cannotor should
notbe assignedpossibleerrormessagearediscussed.
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7.3.1 Simple Examples — Only One Type Derivable

Firstlet uslook atsomesimpleexampleswhich only have onederivabletype. Thefirst example
createsa new Java classCounter with threemethodsyeset , inc andread . All the methods
createchave only onepossibletypeasshovn in thecomments.

_classtype  Counter() (* Create a new class called Counter. *)
with  local
val ¢ =ref O (* Local to instance of class. *)
in
reset () =c:= 0 (* Method reset : unit -> unit ¥
inc ) =c:=1!c +1 (* Method inc : unit -> unit ¥
read () =lc (* Method read : unit -> int ¥*
end

We now canwrite codeto createan instanceof this classandcall its methods. Sincethe
methodsarenot overloadedhereis only onetype derivationfor this program.

val counter = Counter () (* Create an instance. *)

val _ = (counter.#inc () ; counter#inc () ) (* Inc twice *)
val count = counter.#read()
val _ = counter.#reset (

)

7.3.2 Casts

Two sortsof castareallowedin MLj. We cancastanobjectto anotherclass,or casttheargument
of afunctionto aparticularclass.Bothusef castingnvolveruntimechecksjn contrasto SML
typeannotations.

In the next program,the objectis castto have type Object thenrecastto Integer . Thisis
possiblebecauseule (cag) from Figure7.3allows wideningandnarrawving.

val i = java.lang.Integer 3 (* val i : Integer ¥
val i =1 > Object (* val " : Object. ¥

val i” =1 > Integer (* val i” Integer. ¥
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Next we seethe useof patterncasts(therule patcag in Figure7.3). Patterncastsareanalo-
gousto patterrmatchingjf theargumentcanbecastto thegiventypethenthepatterns matched,
otherwisethe remainingpatternsareattempted.

fun f (x :> java.lang.Integer) = "Integer”
| f (x :> javalang.String) = "String"
| f _ = "Object"
(* val f : Object option -> string ¥
val i = java.lang.Integer 3 (* val i : Integer ¥
val r = f i (* returns  "Integer". *)
val i =1 > Object (* val " : Object ¥
val r =f 71 (* Also returns "Integer". *)

7.3.3 Overloading — Use the Most Specific Method

Becauseof methodoverloading,several types may be dervable for a program. That is, the
original programis ambiguous. Default resolutionof ambiguity of methodoverloadingis in
the spirit of Java’s “most specificmethod” choice[GJS96]. Considerthe following programin
which amethodis overloadedat a superclasandsubclassClearlywhenappliedto the subclass
the mostspecificversionshouldbeused.

(* Class A has overloaded method

m: Object -> int m: B -> bool *)
val a = A() val b =B(
val r = a#m(b) end (* val r : bool ¥

It mustbe possible however, for the programmeto overridethis behaiour. In this casethe
expressiona.#m(b :> Object) would force the type checler to choosethe othermethodby
castingb upto Object beforepassingt tom

Next we shav thatanamgumentmaybe castup withoutanexplicit castif thisis necessaryo
createthe correctresulttype. Thelessspecificmethodis usedsinceusingthe mostspecificwill
not allow the programto type-check.

(* Class A has overloaded method
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m: Object -> string m: Integer -> int *¥)
let val a=A() val i = Integer 3
in print  (a#m i) end

Thereis anissueof explanationfor suchresolutionof overloading.If the programis given
anunexpectedypethenthe programmemaywish to know why thisis.

7.3.4 Defining Methods — Give Most General Type

A definedmethodmustbegiventhe mostgenerakype possible.

_classtype  Foo ()

with
mx = 3
end
val obj = Foo () (* Create instance of Foo *)

val r = obj#m (Integer 5) (* Apply method *)

The methodmis giventype Object option -> int regardlessof it's usewith Integer
5. Thisis in orderthat extendingthe programdoesnot requirethe methodto be givena more
generatype,for exampleif thelinesval r = obj.#m (SOME (Object ())) wereadded.

7.3.5 Rejected Programs

Programanay berejectedfor a numberof reasonsSometimeghereis no uniguemostspecific
solutionaswe saw in the previous section. For examplethe overloadingin the next example
cannotberesoled. Neitherway of resolvingis moregenerathanthe other

(* Class A has overloaded method
m: C-> int
m: Object -> bool
Class B has overloaded method
m: C -> bool
m: Object -> int ¥
let val a=A() val b=B() val ¢ =C(
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in [a#m(c), b#m()] end
(* Program rejected. *)

Programsmay also be rejectedbecausef the openworld assumption This statesthat if
anothertype may be derived for a programin someextensionof the classhierarchy thenthe
programshouldbe rejected. We reject the definition of f, belowv, becausesven thoughit is
intendedto be of type C -> unit in someextensionsof the classhierarchy(thosein which
otherclassedave a methodcalledqwexiphlibit ) we would not be ableto establisha unique

typefor f.

_classtype  C ()
with
qwexiphlibit ()

0

end
fun f obj = obj.#qwexiphlibit ()
(* Program rejected. *)

Type errormessagefor this sortof problemshouldmentionthata classcould not be found
for theidentifierin question.

Also, considerthe identity methodon objects. We rejectthe following versionbecausdhe
choiceof seeminglyreasonableéypesfor methodl areObject option -> Object option
andinteger -> Integer , neitherof whichis morespecific.

_classtype | ()
with
[ x =X
end
val i =1 )
val r = i# (Integer 3)

(* Program rejected. ¥

This unusualcasewould requirea messagexplaining why a type could not be assigned.
This could possiblymentionthetwo seeminglyreasonabléypes.
We cantypeanidentity methodby addingannotations.
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_classtype | _General ()
with
I (x : Object option)

1
>

end
val rl = (I_General ()).#  (Integer 3)
(* val rl : Object option *)

_classtype |_Specific 0
with
[ (x : Integer) =X
end
val r2 = (I_Specific ()).#l (Integer  3)
(* val r2 : Integer %)

Thesefit our expectationf Java methodsatherthanSML functions. They operateat fixed
types(with subsumptionn the agumentsat calls) ratherthanbeingpolymorphic. Overcoming
this would requireextensve changego the SML type system,andtheintroductionof bounded
typevariablesfor classegto give atypelike Vo <,y Object option.a — o). Suchtypeswould
make no sensean the Javzaworld.

7.4 Constraints

In contrastto the unification-basedype inferencefor ML, typesfor MLj cannoteasilybe in-
ferredwhilst traversingthe parsetree. This is dueto the presenceof unrestrictedoverloading
of methodtypesandthe subtypingrelation. Instead,a constraint-basedpproachs usedwith
severalconstrainforms.

e Thasm: T/, Tisaclasswith membem: 1'.
e T hasStatic m: T, similarly for staticmembers.
o T <nmemb T/, eitherequalityfor fieldsor <, for methods.

o T <y, U, T isthesupertypeof 1.
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o T <, eth T, implements<y,.
e T <c,st T, Tcanbecastto 1.

Figure7.4 shovs how constraintsaregeneratedor eachrelevant syntacticstructureduringthe
cornventionalHindley-Milner typeinferencealgorithm,givenin [DM82].

Constrainisolversaregivenconstraintgeaturingvariables.They returnanassignmenof the
variablessuchthatthe constraintsare satisfied. In type inferenceterminology suchan assign-
mentis a substitutionfrom type variablesto typesandthisis the usualresultof typeinference.

Previouswork on constraintdhasincludedJohnMitchell’ sinferencealgorithmsfor idealised
subtypedanguage$Mit96, Mit91]. His languagedoesnotincludeall the compleities of MLj.
This work is extendedby [JM93] and[AW93]. Ratherthanlooking at generalsubtypedan-
guagesEiefig, SmithandTrifonov look attypeinferencefor objectsin [EST95]. Constraintare
alsousedin programanalysis.Nielson,NielsonandHankindescribehisin [NNH98]. Franois
Pottier's work [Pot96]is closestto MLJ’ s, in particularin the mannerhe treatsupperandlower
bounds. Duggans work on type explanationsis alsobasedon constraintsolving (thoughthe
constraintsare typically equality constraintsiandmay be of usein explaining how typeswere
inferred. Thereis no otherwidely known work on explainingtheresultsof constraintsolving,or
of explainingwhy a setof constraintcould not be solved.

