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Abstract

We considercomputationaimodelsmotivatedby processorsvhich exhibit architec-
tural asynchrog andallow operandgo bypassthe register bank using a forwarding
mechanism.We analysethe interactionbetweenasynchrog andforwarding, derive
constraintontheusageof forwardingfor variousmodelsof operationandstudycon-
sequence®r compilerstargetingsuchprocessors.

Ourapproacho reasoningboutprocessobehaiour is programminganguagéased.
We introducean assemblylanguagein which forwardingis explicitly visible. Op-
erationalmodelscorrespondingo processombstractionsare expressedas structural
operationalsemanticdor this language. The benefitsof this approachfor defining
programexecutionandfor relatingprocessomodelsformally aredemonstratedi-ur-
thermore,we studythe restrictionson the classof admissibleprogramsfor eachop-
erationalmodel. Underour programminganguageperspectie, theseconstraintsare
expressedsstaticsemanticandformalisedastypesystems Suitability of forwarding
schemedor particularmodelsof operationfollows from soundnesandcompleteness
resultswhich are establishedby standardprogramminglanguageproof techniques.
Well-typed programsare structurally correctand cannotexperiencerun-time errors
duetoill usageof theforwardingmechanism.

Exposingasynchrog and forwardingto the programmerallows a compilerto opti-
miseforwardingbehaiour by schedulingoperands We shav how programanalysis
candecidewhich valuesto communicatehroughregistersandwhich onesto forward.
The analysisis expressedasa dataflav problemfor anintermediatdanguageandis
provensoundwith respecto adynamicsemanticsSolutionsto thedataflav equations
yield translationsnto theassemblyanguagevhich arefunctionallyfaithful to the op-
erationalsemanticgindalsostructure-preservingsresultingprogramsarewell-typed.
Thetheoreticaldevelopmentof the translationis complementedby a prototypicalim-
plementation. Experimentalresultsare includedfor a symbolic cornversionof Java
virtual machinecodeinto the intermediatdanguagejndicatingthat applicationpro-
gramscontainsufficient opportunitiedor forwardingto make our approacthviable.

In conclusionwe demonstrat¢éhe benefitsof a programmindanguagebasedview for
reasoningaboutprogramgargetingarchitecturesvith asynchrog andforwarding.
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Chapter 1

Intr oduction

In thisthesiswe studycomputationaimodelsof asynchronouprocessorsvith operand
forwarding. Usingthis architecturafeature,instructionsmay communicateperands
directly by sendinghemto thefunctionalunit wherethey will beconsumedbhypassing
theregisterbank.In synchronousrchitecturesforwardingallows oneto schedulan-
structionsamoreaggressiely asthenumberof pipeline-slotseparatinghe producerof
anoperandrom its consumemaybereducedFly95]. In thesearchitecturesforward-
ing mayfor examplebeimplementedisingTomasulo$ algorithmwheredatais broad-
castto all functional units and consumedusing a tag-matchingoperation[Tom67.
In asyntironousarchitecturesbroadcastings undesirablasit globally synchronises
operationsand couplesfunctional units too tightly. On the otherhand,a distributed
forwardingregime whereoperandsnay be sentto specificdestinationdits muchbet-
ter with the data-drven natureof asynchronousomputation. Consequentlyseveral
recentasynchronousrchitecturesexplored different forwarding schemeor closely
relatedapproachesHowever, the interactionbetweenoperandforwardingandasyn-
chronouscomputationis comple< anddifficult to reasoraboutdueto the distribution
of asynchronoustate. As a result,forwarding schemesre oftenimplementedn an
ad-hocmannermwithout beingcomplementedby detailedstudiesof the legality of for-
wardingscheme®r theresultingprogrammingmodel.

1



2 Chapter 1. Introduction

1.1 Programming language based reasoning

In orderto fill this gap,we proposea programminglanguagebasedapproachwhere
forwardingis explicitly visibleto theprogrammerWhile somearchitecturesllow for-
wardinginformationto occurin the assemblylanguagéan orderto exposescheduling
opportunitiesto the compiler a systematidnvestigationinto the structural require-
mentsfor codeusingforwardinghasnot yet beenprovided. For example,the SCALP
asynchronousrchitectureadmitsprogramswhich usethe forwarding mechanisnin
unsafeways, potentially leadingto a deadlockof the processaroperandoverflow,
operandstanationor non-determinisniEnd9q. Our programmindanguagepproach
allows oneto eliminatethesehazardseforeruntimeby characterisingafecode,re-
sultingin provenexecutionsafety Programsvhichmightruninto hazardsrerejected
before an attemptis madeto executethem. We achieve the necessarymathemati-
cal rigour by following the approachof modernprogramminganguagedesignwhich
complementshe syntacticdefinition of a languageby structuraldescriptionsof run-
time behaiour andof staticprogramproperties.Thesestaticanddynamicsemantics
allow us to reasonaboutprogramcharacteristicsn an implementation-independent
way, to comparethe operationabehaiour of implementationsystematicallyandto
relate syntacticallyenforceablgorogrampropertiesto runtime behaiour. Often for-
malisedas type systems static semanticsaim to eliminateall dynamichazardsun-
derconsideratiorat compiletime, admittingonly thoseprogramdor executionwhich
could be provento be free of hazards.As a result,not only is the safetyof program
executionensuredput alsoperformancebenefitsare obsened asruntimechecksand
routinesfor recoveringfrom hazardousituationsneednot beimplemented.

As atest-bedor reasoningaboutforwardingschemesve definea smallassemblyan-
guagefor explicit forwardingcalled ALEF. Differentdynamicsemanticsaregivento
ALEF, correspondingo differentabstraction®f processobehaiour. The first dy-
namic semanticsnodelssequentiakxecutionsimilar to corventionaldescriptionsof
theinstructionsetarchitecturgISA). Later, we consider(interleaved) parallelexecu-
tion and executionunderlimitations on hardware resources.The dynamicsemantics
arecomparedo eachotherformally, andgive riseto differenterror conditions.Each
model’s characteristihazardsare subsequentlgliminatedby typing calculi. Sound-
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nesgesultsareincluded,shoving thatwell-typedprogramswill indeednotexhibit the
runtimehazardsinderconsideration.

1.2 Program analysis for scheduling comm unication

Exposingforwardingto the programmeumllows the compilerto schedulehe commu-
nication by decidingfor eachoperandby which mechanisnit shouldbe sent. The
architecturesve concentrateon implementforwarding using operandqueueswvhere
the headvalueis removedfrom the queueduring consumption Hencethe compiler's
optionsfor schedulingarelimited asnot all valuesaresuitablefor forwarding. In the
secondpart of the thesiswe analysetheserestrictionsanddevelop the programanal-
ysisnecessaryor detectingthe forwardability of valuesin anintermediatdanguage.
We shawv thatthe forwarding disciplineimposedinearity conditionson the usageof
intermediatevalueswhich may be expressedising dataflav equations.We consider
an operationakemanticof the intermediatdanguagewhich captureghe essencef
forwarding by restrictingreadingand writing capabilitiesof programvariables. We
thenprove the dataflav equationssoundwith respectto this operationaimodel. The
earlierinsightinto the structuralrequirement®n assemblyprogramss subsequently
exploitedaswe demonstratéow dataflav solutionsin theintermediatdanguagecor-
respondo well-typednes®n the assemblylevel. In particular we provide a transla-
tion from the intermediatdanguagento the assemblylanguagewhich is both func-
tionally correctand structurepreserving,ncluding the allocationof operandqueues
andregisters. We thus demonstratehat forwarding may be lifted from the architec-
tural level to the level of programanalysis.This links our work to currentresearchn
the programminganguagecommunitysuchastypedcompilationandtypedassembly
languagesas well asto recentwork on the relationshipbetweendifferent program
analysidramevorks[NNH99]. Ontheotherhand,ourwork shavs how programming
languageconceptamay be usedto raisethe level of reasoningaboutcomputerarchi-
tectures.We expectthis to berelevantfor otherarchitecturesvhich exposethe com-
municationstructureto the programmeisuchas(reconfigurablejield-programmable
gatearrays(FPGAs [CHO02]), transport-triggerea@rchitecturegCM91] andthe Raw
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modelof computation[TKM T02]. In all of thesemodels,safetyof executionrelies
onthecoordinatedisageof theunderlyinghardwarewhich is susceptibléo structural
propertief code.