In particularthe MLj algorithmdiffers from otherwork asit requiresnondeterminisnmand
backtracking.This is partly becauséhe subtyperelationis ratherirregular (becaus®f option
andthesetJavaType) andpartly becaus®f overloading.

Sincetypeinferencecanfail while solvingconstraintst is necessaryo createerrormessages
during this process.lt is alsodesirableto produceotherinformation asthe resultsof solving
constraintgnaynotbeexpectedoy theprogrammefasseernn someof theexamplegreviously).

7.5 The MLj Constraint Solver

The engineof the MLj constraintsolver startswith a set of constraintsand returnsa set of
extendedsubstitutions Theseare mappingsrom type variablesto eitheran exacttype or upper
andlower boundsasdescribedelon?.

1This sectionrefersto the constrainsolver describedn [MKBO00], whichis in thecurrentdevelopmentversion
awaiting releasadueto copyright restrictions(Andrew Kennedypersonabommunication).
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Figure 7.4 Generatingypesandconstraintsetsfor new expressions.

Constructors, classname(Whereclassnama&amegheclassc.)

(Tuse {C hasStaticConstructor Tgef, Tdef <memb Tuse})

T = o—C
where **° P for new 3o, B1

Tget = PB1—C

Static methods,classnameid (Whereclassnameéamesclassc.)
(Buse {c hasStatic vid : Bgef, Bdef <memb Buse}) for new Bger, Buse

Member accessexp. #id

(Buse {T has id : Bgef, Bdef <memb Buse})
whereexp : T, for new Buse Byef

Superclassmember accessexp. ##id

(Buse {Bsuperhas id : Baef, Bdef <memb Buse T <sup Bsuper})
whereexp : T, for new Byse Bdef, Bsuper

Expressioncasts,exp: >ty

(U, {1 <cast T'}) Whereexp : T,ty: T/

Pattern casts,id: >ty We mustreturn a type for the pattern,an assignmenof newly bound
identifiersto typesanda setof constraints.(The setassigningtypesto identifiersis not
requiredfor the previousexpressiorcases.)

(1,{id : B},{B >nT}) wherety: t, for new 3

_classtype definitionsareomittedfor spaceconstraints.

Constraintsetsaresolved by repeatedlyselectingconstraintsapplyingthe currentsubstitu-
tion to themandsimplifying themto createnew constraintsandchangego the extendedsubsti-
tution. Someconstraintshave multiple solutions(dueto arbitrary overloading)so the solver is
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backtrackingand may producemultiple solutions(correspondingo the mary possiblederiva-
tionsfor aprogram).

After solving,the bestextendedsubstitution(if it exists)is selected.

Two difficulties arisein this. Whenwe know upperand lower boundsfor a type variable
(e.g.itisan0bject andinteger is ansubclas®f it), we may needto try differentcandidates
to establishthe correcttype — this leadsto non-determinismand hencebacktrackingsearch.
Similarly overloadednethodsrequirebacktracking.This is why a setof extendedsubstitutions
must be produced. This correspondgo the notion given earlier that thereis no uniquetype
schemdor aprogramin ML.

The setof solutionsmustbeanalysedaftersolvingto pick the single‘best’ (accordingto the
rulesintroducedn Section7.3) solution(if ary).

7.5.1 Extended Substitutions and Upper and Lower Bounds

An extendedsubstitutionrmapstype variableso oneof threethings.
e A type(asin anormalsubstitution).

e GLB andLUB classesjnterfaces,andtype variablesas upperandlower boundson the
variable(which must,thereforebeaclass),asshavn in Figure7.5.

e Other types as upper and lower boundson the variable (which must, therefore,be a
JavaType).

Figure7.5shavsthe upperandlower boundsof a, whenthisis a class. The upperboundon
a is thegreatestower boundof all ¢;, wherea <, ¢; (thisis Object if nosuchclassegxist); all
interfaceswhich a mustimplement;andall type variablesabove a. Thelower bound(if ary) is
theleastupperboundof all ¢; suchthatc; <,, a, andall relevanttypevariablesandinterfaces.

If a is not known to be a classbut appearsn somesubtypingconstraint,LUBs andGLBs
cannotbe computedandall boundsmustberecorded.

Theextendedsubstitutioncomeswith operationgor augmentingt with thefollowing forms:
a=1T1<y0,a<yT,1=T,T<yTand{t1=1),...,Tn =T}

Thefirst of thesecorrespondso addinga corventionalsubstitutiorterm. It mayinvolve extra
work however aswe mustcheckthatt is compatiblewith any existing boundson a (or unify if



7.5. The MLj Constraint Solver 121

Figure 7.5 Upperandlower boundsof a, whenit is aclass.

C1

I 12

P\ //
- /\\\\

//\ B2 Jg iy2 oW

we alreadyknow an exacttypefor a) andthenaddt asa boundon ary othertype variablesin
placeof a (thistheninvolvesrecursve callsto adda <, Tt ort <y, a).

Similarly, addingt <,y a or a <y, T is like addinga singletermto the extendedsubstitution,
thoughit may have wide rangingsideeffects. Ultimately, addingsuchaterm cansolve thetype
variable,for exampleif we know thatt <,, a andadda <,, T thenwe infer a = T.

Addingt =T or {11 =T1},...,Tn = T} incorporatesheresultof unificationinto the substi-
tution. Adding T <,, U’ hasananalogouffect for subtyping(bothtypesshouldbe JavaType).

In theextendedsubstitutionwe canrefinegeneralwidenings(of JavaTypes)into classwiden-
ings (on ClassTypes). For exampleif we know that ¢ option <, a thenwe can infer that
0 = 3 option for somenew (3 andc < 3.

7.5.2 Rewriting Subtyping Constraints to Simplify

The constraintsolver works by taking constraintdrom a setandreducingthento simplercon-
straints,or incorporatingheminto the extendedsubstitution.

Subtypingconstraintsare simplified by rewriting rulesin which eachconstraintis replaced
by a new setof constraints. Of the resulting constraints thosewhich involve equality =, or
widening, <, are addedto the extendedsubstitution. The rewriting rules necessaryo solve
<memb CONStraintaregivenin an SML patternmatchingstyle notation(if morethanonepattern
fits any particularconstraintthefirst onelisted shouldbe used)in Figure7.6.

Given a constraintof the form T <,.mp T, if eithertype is known to be a function type
thenthe memberin questionis a methodand methodsubtypingapplies. If bothtypesaretype
variablesthenwe do not know whetherthe memberis a methodor a field and cannotsimplify
the constraint. Otherwise,onetype mustbe known to be a non-functiontype (e.g.int ) sothe
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Figure 7.6 Somerewriting rules.

T0—T1 <memb T
T<membTo— T2
/

a Smemb a

T Smemb T,

10— T1 <meth To = T1

To — T1 <meth A

O <meth To = T1

a Smeth G/

Ty X .. X Tn <ArgVec T4 X ... X T
T1 X ... XTn SArgVec a

O <ArgVec TL X ... XTp

a SArgVec a’

T SArgVec T

T<a T Eithertypeis JavaType

T<arg T Eithertypeis non-avaType

T SArg TI

Cant distinguish
C Ssup super(C)
C Ssup a
a Ssup C

o <gp o

N Ld el

4

Y

¢©u

{TO — T1 <meth T}
{T <meth To — Tl}
{0 <memb @'} Nochange

{t=1} Fieldtypes

/ /
{TO SArgVec Tp,T1 = Tl}
{o =00 — 01,70 <ArgVec 00, T1 = 01}
{o =00 — 01,00 <ArgVec To,01 =T1, }

{o <meth @'} No change

! !
{Tl SArg Tlv B SArg Tn}

{CX =01 X...X0Up,T SArg ay,...,Tn SArg Gn}

{o=0a1x...xap,01 <arg T1,...,0n <arg Tn}

{a <argvec @'} Nochange

{1 <ag T} Non-tupletypes

{t<wT}
{t=1}

{1 <ag T} Nochange

{} Eliminate
{a = super(c)}
{a <qpc} Nochange

{a <qpa'} Nochange
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memberin questiormustbeafield. As thereis no subtypingonfields,removetheconstrainiand
addt = T’ to the extendedsubstitution.Methodsubtypingis like a simplified versionof <,emb
in which themembemustbea method.

In Java, methodscanhave severalarguments.In ML, thisis simulatedby methodshaving
tuplesas arguments. We have argumentsubtypingon eachof the elementsof the tuple, this
meanghat the aumentmusteitherbe exactly the right type, or a JavaType anda subtypeof
the requiredargumenttype. Given constraintsof form T <aevec T, if eithertypeis known to
beatuple,thenthe othermustbe a tuple of the samelength,andargumentsubtypingappliesto
all tuplefields. If eithertypeis known notto be a tuple,thenargumentsubtypingappliesto the
types.

Givenconstraintof form t <a., T, if eithertypeis known to be a JavaType thenwidening
applies(thisis handledby the extendedsubstitution) ptherwisethe typesmustbe exactly equal.

We usethedefinitionin Figure7.1andinformationin theextendedsubstitutiorto tell whether
atypeis aJavaType. A typical casewhich cannotbedistinguisheds a option.

If we know the subclasf T in a constraintof the form 1 <, 7', thenwe caninstantiate
the immediatesuperclass.The conversedoesnot hold, however, assuperclassesanhave an
arbitrary numberof immediatesubclasses(The openworld assumptiorpreventsus from in-
stantiatingthe subclassevenif only one candidateexists — othersmay be addedat a future
date).

Castsubtypingconstraintst <c,s: T or T >, T, are retainedand checled after the other
constraintdave beensolved. As they caninvolve eitherwideningor narraving, they do nothelp
to solve the constraintset.

7.5.3 ‘Has’ Constraints

‘Has’ constraintgprovide problemsbecaus®f thearbitraryoverloadingof methodslIf we know
the classin a ‘*has’ constraintthenwe try eachof the possibletypesfor the membey thuscon-
straint solving can produceseveral solutions(seeSection7.3). This part of the algorithmis
currently underdevelopment. It is necessaryo considerin particularhow to dealwith ‘has’
constraintanvolving a variablewith known bounds. For exampleif we have upperandlower
boundson a we canmake certainassumptionsboutthe methodst might have, andit may be
necessaryo try typesfor the methodsn orderto establishwhich classit is.
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7.5.4 Selecting the Correct Solution

The resultof solving the constraintss a setof extendedsubstitutionsgachof which satisfies
the constraints. The final stageof type inferenceis to decidewhich (if ary) substitutionis to
be used.The substitutionsareappliedto the methodsubtypingconstraintsn the original setof
constraint@andtheresultsarecomparedo seewhich substitutiongivesthe mostspecificmethod
for everyconstraintlt maybethatno substitutionis appropriate somemaybeincomparables
in the exampleswhich hadtwo equallyreasonabléypes.

This is the point at which constraintsolving canfail (i.e. discover that the programis not
well-typed)andthe pointat which errormessagemustbe produced.

7.6 Type Errors in MLj

Constraintsolving can resultin any numberof solutions,eachsolutionis a set of unsoled
constraintsandanextendedsubstitution.Therearea numberof possibleoutcomes.

Therearenosolutions.Thismeanghatthereis aninconsisteng somavhere. Theprogram

is rejected.

e Thereareno solutionswithout unsohed constraints.This meanghatthereis not enough
informationin the programto resolhe thetypes.The programis rejected.

e Thereareoneor moresolutionswithoutunsohedconstraintsandit is possibleto pick one
which givesthe mostspecificmethodfor every constraint. In this casethe programcan
beacceptedbut the programmemaystill needassistancenderstandingvhy the solution
wasselected).

e Thereareoneor more solutionswithout unsoled constraintsput it wasnot possibleto
selecta singleone.The programis rejected.

Eachof thethreewaysin which the programcanbe rejected andthe casein which the pro-
gramis acceptedare consideredn the sectionsbelon. The methodssuggestedbelon represent
proposaldor theimplementatiorandhave not beentried.
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7.6.1 Inconsistent Programs

If thereareno solutionsto a setof constraintsthenthe programcanbe saidto be inconsistent.
This could occurif anobjectis requiredto have a type in two differentbranchesf the type
hierarchyasseenn the examplebelow

(* Class A has m: Integer -> unit
Class B has m: String -> unit *)

(* Create new instances of A and B. *)

val a = A() val b =B(

fun f x = (@#m x ; b#m x)

Thereis no type which canbe assignedo x becausehe constraintsay <, Integer and
ox <w String areinconsistent.This is similar to type errorsthat canoccurwithout subtyping,

for example
fun a x = print  (Int.toString X)
fun b x = print X
fun f x = (@ x; b x

While it is true that similar mistakes shouldbe announcedvith similar messages;urrent
errormessagefor thepureML versionof the programaregenerallyunsatisactory Mostimple-
mentationof compilerswill announcehe secondapplicationasincorrect(asx will have been
establishedsanint by thefirst application).Usingunificationof substitutiongSection4.1.2)
we will beableto find theinconsisteng betweerthetwo usesof x.

Theinconsistenextendedsubstitutionwhich constrainsolvingattemptdo producecontains
idealinformationfor anerrormessagelt knowsthatbothinteger andString mustbehigher
thanthetypeof x in the hierarchyandthis canbe announcedo the programmerFor example

Type Error:
X cannot be a subtype of Integer and subtype of String

If the constraintsareaugmentedvith explanationsn the style of Duggan[Dug98] thenthe
errormessageanbeaugmentedvith anexplanationof wheretheseconstraintsamefrom, e.g.
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Type Error:
X cannot be
a subtype of Integer (required by "a#m x")
and
a subtype of String (required by "b.#m X")

Note thatthe MLj programgivencanbe madeto type checkcorrectlyby addingcoercions
(x > Integer andx :> String ) butit will notbe ableto executewithout a run-timeexcep-
tion. Suggestingoercionsthereforewill appeato getrid of thetypeerrorbut will actuallyjust
delayits detectionuntil run-time(andis thereforenot desirableandagainsthe “spirit of ML").

7.6.2 Unsolv able Programs

If thereis no way to reduceall of the constraintso extendedsubstitutionghenthe programis
unsohable. Onereasonfor this happenings the openworld assumption.The examplegiven
earlierwill seneto illustratethis

_classtype  C ()
with
qwexiphlibit ()

11
)
—

end
fun f obj = obj.#qwexiphlibit 0
(* Program rejected. ¥

In this casethe programmemeedsto know which identifier is missinginformation. For
example

Type Error:
Not enough information to infer type for obj.

It is importantto stresghatthe problemis thatthereis notenoughinformationto decideona
uniquetype andthatthereis not a conflict of types(sothereis no typeerrorin the corventional
ML way).

In thespirit of spell-checkingin this caset couldpossiblybesuggestethatthetypemaybe
supposedo be C (this informationcanbe obtainedfrom the ‘has’ constraint)or areminderthat
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“classescannotbe inferredfrom methoduse” could be givento help the programmer Listing
the constraintknown involving thetype mayalsohelpthe programmer

Genericadvice (as opposedo specificinformation aboutthe programin question)is not
seenn typeerrormessagedyut is seenn otherdomaingfor example“checkthe spellingof the
URL"). It would certainly be usefulfor programmergettingusedto a new languagewhich is

particularlyrelevantto MLj, but arelikely to anngy moreexperiencegrogrammersvhowill see
the sameadvicerepeatedly

7.6.3 Ambiguous Programs

If thereare several waysto reducea setof constraintso extendedsubstitutionsthenthe pro-

gramis ambiguousThis is similar to (thoughmoresubtlethan)the previous caseof unsohable
programs.

Oneexampleof sucha casess theidentity method.

_classtype | ()
with
[ x =X
end
val i =1 () (* Newinstance of class | *)

val r = i# (Integer 3)

(* Program rejected. *)

For this caseit will probablybe necessaryo list some‘reasonabletypesfor the methodin
guestion.For example

Type Error:
Cannot find unique best type for Il
Possibilities include
Integer  -> Integer
Object option -> Object option

As in the caseof unsohableconstraintsgareshouldbe takento statethatthe problemis not
aninconsisteny, but a lack of information.
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7.6.4 Accepted Programs

A programis acceptedvhen the constraintscan be reducedto extendedsubstitutions,and a
singlesolutionselectamorespecificmethodcallsthanary other

An errormessageloesnot needto be givenin this case put programmersnaywantto know
which typeswereassignedaindhow the constraintsveresolved. Sometimeghis informationis
essentiafor MLj: if aclassis beingexportedfor usewith Javaprogramsthe programmeneeds
to besurewhattypeall its methodshave. Thisinformationcanbe obtainedrom compiledcode,
but it would be morecorvenientto have MLj reportit.