Finally, we provide a prototypicalimplementatiorof our compilationapproachgon-
sistingof thedataflav analysisn theintermediatdanguagegqueueandregisteralloca-
tion for the forwardableandnon-forwardableentitiesrespectrely, andthe translation
into ALEF. By linking our implementatiorto two symbolic corversionsof Java vir-

tualmachinecode[LY97] into ourintermediatdanguagewe give experimentatesults
for well-known benchmarkprograms.This allows usto addresshe questionwhether
therequiremenbf linearusagdimits the forwardingopportunitiego anextentwhich

makesforwardinginviable. Both the conceptuahnalysisandthe experimentakesults
indicatethat indeeda hugenumberof forwarding opportunitiesexist in application
programsas virtually the whole JVM operandstackmay be turnedinto forwarding.
Underthe assumptiorthatforwardingqueuesnay be built in a moreenegy-eficient
way thanlarge registerbankswith multiple read/writeports,our work henceprovides
a meango reducethe power consumptiorin virtual machineimplementationsvhich

compile bytecodeinto machinelanguagelSun01], [AAB 700]. A particularbenefit
shouldresultfor mobile JVM’s runningon personadigital assistant¢$PDA’S) or mo-

bile phonesvherebatterylifetime is limited.

1.3 Summary of contrib utions

On a pragmaticlevel, our main contritution consistsof an argumentfor a program-
ming languagebasedapproachto reasoningaboutprocessomarchitecture,compiler
andinstructionsetdesign.The needfor sucha methodologyis outlinedin Chapter2,
motivatedby the compleity of modernsystemarchitecture.The key ingredientsare
operationakemantic$or describingorocessobehaiour andstaticsemanticgor char
acterisingsomeprogramproperties.Although theseingredientshave beenof central
importancein the programminglanguagecommunity their applicationto processor
architecturesasto our knowledgenot yet beenexplored.

We exerciseour methodologyby applyingit to the forwarding of operandsn pro-
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cessorwith instruction-level asynchrog. The secondcontrikbution thusconsistsof a
novel abstracmachinemodel,asyn&ironousqueuemadines(AQM’s). AQM’s unify
existing architectureswith respectto forwarding, highlighting their similarities and
differences.

Onamoretechnicallevel, thefirst part(Chapters3 to 5) provides

e an assemblylanguagefor AQM’s called ALEF (AssemblyLanguagefor Ex-
plicit Forwarding).Exposingforwardingto the programmer/compile ALEF fa-
cilitatesthe usageof programminganguageechnologyandsernesasour main
vehiclefor analysingforwardingbehaiour andlinking it to programanalysis.

¢ variousdynamicsemanticgor ALEF, eachcorrespondindo a particularaspect
of processobehaiour. Thesesemanticslemonstrateéhe flexibility gainedby
emplgying programminglanguagenotionsfor defining processombstractions
uniformly andcomparingthemformally.

e staticsemanticsvhich eliminatestructurallyincorrectprogramsbeforeruntime.
As eachdynamicsemanticgjivesriseto characteristi@rrorsituationsthebene-
fits of staticallyenforcablesafetyconditionsbecomeapparentTheseconditions
areexpressedstypesystemavhicharetied to thedynamicsemanticgy sound-
nessandcompleteneseesults.

In orderto demonstrateéhe approachwithout beingoverwhelmedoy implementation
details,we presensimplified processomodelsanda deliberatelyrestrictedanguage.
Startingfrom a sequentiamodelof operatiorfor pureforwarding(sequentiahQM’s),
we addotherfeatureqconcurreny, hardwarelimitations, registers)aswe proceed At
eachstep,dynamicandstaticsemanticgrisenaturallyfrom thecorrespondingpotions
of the previous model. This demonstrateshe advantageof a structuredapproach,
even more so as proofsof correctnesgeneraliseequallywell. For example,in the
modelfor concurrenperation(Chapterd), we distinguishbetweerthe derivation of
conditionsnecessaryor correctexecutionandmeangor dischaging suchconstraints.
This separatiomeappearsvhenregistersareintroducedn Chapter5: asthe sourceof
errorconditionsaregeneralisationsf the onesexaminedin Chapter4, the meandor
dischaging the constraintsareseento be correctby invoking the earlierresults.
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Thesecondart(Chapters to 8) substantiatethe claimthata programmindanguage
basedapproachs beneficialfor linking processobehaiour to programanalysisand
compileroptimisation.We provide

¢ the programanalysisfor decidingwhich operandcommunicationmechanism
should be usedfor eachintermediateresult. The analysisis presentedas a
dataflav problemfor anintermediatdanguageandis formally proven sound
with respecto a non-standar@perationakemantic§Chapter6).

e a compilationroute from intermediatecodeinto ALEF which is basedon so-
lutions to the dataflav equationsandincludesan allocationphasefor registers
andqueuenames.We prove functionalcorrectnesgy relatingthe dynamicse-
manticsof the intermediatdanguageto the dynamicsemanticof ALEF. The
translationis also shovn to be structurepreservingas eachdataflav solution
yields ALEF codewhich is well-typed accordingto the linear type systemof
Chapters3 to 5. We thuslay the foundationsfor a verifiable compilationfrom
high-level codeinto ALEF, similarto recentadwancesn thecompilationof func-
tional programmindanguageg¢Chapter7).

e aprototypicalimplementatiorof thecompilationprocesgChaptei8). Although
concretdnstructionsarereplacedoy symbolicoperationsprogramanalysisand
translationproceedasoutlinedin Chapterss and7, startingfrom Java virtual
machine(JVM) code. TheresultingALEF programsindicatethe multitude of
forwardingopportunitiesn applicationprograms.

Thelastitem thusprovidesmodestexperimentalevidencefor our approachcomple-
mentingthe moretheoreticajustificationpresentedn the precedingchapters.

1.4 Synopsis

Thethesisis structuredasfollows. Chapter2 describeshe backgroundandmotivation
for this work, summarisingrendsin (asynchronousprocessomrchitecture arguing
the applicability of programminganguageconceptsdiscussingelatedwork, andin-
troducingsomenotationalcorventions.
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The assemblytanguagédor explicit forwardingALEF is introducedn Chapter3. It is
equippedwith anoperationakemanticavhereinstructionsare executedsequentially
In orderto understandhe basicpropertiesof forwardingin isolation,all operandsre
forcedto becommunicatedia theforwardingmechanismi.e. no supportfor registers
is provided. The characteristicuntimehazardsarediscussedandsubsequentlglim-
inatedby a staticsemanticzonsistingof a type systembasedon notationfrom linear
logic [Gir86]. Typesabstractlycharacterise¢he shapeof configurationsgivenby the
numberof itemsin eachoperandjueue.

Chapter4d considersalternatve dynamicsemanticsvhich are closerto processoim-
plementationsFirst, we considera distributedmodelof executionwhereinstructions
await their operandsn instructionqueuesandheadinstructionsmay executeassoon
asall their operands$ave arrived. The resultingout-of-orderexecutionis purely gov-
ernedby the delaysinside the functional units, on which no assumptionsre made.
Consequentlyanadditionalclassof runtimehazardss obsenedasinstructionscom-
petefor writing accesgo operandqueues.The dynamicsemanticss formally related
to the earliersequentialynamicsemantics.Insteadof modifying the operationake-
manticsuntil full compatibility betweenthe two modelsis achiezed we characterise
the programdor which compatibility holds. This approachs motivatedby the desire
to constrainthe operationabehaiour aslittle aspossible,i.e. make no compromises
regardingdistributedasynchrog. Programswhich fulfil the compatibility conditions
areconsideredafefor distributedexecution,andthe earliertyping systemis extended
to eliminateunsafeprograms.As the analysisis split into a phaseof deriving condi-
tionswhich mustbefulfilled for safeexecutionanda phaseof discharging conditions
which are fulfilled, a scalableapproachs takenwheremoreprogramsmay be proven
safeatthe costof amoreinvolvedprogramanalysis.