Thetypesassignednsidea programcould alsoaffect the dynamicsemanticf a program.
For example,one versionof an overloadedmethodmay have undesirableside effectsandthe
programmemaywish to be surethatversionis not used. Thefollowing classrepresents user
interfacefor abomh

_classtype  BombControl ()

with  local

val b = Bomb() (* Create a new bomb *)
in

control (0 : Integer) = b.explode()
control (0o : String) = b.defuse()
end

The dynamic behaiour of ary instanceof this classis decidedby the typesassignedat
compiletime.

Aswell asknowing thetypesinferred,aprogrammewill alsobehelpedby informationabout
how they wereinferred(for exampleDuggan-stylesxplanations).Thiswill helpthe programmer
to seewherein the programto placecoerciongo getthedesiredtypes.



Chapter 8
Conclusions

Thefollowing four sectiongake stockof the previousfour chaptersf results.In additionto the
chapterf results,Chapterd—3discussedhedeficiencief existing typeinferencetechnology
andotherauthors proposedneandor solvingthesedeficiencies.

8.1 Order of Type Inference

Chapterd wasbaseduponthe obsenationthat existing type inferencealgorithms(includingW
andM) arenon-compositionahndhave asymmetriesn the way thatthey treatsubexpressions.
It alsonotedthatby changingheorderin which subexpressiongreexamined,onecangenerate
different(andmoreuseful)errormessages.

8.1.1 Asymmetr y and Us

The classictypeinferencealgorithmW hasanasymmetrywhich canbe describedasa ‘left-to-
right bias’in its casedor applicationexpressionsandtuples. The asymmetryis thatwhentype
checkingey e; againstan ervironmentrl, first ey is checled againstl” to obtaina substitution
S andthene; is checled againstthe modified environmentSIT. Remaing the asymmetry
necessitatetype checkingbothey ande; against™ andobtainingtwo substitutionssy andS;. A
typeinferencealgorithm WM is describedvhich doeshave recursie callsof thisform. W™
thenusesanew function,Us, to unify thesetwo substitutionsandobtainthe samesubstitutionas
W.
Proofsof the soundnesandcompletenessf Us andWS'M arein AppendixA.
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WM is alsosymmetricin the casefor tuplesanda symmetricversionof M (calledMS'M)
is givenaswell.

8.1.2 Other Syntactic Structures

As well astheirasymmetriestype inferencealgorithmssuffer from following the formal syntax
of thelanguageratherthanlooking at programsn the sameway asprogrammerskor example,
programmershink of curriedapplicationexpressionsey € ... €,, astheapplicationof several
argumentsto a single function, whereadanguagesemanticsand compilersview theseexpres-
sionsasnestedapplicationexpressions(...((ep &) €3)...)en. Therearen unificationsusedto
type checksuchexpressionsg¢orrespondingo the n stagesn the computation.Curriedexpres-
sionsarethe sourceof mary confusingerrormessageasthesecanbe producedat ary of then
unifications all of which arerelatedto subexpression®f whatthe programmeseesasa simple
application.Modifying typeinferencesothatthereis only a singleunificationof a functiontype
and contet type (createdfrom all the agumenttypes)producesnore cogenterror messages.
Thetreatmenbf curriedexpressionsn thisway is usedin Chapter6.

The type checkingof SML structuresandsignaturesalsodoesnot fit the programmess ex-
pectationdecauset follows the syntaxof the languageatherthanlooking at programsn the
sameway aspeople.

8.2 Graphs for Type Inference

An alternatve way of doingtypeinferences describedn Chapterb.

8.2.1 Graphs for Typeable and Untypeab le Programs

Existingalgorithmsfor typeinferenceall fail whenthereis atypeerrorandthemethodgroposed
by otherauthorsasmeandgfor producingbettererrormessageandassistancéor programmers
arewaysof dealingwith failure. In contrastthis chapterintroducesa form of graphwhich can
captureinformationaboutthetypesin programswhetheror notthey aretypeable.

Typeinferenceusingthesegraphstakesplacein two distinct phasesFirst a graphis gener
atedfor the program.Secondhe graphis analysedo discover whetherthe programwastyped
andwhattype (if ary) it has.
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8.2.2 Extracting Further Information from Graphs

Thereasorwhy graphsareusefulis thataswell asthebasicinformationaboutwhetheraprogram
is typeableandwhattypeit has,otherusefulinformationaboutprogramss containedn them.
Thisis shavn in Section5.4 by the factthatwork proposedy otherauthorsasa meango help
programmerganalsobe extractedfrom thegraphs.

It is informally demonstratedhat the type explanationsgeneratecdoy Dominic Duggans
SML/E programcanbe extractedfrom graphs andshown thattheseexplanationsdo not, in fact,
meetthe specificatiorfor ‘correcttype explanations'givenby Duggan.

8.3 Repairing Mistakes with Type Isomorphisms

While Chapter5 describeda new way of performingtypeinference Chapter6 describescom-
pletely new form of error messageavhich canbe generatedy extensionsto corventionaltype
inferencealgorithms.

8.3.1 New Error Messages

The new errormessagedescribenow the programcanbe modifiedto remove type errors. For
example

Try changing

map ([1, 2, 3], Int.toString)
To

map Int.toString [1, 2, 3]

Thesemessagesdirectly addresghe needof programmerswhich is to repairthe program.
Otherinformationonly helpsprogrammersndirectly by explainingthetypesin programsn the
hopethatthis helpsthemdevise a way of repairingthe program.

A prototypeof theseerrormessagebasbeenmplementedor theMLj compiler Thechapter
alsodescribesiow theimplementatiorcanbeintegratedinto othercompilers.Extractsfrom the
sourcecodeappeain AppendixB.
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8.3.2 Design and Implementation

The new error messagesre producedby the applicationof the theory of type isomorphisms.
Type inferencefails whentwo typesfail to unify, thatis whenthereis no substitutionof types
for type variableswhich canmake thetypesequal. Theremay, however, be a substitutiorwhich
can make the typesisomorphic. Two typesare isomorphicif thereexist a pair of functions
(morphismshich cantransformvaluesfrom onetypeto the otherandbackagainto theoriginal
value.

If the type of a function, and the type its contet requiresit to have are not unifiable to
equality but areunifiablemoduloisomorphisnthenoneof themorphismgtherepairmorphism)
canbe usedto repairthe mistale in the programby corvertingthefunctionto a similar function
whichfits into the context.

Thenew versionof the expressiorshovn in the errormessagess obtainedby partially eval-
uatingthe applicationof therepairmorphism.

8.3.3 New Algorithms

Thedevelopmenbf thesenew errormessagesequiredseseralnew algorithmsto bedevisedand
applied.

e Thetypeinferencealgorithmis modifiedto type checkcurriedexpressionswith a single
unification.

e An existing algorithmfor unificationmodulolinearisomorphismis extendedto produce
morphismsaswell assubstitutions.

¢ In orderto modify unificationmodulolinearisomorphismit wasalsonecessaryo modify
analgorithmfor associatre-commutatre unificationsothatit producesnorphisms.

e A partialevaluationsemanticgor applyingrepairmorphismsvasdevised.

8.3.4 Future Investigations

This applicationof theoryis anarearipe for futureinvestigationgandusefulimplementations).
Onewayin whichtheunificationalgorithmscouldbeimprovedis to allow pseudo-isomorphisms
aswell asthe linearisomorphismsurrentlyimplemented. Thesepseudo-isomorphismsould



8.4. Beyond Hindley-Milner: the MLj Type System 133

include suchinjective morphismssuchas coercionto a list (which cannotbe reversedandis
not, therefore,anisomorphism).The descriptionof the unificationalgorithmsmentionswhere
thesechangesanbe added,but it remainsto be seenwhich coercionscorrespondo common
programmingmistakesandwill beof helpto programmers.

Anotherway in whichtheimplementatiorcouldbeimprovedis by trackingdown alternatve
siteswheremorphismscanbeinsertedratherthansimply trying to insertthemwhereunification
fails). Thereis alargebodyof work onlocatingtypeerrorsto drav from wheninvestigatinghis.

Lastly, to fully realiseits potentialthis work needsto be implementedn more compilers.
Thesemplementationshouldbe accompaniedby studieswith usersto establisithe exactform
of messagevhichis mostusefulin practice.