Secondlywe consideroperationamodelsfor implementationsvhereoperandqueues
areof finite length. Again, the resultingrestrictionsare treatedas conditionson the
programsandareindeedshown to be relatedto the propertiesnecessaryor safedis-
tributedexecution.

Chapter5 introducesregistersand reexaminesthe earlier operationalmodelscorre-
spondingly Therobustnes®f our approachs demonstratedsextendingthe staticse-
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manticsin the expectedway provessufficient for guaranteeindgpazard-freexecution.
In particular the characteristipropertyof registersto allow therepeatedtonsumption
of valuesis reflectedn thelineartyping calculi by the expectedexponentials.
Chapterss and7 describethe programanalysisfor intermediatecodeandthetransla-
tion of intermediatecodeinto ALEF. We introducea smallintermediatdanguagewith
assignmentandbranchinstructions anddevelopthe dataflav equationgor detecting
singleusageof programvariables.We alsoconsiderprogramsn staticsingleassign-
ment(SSA) form [AWZ88], andshav how the dataflav equationanay be extended
appropriatelyln bothcasesthe dataflav equationsareprovensoundwith respecto a
dynamicsemantic®f theintermediatdanguagevhichrestrictstheread/writecapabil-
ities of somevariablessimilarly to thelow-level forwarding.Ontheotherhand these-
manticsarealsorelatedto the standardlynamicsemanticof thetheintermediatdan-
guage.Chapter7 presentghetranslationof programsrom the intermediatdanguage
into ALEF. We shav how eachsolutionto the dataflav equationgesultsin a different
ALEF programandprovethattheresultis alwayswell-typedwith respecto thecalcu-
lus of Chapters. The correspondindormal proof relatesintermediate-leel structure
(dataflav equations}o low-level structure(assembly-leel typing calculus),indepen-
dently of the concreteallocationof operandqueuesandregisters. Subsequentlywe
treatthe functional correctnes®f the translation.We characterisevhenforwardable
entitiesneedto bemappedo differentqueuesandobtainoperandjueueallocationsy
colouringthecorrespondingonflictgraph.The proof of functionalcorrectnes$inally
shows that certaininvariantshold during ALEF programexecution,correspondingo
propertiedn the executionof theintermediatgprogram.

Chapter8 presentghe experimentalresults. We discussthe two cornversionschemes
from JVM codeinto the intermediatdanguageand comparetheir effectivenessfor
transformingoperandstackcommunicatedaluesinto forwardableentities,basedon
the programanalysisandthetranslationintroducedn Chapters$ and?7.

Finally, we concludein Chaptem by discussinghortcominggandpossibleextensions
of our work andoutlining sometopicsfor futureresearch.



Chapter 2

Background and motiv ation

This chapterprovidesthe backgroundand motivation for the work presentedn this
thesis,outlinesour approachanddiscusseselatedwork. We touchon a numberof
areasrangingfrom asynchrog andhardware verificationto programminglanguage
technologyandprogramanalysis.

Themotivationfor ourresearclarisedromthedesireto reasoraboutoperandorward-
ing in asynchronouprocessors.Although we are not aiming to justify circuit-level
asynchrog from a hardware designperspectre, we summarisesomeargumentsfor
asynchronousperationin Section2.1in orderto explainthe conceptaunderlyingour
latercomputationamodels.We thendiscusghevariousscheme®f forwardingoccur
ing in recentarchitecturedeadingfrom noforwardingvia exclusively hardware-based
forwardingto explicit forwardingand compounding(Section2.2). Armed with this
overview, Section2.3introducesasynchronougueuemachinesasaunifying modelof
computationfor globally asynchronousrchitecturesvith forwarding. Subsequently
we discusscurrentapproacheso processowerificationin Section2.4. This is fol-
lowed by motivatingwhy a programmindanguagebasedapproachmay be moresuit-
ablefor understandindorwardingconceptuallycomplementinghe existentverifica-
tion techniquegSection2.5). Relatedwork is discussedn Section2.6,concentrating
on applicationsof structuraltechniqguedo hardware design,and of type systemsto
assembly-leel languagesndcompilation. Finally, Section2.7 introducesnotational
conventionsemployedthroughouthethesis.

9
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2.1 Async hronous processor s

The operationaimodelswe considerin this thesisareinspiredby processoarchitec-
tureswhich employ architectural asynrony, i.e. the actiities of functionalcompo-
nentsof a processomre not centrally synchronisedy a global clock. Instead,com-
ponentsmay executetheir tasksindependentlyat different speed. Someeffects of

architecturabsynchrog occurin globally synchronousystemssuchasout-of-order
executionin superscalararchitecture®r multi-processochips. The archetypicakit-

uationfor architecturalasynchrog however arisesif componentsare clocked at dif-

ferentratesandcommunicatdy handshakingthelocally synchronousglobally asyn-
chronousregime) or if the systemclock is removed altogetherresultingin a purely
asynchronousegime. In the latter case executiondelaysmay be influencedby ervi-

ronmentafactorssuchasvoltageandtemperaturevariationsduringfabrication,or the
actualdatato beprocessed.

Bothformsof asynchrog arebeinginvestigatedaspotentialalternatvesto traditional
hardwaredesignphilosophiesmotivatedby the growing designcompleity for glob-
ally synchronousystems Advocatessuchas[BS95],[DN97], [Hau95]and[ManQ0]
arguethata numberof technologicatiravbacksfoundin corventionaldesignmethod-
ologiesmaybe overcomeusingglobalasynchrog:

Costof computation versuscostof communication. Astheintegrationdensitycon-
tinuesto increasetherelative costof communicatingrzalues(wiring) dominates
the costof actuallyperformingcomputation.The absencef a centralclock re-
movesthe needto communicateclock signalsandthusdecreasethe chip area
neededor routing.

Absenceof clock skew. Ensuringthat the clock signal arrives at all componentsf
a chip at the sametime is one of the mosttime-consumingasksduring chip
design.Timing closureis oftenachiezed by usinggatedclocksandclock trees,
with negative effectson power consumptioror die size. Asynchronousystems
do notrely on the arrival of a signalat a gateat a globally determinedpointin
time, sothe clock skew problemdoesnotarise.

Averagecaseperformance. Theclock speedof a synchronousystemis determined
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by mostpessimisticassumption®n the speedof individual componentsprop-
agationdelays,incomingdataand ervironmentalconditions. Unlessthe clock
speedcanbe adaptedat runtime, presencef morefavourablesituationscannot
be exploited, andtime andenepgy arewasted.Asynchronousystemsoften al-
low a computationto proceedat its naturalspeedandcanthusadaptto various
runtime conditions, resultingin expectedaverage-caseatherthan worst-case
performance.

Modularity and modifiability . As decoupleccomponentslo notrely on globaltim-
ing assumptionghey canbedesignedn amoremodularway. Theperformance
of adesigncanbeimprovedmoreeasilyby replacingbottieneckcomponentby
improved implementationswithout having to reevaluatethe timing constraints
or re-routingotherareasof the chip. Consequentlythe life-time of a designis
extended)eadingto a morefavourablecost-perdesignratio.

Power consumption. Althoughmodernsynchronousystemswitchoff or slow down
unusedpartsof a chip whenno usefulwork is performed,the overheadof the
correspondingegulationmechanismslisappears theactuvity of gatess deter
minedlocally, asis the casein globally asynchronousystems.

Security. By probingandobservingcharacteristicurrentspikes,an outsideattacler
canidentify executedinstructionsand analysethe dataof a computation.Suc-
cessfulexperimentson retrieving the completekeys of commonlyusedsmart-
cardsecurityprotocols(RSA, DES)by probingthe electro-magneti¢EM) char
acteristicshave beenperformed GMOQ1]. It is arguedin [MAKOO] thatasyn-
chronoussystemsblur patternsn the curvesof currentor EM radiationandthus
helpinhibiting attacksbasedon power analysis.Furthermorethe vulnerability
of processorso modulationof clock andpower by applyingadditionalexternal
signalsandthuschangingthe processos behaiour is reducedunderthe asyn-
chronougegime.