8.4 Beyond Hindle y-Milner: the MLj Type System

Most of thework in this thesisis basedon the Hindley-Milner type system.Programmindan-
guagegyenerallyusesomeextensionof this, a prime exampleof which is MLj.

ML]j is an extensionof StandardML which offers integrationwith Java’s classhierarchy
To accommodatehis, the type systemis augmentedvith a subtypingrelationrepresentinghe
hierarchyof Java classes.

Typeinferencein MLj involvesa phaseof constraintsolvingwhich introducesew forms of
type errors. For examplea programmay be untypeablebecausehereis no way to resole its
setof constraintspr becausehereareseveral distinctwaysto resolwe the constraints Ways of
helpingprogrammersepairmistalkesinvolving theseproblemsarediscussedn Chapter?.

8.5 Closing Remarks

This thesishasshavn thatthereareseveralwaysin which typeerrormessagesanbeimproved,
to the point of evensuggestingvaysof repairingprogramscontainingsucherrors.

The usability of compilersis animportantfactorin their adoptionand popularity andalso
animportantfactorin the popularity of the programminglanguagesvhich they compile. It is
essentialtherefore thatif stronglytypedprogramminganguagesreto gaingreatempopularity
andusagethattheideasin thisthesisareappliedto future products.






Appendix A

Proofs For Chapter 4

A.1 Proof of Theorem 5

For any pair of substitutionsS and Sy, if Us(Sy, S1) succeedshenit returnsa unifying substi-
tution. (Us is definedn Figure 4.2.)

Proof
Firstshaw thatS, unifiesS) andS; overthedomainDo U D1n (i.e. unifiesTop andTy).

Proposition For all §, Ya € DU {a1---a;} : § is well formed(the a; termsarefrom
D), and§Sa = §S;a.
Proof byinductiononi=0,1,...,.n—1
Basecase §;=To
Only concernedwith type-variablesin supportof S andnot in supportof S,
{a:aeDgAa &D1}, so§Sa = Sa and§,S0 = So.
Induction step §,; = {ai;1+— STiy1}§

aiy1 € FV(STiy1) (asotherwisethealgorithmfails with anoccurserror)
Sotheresultis anidempotensubstitution.

Forall o in supgSy) U {a1---ai}: §,1S0a = §Sa = §Sia (by inductionhy-
pothesis)= g, ;S0
Foraiti: §, ;S0 =g 4Tiv1 = §tiy1 andS  ; So0i+1 = §Tita

Now show thatViy, unifiesover the supportsupgSo) UsupS1) UFV(S) URV(S).
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Proposition For all Vi, V; is well formed, and Yo € Do U D3 UFV(S) UFV(S) U
{B1---Bi} : ViSa =ViSa
Proof inductiononi
Basecase V)
Leavesall variablesbut thosein DU D1 unchangedjnifiesonthosein DoUD1.
Induction step Vi1 =U (1o, T1)V;
Needonly considef3i ;1 sinceby inductionhypothesisverythingelseis unified
by V.
SinceU (1o, T1) unifiesV;SBi1 andViSiBi+1, Vii1 unifiesover the appropriate
support.

SoVn unifiesS andS; overthe supportsupg S) Usup Sy ) UFV(S) UFV(S;) andleavesall
othertypevariablesunchangedThusVy, unifiesS andS;.
U

A.2 Proof of Theorem 6

If S” unifiesS andS; then
1. Us(S, S1) succeedseturningS, and
2. theris someR sudithatS’ = RS.

(Usis definedn Figure 4.2.)
Proof
The prooffollows a similar patternto the previousresult.

Firstshav apropertyfor thesubstitutionss; - - - §, — thatthey doexist (thereareno occurs
errors)andhow they relateto S'.

Proposition Each S exists (there are no occurs errors)
and for each § there is a substitution X; such that
Va € Dou{ar---ai} : Xi§Sa = S'Sa. All thesesubstitutionsareidempotent.

Proof by inductiononi
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BaseCase §, = {a — S0 : a € Do}
Know thatVa : S'Sa > SHa
And VYo : §S0 = Sa
S0 Xp exists.

Induction Step §_ ; = {Qi+1— STi;1}S
Firstshow thereis no occurserrorby shoving a1  FV(STi+1).
SinceS’S; andX; exist, the occurserrorcannothappen.
And thatSTi;1 > S'S0i41
Know Tiy1 > S'Sa andtermsof S only effect the limited support(which is
C supfS’)). So,by I.H. thisholds.
So,by I.H. resultholdsfor appropriatesupportandX;, 1 exists.

Also, we canseethatsupgS,) = DoUD;.
Now show asimilar resultfor thesequenc®/; - - -V

Proposition EachV; exists (the unificationsucceedsandthereareno occurserrors);and
for eachV, thereis aY; suchthatVa € DoUD1 U {FV(SBx) UFV(SiBx) U{Bx} : 0 <
x<i}1.YiViSa = S'Sa

Proof Inductiononi

BaseCase \p = S,
This comeddirectly from the previousresult.

Induction Step Vi1 = U (UiSBi+1,ViSi1Biy1)Ui
Must showv thatU succeedsSinceS'SBi.1 = S'SBi 1, theremustbe a type
whichis theunificationof thetwo typesV; SBi+1 andV; S B+ 1, SoU succeeds.
Thereis no occurserror (for similarreasorto thosein the previous proof)
SinceU is themostgeneralunifier, Y 1 exists.

SoUs succeedsvith S =V, and,YUnSo = S'Sya for all a in thesupportabove. Since
all othertype-variablesareinvariantunderY,\UnS, it is trivial to provide a substitution,

R, suchthatRY,UnS = S'S. SoR existsandis R Y.
O
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A.3 Proof of Theorem 7

If WS'M(T" e) succeedsvith (S 1) thenthere is a derivationof ST + e: 1. (WM is definedin
Figure4.3.)

Proof DamagDam84 givesa proofof thistheoremfor W by inductionon the structureof e.
As WM differsfrom W only in the caseof applicationandtuples,it is sufiicientto prove these
casesThetuplecases omittedhere.

Case e=egye;
By the induction hypothesiswe know WS (I &y) = (S, 10) and S F e : Tp; and
WM ) = (Sy,11) andSi T Hep i 1g
And sinceW>M(T  e) succeedghatS = Us(S,S1), V = U (STo,ST11 — B)
Fromthedefinitionof Us, let S= S = SS;, andfrom thatof U we know VSTt — B =
VS’To.
And thefinal resultWS'™ (" e) = (VS V).
Mustshaw thatthereis aderivationof VS F ege; : V3
Thederivationwill end

VS Fe:VSt — VB VS e :VST;
VS Feper: VB

We alreadyknow (from I.H. above)thatderivationsof I - ey : 1o andS I €7 @ 11 exist,
so by proposition2 of [DM82] derivationsof SSI - ey : Stp andSS,I" - e; : ST11 also
exist.

Soderivationsof VS I g5 : VS1g (thetypehereis VST, — VB) andVS + e : VST also
exist .

Sothederiationof VS + ey : V[ exists.

Theothercasesareasimpleanaloguef oneswhich have beenshavn by Damas sothetheorem
holdsin general. O
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A.4 Proof of Theorem 8

Givenl” ande,letl’ beaninstanceof I' andn beatypeschemesud thatl' - e: n.
Then

1. WSM(T ) succeeds
2. 1f WSM(T e) = (P, ) thenfor someR: I’ = RPI, andn is a genericinstanceof RPT (T1).

(WS'M s definedn Figure 4.3.)

Proof Damasprovidesa proof for this theoremfor W on the structureof the derivation of
I e:n. AsWS'M differsfrom W only in the casethate = epey, it is sufficientto presenbnly
theinductive stepfor this case.

Casee=ge
Thedervationends
Mre:U'—1  [MFep: v
M-ep€r1: T
for somer’.

By theinductionhypothesisve know thatWS™ (I &y) succeedszall theresult(S, o)
By condition2 of theinductionhypothesighereis a substitutionRy suchthatl’ = RySI
andt’ — 1 is agenericinstanceof RySI () .