Mostof theseadwocatedadvantagesiave beenvalidatedonly in isolationor for special-
purposeapplications,and are counterbalancedby increasedransistorcounts, neg-
atively effecting die area, power consumptionand designcompleity. In addition,
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Req Out

Data Out

Ack Out

Figure 2.1: Sutherland’s micro-pipeline

asynchronousystemsieednon-standar@ncodingtechniquegor both signals(hand-
shakingprotocols,transitionsignalling) and data (1-out-ofn, ... ) and are difficult
to verify andtest[LGS95][HBB94. For thesereasonsmost mainstreamhardware
designis doneusingsynchronouslesignstyles.

Neverthelessgircuit-level designof asynchronousystemshasimprovedover the last
decadewith the adwent of specificdesignmethodologies.Theseare often basedon
concurreng formalismssuchas CSP[Mar86] [Bur87], CCS[LBM96] [BMO0O] or
Petrinets[SKLY97] [YGLOO] [CM99a] andhave partially resultedn designandsyn-
thesistools. Someof theseformal methodshave beenvalidatedduring the designof
full processorMLM T97] [DGY93] or partsthereoff MLM99] [CM99a].

Onahigherlevel, novel processoarchitectureiave beenproposedPav94] [GFC99
[RB95][SSM94][Mul01] [OIUT01] [WAO01], mostof whicharebasedn Sutherlands
micro-pipeline[Sut89].

Thisbasicprocessingtructure(seeFigure2.1) consistof a seriesof storageslements
realisedby asynchronousompositionand controlledby specificlogic gates(Muller
C gates). In the absenceof circuitry betweenthe stagesthe micro-pipelineactsas
an elastic FIFO queueasthe numberof valuesheld in the queuemay vary dynami-
cally. If logic functionalityis insertedbetweerthe stagesthe micro-pipelineactslike
aconventionalprocessopipeline,but delaysaredeterminedalynamically A functional
componenmay startto processlataincomingfrom its left neighbourassoonasit has
communicatedhe previousresultto the neighbourto its right. If somestagesareleft
without circuitry, anelasticprocessingipelineis obtainedholding a varyingnumber
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of items. Theactionsof eachstagearegovernedby local constraintsuchasthe avail-
ability of data,and buffering betweenthe stagesdecoupleghe progressn adjacent
functionalunits, resultingin a self-adaptinghroughput.For example,a long lateng
for a specificinstructionin the first pipeline stagemay be compensatethy shortla-
teng for the sameinstructionin the secondstage.In contrasta synchronougipeline
would artificially extendthelateng of thesecondstageto matchthelateng of thefirst
stage resultingin a reducedthroughput. Concerningthe designcompleity, it could
be arguedthat synchronouslesignviolatesone of the principlesof modernprocessor
designoutlinedin [HP96]: to make the frequentcasefastandthe infrequentcaseqat
least)correct. Assumingthatthe above lateng behaiour occursfor a small percent-
ageof instructionsdesigntime andhardwarespenton improving the speedf thefirst
stagewill neverpayoff, but leaving it unimprovedwastesuntimeperformancen the
commoncase.

The processorslescribedn [SSM94 and [WAO01] usecounterflav pipelineswhere
instructionsand valuestravel in oppositedirections. The rotary pipeline processor
[MRW96] employs a circular datapathwhich valuestraverseclock-wise,visiting the
respectre functionalunits. Most otherarchitecturesnentionedabove take alessradi-
calapproaclandstickto thecorventionalorderof functionalstagesasfoundin aRISC
pipelineor employ a superscalarapproachby parallelisingeitherfunctionalunitsin
theexecutionstageor full pipelines.Theresultingout-of-orderexecutionis oftencom-
plementedoy write-backstagescontainingreorderingmechanismsallowing precise
exceptionhandlingandhiding executiondelaysfrom the programmer Most of these
architectureslsoemploy someform of lastresultreuseegisterbypassingr operand
forwardingasoutlinedin the next section.

A recentarticle motivating architecturalasynchrog in the contet of dataflav and
multi-threadedarchitectureganbefoundin [SRUO1].

Asynchroty hasalsobeenproposedsafeatureof biologicallyinspiredreconfigurable
electronicsystemsn the areaof embryonicqdJTO1].
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2.2 Forwarding and compounding

We concentrat®ur analysison the high-level communicatiorof operand$etweenn-
structions.In traditional(synchronous)SA's, all operandsrecommunicatedhrough
registersor memory[HP96]. Modern pipelinedprocessoimplementationsiowever
useanadditionalmechanisntalledoperandforwarding or registerbypassingasafast
mechanisnmo communicateoperands.Avoiding the lateng of registercommunica-
tion, the distancebetweenproducerandconsumein the pipelinecanbereducedand
data-dependentstructionscanbe executedin closesuccessiofHP96 [Fly95]. As
a further consequencéhe demandon the register bankto provide instructionswith
operandss reduced.As moreinstructionlevel parallelism(ILP) is exploited, this al-
lows oneto useregisterfiles with lessread/write-portsteducinghardwarecompleity
and processofmarea. Often, eitherthe control unit or the register bank contain spe-
cial hardware to detectforwarding opportunities,basedon the Tomasulo-algorithm
[Tom67, score-boardfrho64] or bypassindogic.

In the context of asynchrog, forwardingis a naturalmeango capturethe data-drven
aspecibf computationandasynchronousarchitecturedhiave consequentlyexploreda
wide spectrunof forwardingtechniques.

2.2.1 Little or no forwar ding

Most earlyasynchronouarchitectureslid notimplementary meansof dataforward-
ing [DGY93] or relied on registerlocking (Amuletl, [Pav94]), scoreboard$RB95],

local reuseof apreviously computedesultinsidea functionalunit [FDG*96], [RB95]

andreuseof valuespreviously loadedfrom memory[FDG*96]. TherecentDCAP-
architecturdWAO1] concentratesn theimplementatiorof dynamicschedulingdoes
notincludeary forwardingandemploys registerrenamingandothertechniquesn the
controlunit to resole datadependencies.

2.2.2 Register bypass unit

A hardware-basedolutionconsistf abypasaunitin front of theregisterbankwhich
holdsrecentresultsandsenesall operandrequestdor valuesit contains.Sucha so-
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lution is employedin [MLM *97], but might not scalewell asthe numberof operand
requestgrows. The designof [MLM *97] alsopresentsa simple mechanisnfor re-

orderingthe instructionsbeforethe write-backstage:during (in-order)instructionis-

sue,atagis enterednto a FIFO queuewhich allows the write-backstageto poll the
functionalunitsfor resultsin the sameorderin which the instructionswereissued.A

numberof low-level designdecisionsnvereexploredduringthe developmentreported
in [MLM 797], anda CSP-like formalismwasemployed.

2.2.3 Forwar ding in the contr ol unit

Underthis regime, the control or instructionissueunit identifiesopportunitiesor for-
wardingwhendecodinganinstruction.Basednananalysisof data-dependencief®r-
wardingrequest®r bypassindagsaregeneratedlynamically An improvedqueuem-
plementatiorproposedn [GG97]reducingpowerconsumptiorandeasingeadingand
writing accessvasimplementedn Amulet3[GFC99]. The Cascade-ALUOIU T 01]
andsomescheme [Mul01] alsoemploy control-unitbasedorwardingwhichhasthe
advantageof finding moreforwardingopportunitieghanstatic,compilerbasedmeth-
ods. The downsideis runtime overheadn termsof speedandpower consumptioras
additionalhardwarefor detectingdependencieandavoiding deadlockss employed.

2.2.4 Compiler -based forwar ding

Severalauthorgoroposedo includeforwardinginformationin theinstructioncode,ei-
therexplicitly [End96]or by annotationgMul01] or specialinterpretation®f register
namedRB95]. In all of thesecasestheresponsibilityto scheduleoperandorwarding
lies with the compiler andconsequentlyhe hardwareis vulnerableto compilererrors
leadingto unsafe deadlockingor functionallyincorrectusageof theforwardingmech-
anism.

In FRED[RB96€] [Ric96], theregisternamer 1 carriesa specialmeaningby allowing
accesgo a queueof values,which deliversa differentvalueeachtime it is accessed.
Executionof branchess split into an evaluationof the branchconditionandan oper
ationreadingthe branchoutcomeandperformingthe jump. Althoughthe mechanism
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NI

Figure 2.2: Compoundings for [AM99]'s example program.

wasconsiderednterestingenoughto beincludedin FRED, it wasnot givena promi-
nentstatusn thefurtherdevelopmentindanevaluationof theusageof thismechanism
is not provided.

2.2.4.1 Compounding

The compoundingapproacHAMO0] [AM99] [Mul01] identifiesforwardingopportu-
nitiesin thedata-dependengraphof programsy groupingadjacentnstructions.For
example,theprogram

(1) r5 = menir2+4]
(2) rl = menir2]
(3) r2 =rl1* 321
(4 r3 =r2 +r5

(takenfrom [AM99]) canbe compoundedsindicatedin Figure2.2. At runtime,en-
circled data-dependencigssultin forwardingand cross-compoundependencies
registerusage A singlebit in theinstructioncodesufficesto indicatecompoundnem-
bershipprovidedthatonly syntacticallyneighbouringnstructionscaninhabitthesame
compound-thesecondandfifth compoundingsn Figure2.2violatethis requirement.
If instructionamaybereorderediuringcompilation,arbitraryadjacenyg relationsmay
thusresultin forwarding,aslong aseachcompounds a linear chainof instructions
andthe graphof compoundnstructionsandinter-compounddependencies agyclic.
[Mul01] proposeda numberof implementationgor dynamicschedulingandforward-
ing, andexploredtheireffecton overallperformancéor varyinglatenciesf functional
unitsandregisters.The motivationfor ourinvestigationnto forwardinggrew from the
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desireto characteriséegal compoundingsnore abstractly allow non-linearshapes,
andextendcompoundingo forwardingacrosshasicblock boundaries.

2.24.2 SCALP

In SCALP [End9q, identifiersof input ports of functional units may appearn the
opcodeasin
add -> mul _b

This instructionwould addthe two valuesat the (implicit) input portsa andb of the
functionalunit ALU andsendthe resultto portb of functionalunit MUL. Incorporating
the destinationof forwardedvaluesexplicitly was motivatedby the desirefor high
power efficiengy, realisedby high codedensityand asynchronougparallelism. The
resultingparadigmis more flexible than simple compoundingasthe needto restrict
forwardingto neighbouringnstructionss removed. Considerfor exampletheprogram

(1) Id 4 -> nul _a;

(2) Id 2 ->alu_a;

(3) I1d 3 ->ml_b;

(4) inc -> mema;

(5) mul -> memb

(6) st

whereinstruction(4) consumesheresultof instruction( 2) . Asinputportsaregener
alisedto operandgueuesfunctionalunits becomedecoupledandavailability of sev-
eralinputportsatfunctionalunitsenablexompoundsvhereforwardingchainsmemge.
For example the multiplicationinstruction( 5) in theabove programobtainsoperands
from (1) and(3). Ontheotherhand,introductionof a duplicationinstructionwhere
avalueis sentto two destinationsallows us to implementbranchingcompounds.In

theprogram

(1)
(2)
(3) dupl -> nmema, nul_b;
(4)
(5)



18 Chapter 2. Background and motivation

theduplicationinstructionfor the functionalunit ALU duplicateghevalue2, sendingt
tonem a andnul _b.

Finally, forwardingacrossbasicblock boundariedbecomegossibleas shown in the
program

(1) Id 2 -> nul _a;

(2) Id 4 -> alu_a;

(3) 1d 7 -> nmul _b;

(4) mul -> ml _a;

(5) dec -> alu_a;

(6) dupl -> bu a alu_a;
(7) ifz (3) (8);

Together thesegeneralisationsillow more generoudorwarding patternsthanlinear
compoundspaidfor by fixing the syntacticorderof instructionsvhencomparedo the
instructiondependencgraphandby amorecostlyencodingof forwardinginformation
(nameof input portsinsteadof a singlebit).

The specificimplementationpursuedin SCALP did not fulfil the motivating expec-
tationsof low power consumptiorand high codedensity Architecturally oneof the
reasongppearso bethedecisionto modeltheregisterbankasanotherfunctionalunit,
whichrequiresadditionaltransferinstructionsfor eachregisteraccessFromour point
of view, a moreimportantquestionleft unansweredh [End9q is aboutthe program-
ming modelresultingfrom explicit forwarding. As the structureof theimplementing
hardwarebecomewisible to the programmerthe processoris sensitveto fine-grained
propertiesof compiledcode. Thediscussiorin [End96] lists a numberof illegal pro-
gramswhich should not be executedbecausehey would run into hazardssuchas
non-determinismdeadlockor queueover- or underflav. For somehazardsad-hoc
solutionsare proposedsuchasthe existenceof sequentialisatiomnstructions,while
othererrorsare essentiallyassumedhot be presentin programs. Given that explicit
forwardingadmitsmore generoudorwarding schemeghancompounding structural
incorrectnes®f codebecomedlifficult to detect. If runtimehazardscannotbe toler-
ated techniguesreconsequentlyeededor reasoningboutthelegality of forwarding
schemes.
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2.2.5 Related sync hronous architectures

We briefly mentiontwo architecturabpproachefrom the synchronougprocessode-
signcommunityrelatedto forwarding.

2.2.5.1 Register files with queues in VLIW processor s

Motivatedby theincreasef hardwarecomplexity andprocessoareaof traditionalreg-
isterfilesin VLIW architecturesgueueregisterfiles have beenproposedn [FLT97],
with further explorationreportedin [FLT98]. Theresultspresentedndicatethe com-
petitivenes®f operandjueuessthearchitectures scaledprovidedtheright organisa-
tional structureis chosen As mappingof instructiongo functionalunitsin VLIW pro-
cessorss performedby the compilerandlegality of operandqueueusagedepend®n
this mapping the authorspresenta conditionwheninstructionsmay shareanoperand
queue.This appeargo be similar to the taskwe areconsideringn Chapter4, but the
solutionprovided cannotbetransferredo our modelsof computatiorasVLIW archi-
tecturesbehae highly synchronously Indeed,schedulingfor VLIW architecturess
basednadetailedmodelof instructiondelays givenby thenumberof cyclesrequired
for a particularinstructionandfunctionalunit. The succes®f the analysispresented
in [FLT97] thusdepend®n the ability to characteris¢he availability of operandand
functionalunitsat particularcycle times.

2.2.5.2 Transpor t-trig gered architectures

In transport-triggeredarchitectures(TTA, [CM91]), only themovementof operandss
explicitly specifiedby instructionswhile theoperationghemselesareimplicitly trig-
geredby the availability of operandsat input portsof functionalunits. The following
exampleprogramtakenfrom [MHC97]

(ONST-10: ADDP || CNST-20: ADDT)
(ADDR: ADDO? | CNST-30: ADDT)
(ADDR: REGT | NoOP)

is anoptimisedprogramfor a clockedarchitecturevherethe databuscantransfertwo
valuesin eachcycle. Thefirst pair of instructionsdeliverstwo constantvaluesto the
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inputportsOandT of functionalunit ADD. In the seconccycle, their sumis transferred
from theresultport R of ADD backto the input port O anda third constanis delivered
to port T. Thethird pair of instructionswritesthe overall sumto aregister
Realisedsofar only in synchronousardware,the programmingparadigmofferedby
TTA is radically differentfrom that of corventionalarchitectures.For deadlock-free
schedulingof TTA programsyeasoningnechanismsor structuralpropertiesof TTA
codewould be beneficial but have apparentlynot beendevelopedsofar.