Leta;---apn bethegenerictype-variablesn 1 (theseoccurin g but arenotfreein SIh).
Ro leavesall a; unchangedinceit is minimal (which meanssupgRy) € FV(SI)).
Sincet’ — 1 is a genericinstanceof Ry(Vay---apn.Tp) (the schemehereis the closure
Sl (1)), andRy leavesall a1 - - - a, unchangedtherearetypest; - - - T suchthatt’ — 1 =
(Ro+{aj — Ti})To.

Likewise,for e;: Ry, B1---Bm andty - - - 1, exist, andt' = (Ry + {Bj — T'j})T[l.

First, shav thatWs(Sy, S1) succeedsTo dothis exhibit a substitutionwhichis aunification
of § andS;.

NotethatRySI =" = RiSIM, sovVa € FV(IN) : (RoS)a = (Ri1S1)a.

And note that supS) C supgl) Unewg (wherenewyg is the setof new type variables
producedoy WM (I &p).). Similarly supSy) € supg™) Unews;.

LetS={a— RySa:acFV(IN)}+{a— RSa:aenewp}+{a+— RSa:aenew}.
Sis aunificationof Sy andS;. Sincea unifiedsubstitutiorexists,Us(Sy, S) will terminate
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andreturnssomeunifying substitutionS, andthereis someS’ suchthatS= S’S S,.

Now it is necessaryo shav U (Stp, STy — B) (B is new) succeedsTo do this, exhibit a
unifying substitution.

LetUg = {aj — 1;,Bj — r’j,Bn—> 1}+9.

Firstshow thatUg is awell formedsubstitutionandthenthatit is a unifying substitution.
Thetypevariablesa - --ap, B1 - - - B andp areall distinct. 3 doesnotoccurin supgS’).
Must alsoshowv noneof o ---ap,B1---Bn arein supgS’). supgS’) C FV(IN) UnewvgU
newy, sononeof thea;, Bj occurin this support.SoUg is awell formedsubstitution.
Weknow U — 1= (Ro+ {aj — Ti})Th sot’ — 1=USTh. Also U = (R1 + {Bj — T'j})ﬁl
soT — 1 =Up(Sm — B). SoUp is unifying substitutionfor S andSm — .

Sincea unifying substitutionexists,U (ST, STy — B) succeedsindreturnsV, andthere
is somesubstitutionv’ suchthatUg = V'V.

It remaingto shaw thattheresultW(I',e) = (VS V) satisfiescondition2.

Must show that thereis somesubstitutionR suchthat’ = RVSSI andT is a generic
instanceof RVS S (1). It is clearthatsuchan R canbe constructedso this conditionis
satisfied.

Sincetheinductioncasee = epe; holds,andthe othercasesarea simpleanaloguef oneswhich
have beenshonvn by Damasthetheoremholdsin general. O



Appendix B
Source Code for Chapter 6

Chapter6 describechow to useunificationmodulolinearisomorphismso find waysto rearrange
programghatrepairtypeerrors,andhow to usepartialevaluationto produceerrormessagegsom
these.

Thiswork hasbeenaddedo the MLj compilerasdescribedn Section6.4 andthis appendix
containsextractsfrom the sourcecode.Thefull implementations availablein sourcecodeform
from http://www.dcs.ed.ac.uk/home/bjm/ andthe softwareis distributedaccordingto the
following restrictions

Copyright 2001,BruceMcAdam (bjm@dcs.ed.ac.uk).

This programcomeswith absolutelyno warranty

This programis NOT coveredby the ML license(GNU PublicLicense).

Thefilesmaybedistributedonly in theiroriginalform (in anarchive of all source
coderequiredtogethemith theinstructionsor compilation). Compiledversionsof
this programmay not be distributed. Modified versionsof this programmay be
createdor personaliseonly, they may not be distributed.

If youwish to incorporateary of this programinto anothercompiler, or if you
have madechangedo improve this versionof the programpleasecontactthe author
directly.

The implementationconsistsof a new modulefor generatingerror messagesanda small
numberof changego existing MLj sourcecodeto call these.The new partsof the programare
intendedto be suitablefor integrationwith ary type inferencesystemwritten in StandardvL.
Thechangeso theexisting codearedescribedn SectionB.1 andtheexcerptsfrom thenew parts
arein SectionB.2. At the endof the appendixis a shortdescriptionof how to testthe system
(SectionB.3).
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B.1 Changes to Existing MLj Source Code

The main changeto the existing MLj sourcecodewasto gettype inferenceto follow curried
expressionandto call the new routineswhenit findsatypeerrorin applicationexpressionsit
wasalsonecessaryo disableerrormessag@rinting in the existing unificationroutine.Below is
the modifiedtypeinferenceroutinefor curriedexpressiongtakenfrom the structureElabCore)

(* This is the ‘curried  form’ version of the Rule 8 code *)

| App(func, arg) =>
let
(* If func is an application then we have a
curried  expression. The following  function
finds the curried function and the list of
arguments. (It also stores the locations  of the
individual applications.) *)

fun splitFunc  ((loc, App(e, €’), eList, locList) =

splitFunc(e, e'eList, loc::locList)
| splitFunc (e, eList, locList) = (e, elList, locList)
val (e0, es, locs) = splitFunc(func, [arg],  [loc])

(* Type check the function  expression *)
val eOResult = infExpOrJava C e0

case eOResult of
Result (e0, t0) =>
(* The functon is not a Java statc  method. *)
let

(* Type check arguments *)
val esAndTs = map (infExp C) es

(* Build context type from
types of the arguments *)

val beta = SMLTy.freshType()

fun build (e, t), (es, t) =
(e":es’, SMLTy.funType(t, t))

val (es’, ts) =
List.foldr build (], beta) esAndTs

(* we now have

e0’ - elaborated €0

es' - list of other elaborated expressions
t0 - type of e0

ts - context type *)

(* Convert the relevant types into the form
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for type debugging. ¥

val tOLI = ConvertTypes.convertType t0
val tsLI = ConvertTypes.convertType ts
(* Do the unification *)

val (, unifyErr) =
unifyNoReport ~ ((SOME loc,
"actual  function  type",
t0),
(SOME loc,
"context  requires  function  type",

ts))

(* Generate error message if necessary. ¥
val _ = if unifyEr  then
let
val _ =
(case TyDebug.tydebug(tOLI, tsLl, eO:es) of
SOMEs =>
(SMLTy.error
(Error.error (loc, s), 1)
| NONE=>
(SMLTy.error
(Error.error
(loc,
("Type error found at application expression\n
(TyDebug.mlIToString exp))),

[("Inferred function  type",
t0),
("Inferred context  type",
ts)])
)
in
0
end
else

(* Construct the elaborated  expression *)
val e = Listfoldl
(fn  (fromEs, e€) => T.App(e’, fromEs))
e0' es

(€', beta)
end (* of non java case of Rule 8 ¥

| JavaResult (class, name) =>
(* The function is a static  method, so
rebuild  the curried  application with
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a Java invocation at the front. %)
let
(* from the list of curried arguments,
get the argument for the static  method,
and the other arguments. *)

val locsAndEs = ListPair.zip (locs, es)
val (loc, firstArg, args) =

case hd locsAndEs of (loc, (., Tuple exps)) =>
(loc, exps, tl locsAndEs)

| (loc, first) =
(loc,  [first], tl locsAndEs)
(* Build the java invocation. *)
val javaExp =
(loc,

Java(Java.Invoke,

SOME(loc, TyClass (ClassHandle.name  class)),
SOMEname, firstArg))

(* Build the curried expression (with an invocation
at the front. ¥
val exp =

List.foldl

(fn (loc, @), f) => (loc, App(f, a))
javaExp
args

infExp  C exp
end (* Of static  method case of rule 8 ¥

end (* of rue 8 %)

B.2 The New Modules

Thenew sourcecodeincludes

¢ A front endto thetype errormessageécalledfrom the MLj typeinferenceroutine). See
SectionB.2.1.

e A genericrepresentatioof typesanda routineto corvert ML typesinto the genericrep-
resentatiorfor unification. SeeSectionB.2.2
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e Representationf and partial evaluationof expressionsnvolving morphisms. SeeSec-
tion B.2.3

e Unification modulolinearisomorphismand AC-unification,generatingnorphisms. See
SectionB.2.4.

e Variouslibrary structuredor example for pretty-printingandlazy streams.