2.3 Async hronous queue machines

Despitethe differencesetweertheimplementation®f forwarding,correctexecution
in all architecturesmentionedrelieson an understandingf the interactionbetween
operanccommunicatiorandconcurreninstructionexecution. In orderto studythese
interactionssystematicallymodelsof computatiorarenecessaryvhich abstracfrom
architecturadetails,concentratingn the relevantissues. This thesisproposesasyn-
chronousqueuemadines(AQM’s) asa family of suchmodels,andstudiestheir suit-
ability for thetaskathand.AQM’s consistof asetof functionalunitslocatedn parallel
to eachother whereinstructionsexchangeoperandsy insertingtheminto (andread-
ing themout of) operand queues Differentfunctionalunits may implementvarious
setsof operationsand operateindependentlyof eachother Internally, they may be
realisedsynchronouslyr asynchronouslyandthe outsideenvironmentmay not make
ary assumptionsegardingtheir lateng, apartfrom finiteness. Operandqueuesare
expectedto be FIFO-queuesand architecturesubscribingto the AQM regime may
imposeadditionaldisciplinesontheway operandqueuesnaybeused.For example,a
processomayrestrictthe capabilityto readfrom/write to anoperandjueueto instruc-
tionsexecutingon a particularfunctionalunit, or maycomplementheoperandjueues
by a setof registers.In fact,the queuemachinesonsideredn this thesisimplement
operandaccesslestructvely, i.e. the headvalue of an operandqueueis deletedfrom
the queueduringits consumption.

StudyingAQM’s amountdo reasoningaboutprocessobehaiour andprogramexecu-
tion underunknown latenciesof functionalunits, with particularemphasiseingpaid
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on the operandqueuesandtheir usageby an applicationprogram. The granularityof
modelsof processobehaiour andthe way in which a programusesthe forwarding
mechanismnfluencegheresultingproperties.Oneway to dealwith this would be to
fix a particularmodelof operationanda certainforwardingpolicy (suchasanasyn-
chronousimplementationof a score-boardandto verify propertiesof the resulting
architecture Instead,we aim at reasoningaboutforwarding schemesi.e. we develop
conditionson forwarding policies. Verification underthis perspectie consequently
meango show thatany programwhich respects particularforwardingpolicy fulfils
theruntimepropertiesunderconsideration.

We amuethat sucha generalapproachs beneficialfor understandinghe interaction
betweerforwardingandasynchronousperationfor thefollowing reasons.

e Firstly, ourresultsarenot specificallytied to any particularalgorithmfor decid-
ing whereforwarding shouldbe used. In fact, we are not concernedwith the
taskto implementor verify ary suchalgorithm but concentrateon the result-
ing forwardingschemairectly. Indeed we arguethatonceoneunderstandtghe
constrainton forwarding,onemay compareheefficiency of varioushardware-
or software-basedlgorithmssystematicallywithout having to verify eachim-
plementationindividually. For example, the task to allocateoperandqueues
to forwardedvaluesmay be performedby the processor(for examplein the
controlunit) or the compiler (underknowledgeof the hardwareresources)but
this designdecisionis independentrom the legality of the resultingforwarding
scheme.

e Secondly we are ableto study several modelsof processotbehaiour andto
compareheresultingrestrictionson forwardingschemesThis enablesystem-
level engineergo studydesignalternatvesusinga consistenformalismfor var-
ious processomodels. Reasoningaboutthe consequencesn forwarding (and
otheraspectsjnaythusinfluencedesigndecisions.

e Thirdly, asno assumptionsare maderegardingthe delaysof functional units,
large partsof our analysisremainvalid when functional componentsare up-
gradedor functionalityis added.
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In this thesis,we considervariousmodelsof AQM operationand explore their for-
warding constraints.We study sequentiainstructionexecutionasis capturedoy an
instructionsetarchitecturedescriptionaswell asdistributedinstructionexecutionas
foundin (idealised)superscalarimplementations.In addition, we considerAQM’s
with andwithout additionalregisters,andwith operandqueuesof infinite andfinite
length.

Eachof theseoperationamodelsgivesriseto specificconditionson theway forward-
ing is used,which manifestthemselesin characteristiclassef runtime hazards.
Thesearesimilar to errorconditionsoccuringin SCALP or situationswhereforward-
ing hasto be cancelleddynamicallyin the compoundingapproachThis demonstrates
thatour approachs usefulin highlightingcommonpropertiesof thesearchitectures.
Before outlining our approachto verifying forwarding schemesn more detail, we
discusssomeaspect®f processowerification.

2.4 Processor design and verification

The developmentof hardware architecturesand the subsequenimplementationof
compilersand processorgentersaroundthe instructionsetarchitecture(ISA). This
interface betweenhard- and software definesthe setof available instructions,their
encodingstypesandsizesof operandsandmemoryaddressingchemesModernap-
proachegHP96] adwocateto evaluateinstructionsetdecisionsy quantitatve simula-
tion of benchmarkandapplicationprograms During the validationof anarchitecture,
this approachis useful for performanceoptimisationand testing. However, differ-
entconceptsaareneededo verify functionalcorrectnessandprocessowerificationis
consequenthya well establishedireaof researchIndeed techniquesuchasabstract
statemachine§CCL™97], (higherorder)logics[Mel88], theoremproving [CRSS94,
modelcheckingBCL94] [VBF"97] andsymbolicsimulation|[SB93 have beensuc-
cessfullyappliedon variouslevelsof abstractiorandrepresenthe mostprominentap-
plicationareaof formal methods.For a comparisorof someof thesetechniquessee
[Seg93 [Kro97].

Hardwareverificationhastraditionallybeenseparatedhto verificationof thedatapath



2.4. Processor design and verification 23

andthat of the control logic. Theoremproving and (higherorder)logics have been
particularlysuccessfuin the formerareawhile controlissueshave traditionally been
tackledusing model checkingapproachesOne of the reasondor this separatioris
the high regularity of control logic, enablinga fully mechanisedxploration of the
statespace. The size of the statespacemay be reducedby symbolic techniquesor
compositionalmethods. In contrast,theoremproving usually involves considerable
manualintervention. A variety of applicationproblemshasbeensuccessfullytackled,
suchas algorithmsof Intel's PentiumPras floating point instructions[OZGS99] or
asynchronousnicro-pipelines[BFGW97]. Recently several proposalsfor merging
the strengthof theoremproving andmodelcheckinghave beenput forward [Uri00]
[Amj01] [SS99. Symbolicsimulation[SB93 arisedfrom modelcheckingby factoring
the statespaceusing dataabstractiorandrestrictingthe expressvenesof the logic,
suchthata propertymay be provenby a simulationovertheabstractedystem.

At thearchitecturalevel, BurchandDill [BD94] introducedabstractiorfunctionsbe-
tweenstateof animplementatiorandISA states Theseareusedn correctnesproofs
by shaving thatdiagramsbetweernthe ISA level specificatiorandthe microprocessor
implementatiorcommute(seeFigure2.3). In orderto verify a singleinstructionstep,
the processors virtually stalledby flushingthe pipeline: a sequencef micro-stepss
consideredhorizontalstepsin Figure2.3) whereno issuingtakesplacebut currently
executing instructionsmay complete. Correctnesss obtainedif the two composi-
tions of flushing and issuingone instruction (vertical steps)commute. By employ-
ing uninterpretedunction symbolsinsteadof concreterepresentationghe verifica-
tion compleity is reduced. Burch and Dill' s approachwas extendedand modified
by several groupswho generateabstractionfunctionsautomatically definecomple-
tion functionsfor unfinishednstructionsandimprove mechanisatiofiCyr93] [SRC97
[SID98][SM95] [HSG98][HSG99]. Theseimprovementenabledhe verificationof
(synchronousinicroprocessorwith realisticfeaturessuchaspipelining, out-of-order
executionand branchprediction. Recentcombinationswith model checkingaim at
improvedautomaticabstractiorfunctions,compositionalreductionandinductionover
cycletime [BBCZ9§]|, [JMO1].

Damm and Pnueli proposedan alternatve approachfor verifying out-of-orderexe-



24 Chapter 2. Background and motivation

O stall O 0O stall O

Implementatiorib Q/ISA
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Figure 2.3: Verification against ISA using abstraction functions.

cutionsusingsynchronougransitionsystemgDP97]. Interpretatve approachebave
beenproposedMo098] andwereappliedto commerciaimicroprocessorlBKM96].

2.5 Programming langua ge based reasoning

The above techniquesrevery well suitedfor verifying thata processormplementa-
tion satisfieghespecificatiorof a processarin particular theapproachusingabstrac-
tion functions(Figure2.3) ensuresorrectnessf pipelinedarchitecturesvith respect
to the sequential SA semantics.This methodcan consequenthpe usedfor verify-
ing forwardingalgorithmsimplementedn hardware.In fact,[BBCZ98] and[HGS99]
useTomasulosalgorithmto demonstratéheir method.Thecorrectnessesultingfrom
Figure 2.3 is indeedstrong: for all applicationprogramsthe processoimplementa-
tion (or its abstractionas formalisedin the small-steptransitionsystem)shaws the
sameobsenablebehaiour asits ISA specification.

In this thesishowever, we do not aim at proving sucha strongcorrectnessesultfor
a particularprocessoimplementationjput wish to reasonaboutforwardingschemes
moregenerally In particular the above verificationmethodappearsiot applicableto
the compilerbasedapproacheso forwarding,ascorrectnes®f executiondependsas
muchon propertiesof the programasit doeson propertiesof the processarln order
to give structuralpropertiesof a programa more prominentstatus,we adwcatean
approactbasedn programminganguageaechnologywith thefollowing ingredients.
First, we make forwarding explicitly visible at the ISA level by including operand
gueuesn thesyntaxof theassemblyanguageThisturnsforwardingfrom aprocessor
internalfeatureinto a programmablanechanisnto schedulecommunication.Logi-
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cally extendingSCALP’s conceptof explicit forwarding, we make both the destina-
tion andthe source operandqueue(spf aninstructionvisible andgive operandqueue
nameghe samestatusasregisternames.

Secondthe explicitnessof forwardingin the programminglanguagesnableshe ap-
plicationof reasoningechniquegrom the programmindanguagedesigncommunity
Models of processotbehaiour may be expressedas dynamicsemanticdor the as-
semblylanguageasdemonstratetty modelsfor sequentia{ISA-like) anddistributed
(superscalarlike) execution.Indeed,asthe dynamicsemanticsvill begivenin struc-
tural operationalsemanticSOS)form [Plo81], we relate processomodelsstruc-
turally and prove propertiesby structuralinduction. At first sight, the presenceof
several dynamic semanticamight appearto deviate from the usageof SOSin pro-
gramminglanguagedesign,wherea singleformal definitionis aimedat [MTHM97].
However, the processof evaluatingdesignalternatves with respectto compilation,
hardwareimplementatiorandruntime performanceshouldnot be comparedwith a fi-
nal programminganguagebut with the procesf designingone.Indeed exploration
of designalternatvesregardingprogramminganguageconstructinvolvesa number
of dynamicsemanticandoccasionallyseveralexperimentalanguages.

The benefitof our approachbecomesapparentn the third stepaswe expressfor-

wardingschemessprogrampropertiesInsteadof verifying processoibehaviouy we

classifythe programsaccordingto which runtime behaiour they exhibit. By com-

plementingthe dynamicsemanticdy staticsemanticgtype systems)a betterunder

standingof the interplay betweenoperationaimodelandforwardingis obtained. As

the runtimehazardsassociateavith the respectre operationaimodelsmanifestthem-
selesaspropertiesof the correspondingsOSsystemgor incompatibilitiesbetween
suchsystems)we designtype systemdor characterisingprogramswhich aresafefor

execution:aprogramwhichpasseshetypechecleris guaranteedotto experiencehe
runtimehazardunderconsiderationThanksto the structuralformalisationof dynamic
andstaticsemanticsthesoundnessf thetyping calculimaybeprovenformally, using
well-establisheghroof methodssuchasstructuralinduction[Bur69)].

The separatiorbetweenstaticand dynamicsemanticaneetsour earlier requirement
thattheimplementatiorof a forwardingalgorithmandthelegality of theresultingfor-
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wardingschemebe separatedindeed while our calculi canalsobe employedfor type
inference the decisionhow operandqueuesareusedmay alsobe madeelsavhere. If
ourlanguagevith operandjueuess choserasthevisible assemblyanguagewe may
in factacceptcodefrom arbitrarysourcesprovidedthatwe type-checkit beforeexe-
cution. Alternatively, it is possibleto understandhetyping calculiasa specificatiorof
ahardwareimplementatiorof forwarding. For example,a forwardingimplementation
in thecontrolunit maybe consideredorrectif its output(the programasissuedo the
respectre functionalunits) is well-typed. Althoughthis aspecis not exploredfurther
in this thesis,we expectthatit allows oneto partition the verification of processors
with hardwareforwardinginto a functionalverificationof the algorithmimplemented
in the controlunit andaninvocationof our resultsfor the operationaimodelrealised
in thedatapath.

Thefourthaspecbf ourapproacltonsistof its mediatingrole linking architectureand
compilation.This benefitis demonstrateth the secondoartof this dissertationwhere
we shov how software-basedorwarding may be implementedoy programanalysis,
formalisedasa dataflav problem.While in generathe outputof sucha compilermay
be treatedlike ary other programby type-checkingit before execution,our earlier
insightinto forwardingis employed for eliminatingthis check. Indeed,codeemitted
from a compilerusingour forwardability analysisis guaranteedo be well-typedand
hencestructurallysafefor execution.

Finally, thefifth aspecbf programminganguageaechnologyconsistan the ability to
modify operationaimodelsandtyping calculi quickly, andto extendthemwith anno-
tations. This is of particularinterestduring the systemdesignphasewhenconfigura-
tionalchoicemeedo beexplored.For example by extendingan SOSsystenmwith cost
modelscomprising,say measure$or enegy consumptiorin operandjueuesandreg-
isters,performancanay be evaluatedasrequiredby [HP96]. A systemdesignemay
thusexplorevariousoperanccommunicatiorschemesndoptimisethe corresponding
schedulingalgorithmsusinga consistenframewnork with solid formal foundations.
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2.6 Related work

We now discusgelatedwork onapplyingprogrammindanguageonceptso hardware
design,andontypesin compilationandlow-level languages.

2.6.1 Programming langua ge technology and processor design

Immediatelyafter the inceptionof structuraloperationalsemanticsCardelli[Car83
exploredits applicability to hardware description layout,and VLSI designusingal-
gebraictechniqguesMost of this work is concernedvith lower level abstractionsand
with the verification of propertiesregardinglayoutandtiming. Sincethen,applica-
tions of structuraloperationalsemanticsn the areaof hardware have mostly con-
centratedon descriptionlanguagesuchasELLA [Goo93, VHDL [vT93], [TEO1],
Verilog [BJQOO] or Esterel[BG92] by following [Plo81]’s generalapproacthof using
SOSfor definingthe meaningof languages.As is the casefor higherprogramming
language$Win93], SOSandtyping turn out to be effective for defininghardwarede-
scriptionlanguagegrecisely reasoningabouttheir propertiesand uncovering errors
andambiguitiesof earlier(andusuallyinformal) descriptionsTheresultingsemantics
may hencesene asspecificationdor hardware developmenttools suchassimulators
and synthesisersWhile it is possibleto obtaina precisedescriptionof a processor
architectureby specifyingits behaiour in a hardware descriptionlanguagethe pro-
gramminglanguagebasedreasoningwe adwcateactson the meta-level of sucha
formalisation.In particular abstracentitiessuchasregisteror queuenamesassembly
instructionsor operandsare only availableimplicitly, ratherthan syntactically The
above work doesthereforenot solve thetaskwe set.

Termrewriting systemqTRS’s) wereusedby Shen,Arvind et al. in a seriesof pa-
persandtechnicalreportsfor designing,verifying and comparingprocessomodels
with variousarchitecturalfeaturesincluding superscalarand out-of-orderexecution
[SA98b][SA98a][PHA98] [AS99]. Thisformalismexpresseshe above abstracenti-
tiesexplicitly andhenceshareghe advantagef our methodwith respecto the first
two aspectsnentionedn the previous section. On the otherhand,the proof method
consistof shaving a confluenceesultsimilarto theoneof Figure2.3. Thus,thecited
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work still aimsat verifying hardware behaiour ratherthanclassifyingprogramsand
reasoningabouttheir execution. Consequentlythe later steps(in particularcomple-
mentingthe dynamicsemanticdy staticsemanticsand providing a link to compile-
time analysis)arenot provided. On the otherhand,the authorsreportin [HA99] how
the TRS descriptionscanbe transformedor generatinghardware. This is a taskwe
have not attemptedput we expectthatthe processcould also be carriedout starting
from SOSdescriptions.