B.2.1 The Front End (TyDebug)

StructureTyDehlug containghe front endof the system.To integratewith anothercompiler, this
will probablyhaveto bechangedo produceoutputwhichfits in with theparticularrepresentation
of errormessages.

structure  TyDebug =
struct

val version = "v0.1"
open UnifyModuloLinearlso LITypes

(* This should really come with the syntax structures. *)
fun mlToString e =
Isomorphisms.toString (Isomorphisms.toMExp e)

(* tydebug returns a string  option.
NONEof there is no way to debug (therefore a more traditional
error  message must be produced).
SOME'"try changing .. to .. or .. or .." if there
is a way to debug. *)
fun tydebug(funcType, contextType, expList) =
let

val Patterns.resetld()

val s = unify (funcType, contextType)

val | = Stream.toList S
val len = length |

val oldMExpList = map Isomorphisms.toMExp  expList
val oldExpString =
ToString.spaceSep (map Isomorphisms.toString oldMExpList)

fun mkMessage | =
let
val intro =
(" Try changing\n
oldExpString
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“\n  to\n ")

intro
(ToString.sep
“n orn
(map
(fn Cm) =
Isomorphisms.toString
(Isomorphisms.applyToML (m, expList)))
)

end

if len =0 then

NONE(* No ways to debug *)
else

SOME (mkMessage )

end handle _ => NONE

end

B.2.2 Representation of Types

Therepresentationf typesis in structureLITypes(the namewaschoserto bedistinctfrom the
Typesstructurealreadyin MLj) andthereis aroutineto cornvert MLj typesinto this representa-

tion in structureCorvertTypes.

B.2.2.1 LITypes

structure LITypes
sig

datatype types =
FUN of types * types
| TYVAR of string
| CONof sting * types list (* e.g CON('list", [..]) *)
TUPLE of types list

val app : types * types -> types (* append as tuples *¥)
val concat : types list -> types (* Concatenate as tuples ¥

val occurs : (sting * types) -> bool
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val resetTyvar @ unit -> unit
val newTyvar : unit -> types

val toString : types -> string
end =
struct

datatype types =
FUN of types * types
| TYVARof string
| CONof string * types list
| TUPLE of types list

fun app (TUPLE I, TUPLEI) = TUPLE( @)
| app (t, TUPLE[) =t
| app (TUPLE [}, t) =t
| app (t, TUPLEI) = TUPLE(t:)
| app (TUPLE I, t) = TUPLE( @It])
| app (t, t) = TUPLE[t, t]
val concat = (List.foldl app (TUPLE [])) o Listrev
fun occurs (v, TYVARV) = v=v
| occurs (v, FUN(t1, t2)) = occurs (v, tl) orelse occurs
| occurs (v, TUPLEI) = Listexists (fn t => occurs (v,
| occurs (v, CON(s, l)) = Listexists (fn t => occurs
local
val next =ref 0
in
fun resetTyvar () = next := 0
fun newTyvar () =
(next = Inext + 1;
TYVAR ("a" " (Int.toString ('next))))
end
fun  toString  (FUN(tl, t2)) =
"("(toString t1)™  -> "(toString t2)™)"
| toString  (TYVAR n) = ""n

| toSting  (CON(c, [) =¢

| toSting  (CON(c, [f))) =
(toSting  t) ~ " " " ¢

| toSting (CON(c, I)) =

“(" " (ToString.commaSep  (map toString

| toString  (TUPLE [)) = "("
| toString  (TUPLE [t]) =
1 . " " (toString y -~ "

(* This is weird because of ML tuple

| toString  (TUPLE I) =

v,
)

v,

derived syntax *)

|
)

©)

147
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let
fun f ] =™
| f ] =toString t
| f (h:t) = (oSting h) ~ " * (1)
in
G () I
end
end

B.2.2.2 ConvertTypes

Appendix B. Source Code for Chapter 6

To integratewith anothercompiler, this routinemustbe customised.

structure  ConvertTypes =

struct

open LITypes

open SMLTy

fun convertType t =

(*  Unfortunately, the signature ~ SMLTY hides
for MLj types.

| tried removing the signature  contraint  from
it broke lots of other things. %)

let

in
case fromTyvar t of
SOMEv => TYVAR (TyVar.toString V)

| NONE=>
case fromFunType t of
SOME(t, t) => FUN (convertType t,
| NONE=>

case fromConsType t of
SOME(l, c¢) => CON(TyName.toString
| NONE=>
case fromRefType t of
SOMEt => CON("ref",
| NONE=>
case fromArrayType t of
SOMEt => CON("array",
| NONE=>
case fromProd t of
SOMEI => TUPLE(map convertType )
| NONE=> CON(toString t, [) (* | think

c,

[convertType 1))

[convertType 1))

end

the datatype

SMLTy, but

convertType  t)

map convertType )

this  must be a record *)
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end

B.2.3 Representation of Morphisms and Rewriting (Isomorphisms)

Representationf morphismsandpartial evaluationarein structurelsomorphismsTo integrate
with anothercompiler, this will requireminor changeqto dealwith otherabstractsyntaxes).
Currentlythe pretty-printercannotdealwith mary ML) expressions.

structure Isomorphisms
sig

(* Next a function to say whether a type constructor with
a particular arity has a map function. *)
val hasMap : string * int -> bool

(* a morphism could be a morphism, or could be a morphism
applied to some MLj expressions. *)

type morphism

val | : morphism

val curry : morphism

val uncurry : morphism

val appUnit : morphism

val mkLazy : morphism

val mapFun : morphism * morphism -> morphism

val mapCon : string * morphism list -> morphism

val mapTuple : morphism list -> morphism

val lambdaPat : Patterns.pattern * Patterns.pattern -> morphism
val compose : morphism * morphism -> morphism

(* This takes an ML expression and turns it into a
morphism  expression.

This should only be used as a way to print ML expressions.
to use them with morphisms, use applyToML. *)

val toMExp : Syntax.Exp -> morphism

(* This is the function for applying a morphism to and
ML curried  application and evaluating it It takes an
ML expression  list as input and returns a morphism list
as a result (the morphism list contains the original
syntax plus morphisms). ¥

val applyToML : morphism * Syntax.Exp list -> morphism

val toString  : morphism -> string
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end =

struct

open Patterns

val

fun

fun

fun

val

val

val

val

fun

fun

datatype

morphism =
CURRY| UNCURRY
APP_UNIT | MK_LAZY
MAP_FUNof

morphism * morphism
MAP_CONof string  * morphism
MAP_TUPLEof morphism list
LAMBDA_PATof pattern  * pattern
COMPOSEf morphism  list

(* "a ob"is [a b], [] represents
CURRY_APPof morphism * morphism
* 0 identity ¥

I

ML_EXP of Syntax.Exp
TUPLE_EXP of morphism

list

identity %)
list
represents

list

maps =

(
(
(
(
(

getMap x =

hasMap x =

isl
isl

curry =
uncurry
appUnit

c
c
c
c

[(("list",
'option”,
array”,

'vector",
"pair”,

1,
1),
1,
1),
2),

“List.map"),
"Option.map"),
"Array.map"),
"Vector.map"),
"mapPair")]

Option.map  #2 (List.find (fn (X,

) = x=X)

List.exists x, ) = x=x)

maps

| true

= false

CURRY
= UNCURRY
= APP_UNIT

mkLazy = MK_LAZY

mapFun (m, m) =

if

else

mapCon (c,

if

isl mandalso isl m' then

|
MAP_FUN(m, m’)
) =

length 1) then
| then

hasMap (c,
if  List.all isl

Appendix B. Source Code for Chapter 6

maps)
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fun

fun

fun

fun

else
MAP_CON(c, 1)
else
raise  Fail (“Internal error:  attempt to create illegal map "

©)

lambdaPat (p, p) =
if p=p’ then

I
else

LAMBDA_PAT(p, p)

mapTuple | =
if  List.all isl | then
I
else if
List.all (fn 1 => true | LAMBDA PAT_=> true | _ => false) | then
let
val (args, results) =
ListPair.unzip
(map
(fn  LAMBDA_PAT(a, 1) => (a, 1)
| 1 =>1let val i =newd() in (, i) end
| _ =>raise Fail ‘Internal Error  mapTuple")
)
in
lambdaPat(TUPLE args, TUPLE results)
end
else
MAP_TUPLEI

composel (LAMBDA_PAT(p3, p4), (LAMBDA_PAT(pl, p2):M) =
let

val S = unifyPat(p2, p3)

val pl' = substPat S pl

val p4 = substPat S p4

(lambdaPat(pl’, pd’)):M
end
composel (m, m) = m:m’

compose (I, m) =
compose (m, 1) =
compose (M1, M2) =
let

3 3

val MI' = case Ml1of COMPOSH =>1 | m=> [m]
val M2 = case M2of COMPOSE =>1 | m=> [m]
val composed = List.foldl composel M2 (List.rev M1')

151
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fun

fun

val

in
case composed of
0 =1
| ] = m
| I => COMPOSH
end

tupleStringByLen n=

ToString.commaSep  (List.tabulate (n, fn i => "a"(Int.toString

tupleStringByList | =
ToString.commaSep  (map (fn

i => "a"(Int.toString D))

symToString = JavaString.toMLString 0 Symbol.toJavaString

toString  CURRY= "curry"

UNCURRY= "uncurry"
APP_UNIT = "appUnit"
MK_LAZY = "mkLazy"

(MAP_FUN (1, i2) =

toString
toString
toString
toString
("mapFun("
(toString
(toString

iy -~

2 ")
(MAP_CON(c, ms)) =
(getMap (c, length ms)) of
NONE=> “(raise  Fall
| SOMEs =>
oot

"(" "~ (ToString.commaSep

toString
(case

\"unknown map: " ~ ¢~ ")

(map toString  ms))

)

toString  (MAP_TUPLEI) =

"mapTuple” ~ (Int.toString
" (" " (ToString.commaSep
toString(LAMBDA_PAT  (p,
"fn " " (patToString p)
toString | ="I"
toString  (COMPOSE[]) =
"
toString  (COMPOSEl) =
“(" " (ToString.sep " 0" (map toString
toString  (CURRY_APP(f, 1)) =
"(" "~ (ToString.spaceSep (map toString
toString  (TUPLE_EXP I) =
"(" "~ (ToString.commaSep  (map toString
toString  (ML_EXP (,, e)) =

(case e of

(length 1)) ~
(map toString
P =

O

DI

(patToString p)

Ny

)y

DI

-

-
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D)
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(*

(*

fun

fun

The next section involves actually  evaluating  morphism application.

Syntax.LongVid  (Syntax.Short i) => symToString i
| _=>"" (* Dont know how to print this * )

Convert an MLj expression into a morphism expression.  ¥)

—
*

*

oF

toMExp (., Syntax.Tuple 1) = TUPLE_EXP (map toMExp I)
toMExp (., SyntaxApp (€0, el) =

let

val e0" = toMExp e0

val el' = toMExp el
in

case e0 of

CURRY_APP(f, args) => CURRY_APP(f, args@[el])
| e0" => CURRY_APP(eQ’, [el])

end

toMExp e = ML_EXPe

apply (I, (f:args)) = apply(f, args)
CURRYINGAND UNCURRYING¥)

apply (CURRY, f:al:a2:args) =
apply(f, (TUPLE_EXP[al, a2])::args)

apply (UNCURRY, f:(TUPLE_EXP[al, a2])::args) =
apply(f,  alia2:args)

INSERTING AND DELETING UNIT *)

apply (APP_UNIT, f:args) =
apply(f,  (TUPLE_EXP[))::args)

apply (MK_LAZY, f:(TUPLE_EXPI])::args) =
apply(f, args)

LAMBDA*)

apply (LAMBDA PAT (p, p), [a) =
let
(* Wetry to match argument a to pattern p,
then rewrite it wusing pattern p'.
It may not be possible to do this, in
which case just keep the lambda term here. *)
fun match ((ID i, a), SOMEdict) = SOME((i, a):dict)
| match ((TUPLE t, TUPLE_EXPa), SOMEdict) =

%)

153
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if length t<> length a then
NONE
else
List.foldl match (SOME dict)  (ListPair.zip t a)
| match _ = NONE
fun build dict (TUPLE l) = TUPLE_EXP(map (build dict) 1)
| build [ (D i) = raise Fail "unbound variable"
| build ((i, a):dict) (D =
if i=' then a else builld dict (ID 1)

case match ((p, a), SOME[) of
NONE=> (CURRY_APP(LAMBDA_PATp, p), [a])
(* or possibly return as a CURRY_APP¥)
| SOMEd =>
(build  d p)
end

—
oF

MAPS*¥)

| apply (MAP_FUN(m, m’), f:args) =
apply(compose(m’, (compose (f, m))), args)

| apply (MAP_TUPLEI, [TUPLE_EXPI]) =
if length | = length [I' then

TUPLE_EXP(map apply (ListPair.zip (I, map(fn e =>1[e]) )
else

CURRY_APP(MAP_TUPLE, [TUPLE_EXP I)

—
o+

COMPOSITION*)

—
oF

Base cases for composition  *)
| apply ((COMPOSET]), args) = apply(, args)

| apply (COMPOSE[m], args) =
apply(m, args)

—
*

Composition  case *)
| apply ((COMPOSE (m:ms)), (e:es)) =
let
(* Werearrange an expression  like
(m o ms) e es
into
m(ms e) es *)

(apply(COMPOSE ms, [e])

(* Next evaluate this *)
val applyM = apply (m, e":es)



B.2. The New Modules 155

applyM
end

—
F

This wee bit handling currying is required to get
composition  to work ¥)

| apply (CURRY_APP(m, a), a) =

apply (m, a@a’)

—
*

ERRORAND NO ACTION CASES*)

[ apply (m, [) =
m

| apply (m, avargs) =
CURRY_APP(m, a::args)

fun applyToML (morphism, miIExpList) =
apply (morphism, map toMExp mIExpList)

end
(* The actual ML definitions of the isomorphism components. *)
structure  Implementations =
struct
val | =fn i =i

val cury =fn f =>fn al => fn a2 => f(al, a2)
val uncurry =fn f =>fn (al, a2) =>f al a2
val appUnit =1 f =>f ()
val mkLazy = fn x =>fn () => x
val mapFun = fn (i1, 2) =fn f =>i2 of o0l
fun mapTuple2 (f1, f2) (al, a2) =
(fl al, f2 a2
fun mapTuple3 (f1, f2, f3) (al, a2, a3) =
(fl al, f2 a2, f3 aj3)
fun mapTupled (f1, f2, f3, f4) (al, a2, a3, a4) =
(fl al, f2 a2, f3 a3, 4 ad)

(* This is the only binary type constructor with a map. *)
datatype (a, b) par = PAIR of 'a * b
fun mapPair (f, g) (PAIR@a, b)) = (PAIR(f a, g b))

end
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B.2.4 Unification

Theunificationroutinesaretoo long for inclusionin full here.Thefilesrequiredare
e UnifyModuloLinearlso
e Rewrite
e UnifyAC
e GenerateMatrices
e UnifyACMatrices
e UnifyACUftilities
e UnifyEq
e Substitutions

Thesefiles shouldnot requirearny changedo integratethemwith anothercompiler
Unificationmodulolinearisomorphisnfollows the algorithmexactly

structure UnifyModuloLinearlso

sig
val unify
LITypes.types * LITypes.types ->
(Substitutions.substitution *Isomorphisms.morphism) Stream.stream
end =

struct
open LITypes
fun unify (11, t2) =

let
val (', ml, ml) = Rewrite.rewrite t1

val (2, m2, m2) = Rewrite.rewrite t2

val S = UnifyAC.unify (tr, t2)

val S =
Stream.map
(fn (s, m3) =>
(s, Isomorphisms.compose(m2’, Isomorphisms.compose(m3, m1))))
S
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end

end

B.3 Using the Program

The programis compiledandinvoked in the sameway asthe original versionof ML].

presentshe userwith aprompt.

MLj 0.2c with Type Debugging by Bruce McAdamv0.1
Copyright ~ (C) 1999 Persimmon IT Inc.

MLj comes with ABSOLUTELYNO WARRANTY.It is free software, and you are
welcome to redistribute it under certain  conditions.
See COPYINGfor details.

This version incorporates Type Debugging Messages

Copyright  (C) 2001 Bruce McAdam <bjm@dcs.ed.ac.uk>

The extensions  come with ABSOLUTELYNO WARRANTY. The extensions  are
covered by a separate license  agreement.

See COPYING_tydebug for details.

For further  information see http://www.dcs.ed.ac.uk/home/bjm/

\

Theeasiestvay to testit is to usethe commands

sourcepath  dir
make file

Wheredir/ file.sml is thefile youwishto compile.
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