The structuredoperationadescriptionof processobehaiour mostrelatedto our ap-
proachis representetty [MHC97]. Thiswork givesan SOSdescriptionof transport-
triggeredarchitecturesvherethe structureof the semanticdollows the structureof
the architectureandthe hierarchyof entitiesis mirroredin the syntaxof instructions.
In contrastto VLIW architecturesvherethe width of aninstructionis determinedby
thenumber(andkinds of) functionalunits,instructionsn transport-triggeredrchitec-
turesareparallelcompositionsf (conditional)movesandconsistof asmary parallel
component@stherearetransportbuses. For example,the programwe gave in Sec-
tion 2.2.5.2is suitablefor an architecturewith two transportouses. Individual move
operationsare composedf a guard(for implementingconditionalinstructions)and
onesourceandtarget soclet each. Sourcesoclets may be constantvaluesor output
portsof functionalunitswhile targetsoclketsmaybedataor triggerinput portsof func-
tional units, wherea valueat a port of the latter sort may be a dataitem or a trigger
for initiating the executionof anoperation.Semanticallythe effect of amove consists
of transferringa value from the soclet indicatedin its sourcecomponento the one
givenin thetagetcomponentprovidedthatthe guardevaluatedo true. Only asingle
dynamicsemanticss givenin [MHC97], with executionmodelledasfollows. An in-
dividual move operationconsistof two phasesA souice phasesxecuteshe operand
accesasrequiredby thesourcecomponentresultingin the correspondingalue. The
secondstepcombinesthis valuewith the currentstate,yielding a substitutionwhich
indicatesthe necessarypdateto the state,asrequiredby the target component.An
instructionis executedby performingthe constituentmove operationsconcurrently
andthenapplyingthe resultingsubstitutiongo the initial state.A programexecution
stepfirst executeghe instructionpointedto by the programcounter(which is subse-
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quentlyincreased)andthen performsadditionalstatemodificationcorrespondingo

thefunctionaloperationsnsidethe functionalunits.

Thesemanticss illustratedusingsomesmallexampleprogramsandsomeinitial prop-
ertiesare proven by giving the derivationstrees. Regardingwell-definednes®sf the
substitutionsthe authorsnotethatconflictsmayariseif severalupdatego a particular
soclet arerequiredin the samecycle. Theseconflictsarein factsimilar to oneclass
of errorswe treatin Chapter4, with the differencethat conflictsin TTA's canonly

occur betweencomponentf the sameinstructionas operationis synchronousand
cycle-based.The authorsremarkthat codelegality hencerelieson the ability of the
compilerto schedulecodein a way which avoids conflictsand mentionthe possibil-
ity to enforcethis propertyusinga staticsemantics However, no detailsaregivenin

[MHC97], andthetopic wasapparentlynot pursuedary further. Likewise,the ability

of a staticsemantic$o enforcecorrectnesé the caseof a non-fully connectve move

network is mentionedput not elaboratedn.

2.6.2 Typing in intermediate and low-level langua ges

Statictype systemdor ensuringsafetyof executionasearly aspossiblehave recently
foundtheirway from high-level programmindanguageso intermediateandlow-level
languages.

2.6.2.1 Types in compilation (TIC)

Inclusion of typesduring the compilationprocesgTIC) hasbeenadwocatedand ex-
ploredin the FOX andFLINT projects]TMC "96] [PCHS0Q [SA95] [Sha01].While
the FOX work, aswell as[SA95], concentratesn compilationof functionallanguages
(in particular ML), the FLINT project[Sha0Ol]aimsmoregenerallyto provide acom-
mon,typedintermediatdanguagédor varioushigherorder typedlanguagesincluding
ML, Haslell andJava. In bothcasestypedintermediatdanguagegresere high-level
typing informationthroughoutthe compilation(including optimisationphases)with
additionaltypeinformationresultingfrom programanalysis.As our programanalysis
is formalisedin termsof dataflav equationsthe typed-intermediate-languagesn-
ceptdoesnotapplydirectly. However, in thelight of similaritiesbetweerdataflav and
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typing (seebelow) it maybe possibleto transferour analysisto atypedframework. In

particular this might allow oneto recastour compilationinto assemblycodewith the
corversionof dataflav propertiego typing statementasatype-preservingranslation.
We will briefly returnto this pointin thediscussion.

2.6.2.2 Typed assemb ly langua ges (TAL)

On evenlower levels, typed assemblylanguageave beendesignedwhich enforce
well-behaednesf codewith respecto heapallocation,datalayout, runtime stack
andtype-safeoperandoehaiour [CM99b] [ACO01]. The TAL approachannotatess-
semblycodewith informationfor trackingthetypesof registercontentsandheaploca-
tions,includinginitialisation[CM99b]. In particular by usingpolymorphictypes,one
may type codewhich is appliedto dataof variousshapes.The conceptwasextended
to stack-basethnguagesn [MCGW98], with subsequerdpplicationto anintel-X86-
like architecturdMCG*99]. [MWCG98] shoved how TAL may sere asthe target
languageof a typedcompilation,consistingof a numberof (type-preservingtompi-
lation steps.This work hasdemonstratethe applicability of typing atlow levels,and
we seetheprocessoarchitecture-basemotivationascomplementingt. In particular
we expectthat aspectof polymorphismmay be usefulto our work whenincluding
codeblockssuchasproceduresr functioncalls.

Xi andHarpers DTAL extendsTAL by a limited form of dependentypes,allowing
dynamicarrayboundschecksandtagchecksfor sumtypesto beeliminatedXHO1].
As all typed-assembly-languagerk is approacheftom thecompiler's point of view,
it is notsurprisingthatall only singledynamicsemanticgreconsideredTheusageof
several dynamicsemanticgnotivatedby our processoearchitecturedriven viewpoint
thusaddsa new facetto typing of assemblyjanguagesddsfurther motivationto the
generakoncept.

2.6.2.3 Typing of Java bytecode

Typingin low-level languageseceveda further stimulusfrom theintroductionof the
Java virtual machine(JVM). As the safetyof Java virtual machinelanguaggJVML)
programsrepresentsa cornerstoneof the JVM’s architecture typeshave beenused
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for verifying operandstackbehaiour, objectinitialisation, nestingof subroutinesand
methodinvocation[SA98d [FM98] [FM99] [HT98]. Processearchitecture-inspired
AQM’s differ from the abstractmachinemodelof the JVM in variousrespectssuch
asthe differencesetweena single stak anddistributedqueuesandsingleand mul-
tiple dynamicsemantics.However, generalsimilarities exists (as exemplified by our
implementationn Chapter8), andthe treatmentof compositionof typing statements
for basicblocksin Chapter3 wasin factmotivatedby [SA98c].

2.6.2.4 Ohori’ s assemb ly-level Curry-Howard isomorphism

As afoundationof typedcompilation,Ohori[Oh0994 present@nassembly-leel iso-
morphismbetweentyped low-level languagesand formal proof systems. The low-
level languageis that of A-normal forms, an intermediateformat closely relatedto
continuation-passingtyle (CPS)[FSDF93]. TranslatingtypedA-calculustermsinto
this languageis first shavn to amountto a proof transformationtaking a proof in
naturaldeductionform to a proof in a restrictedform of a Gentzen-stylesequental-
culus.Then,theevaluationof A-normalform programsusingruntimeervironmentss
shawvn to correspongbreciselyto proofreductionin thesequentalculus.As [Oho99a]
argues,this relationbetweentypesandformulaemodelslow-level executionof code
more preciselythanthe correspondencbetweenhigh-level function applicationand
cuteliminationin theusualCurry-Howvardisomorphism.

Complementinghis work, [Oho99 proposes generalstyle of logical abstracima-
chinesthe sequentiabequentalculus(SSC).This proof systenrepresentsnachine-
level programsn alinearform whereeachinstructionis modelledby a corresponding
proof rule andrule applicationsare composedn programordetr Dynamic program
behaiour consequentlyamountsto proof reductionas the executionof an instruc-
tion eliminatesthe last inferencestep. The conceptis presentedor registerbased
andstack-basedrchitecturesandcodegeneratioris relatedto proof transformation.
The stack-basearchitecturevas subsequenthappliedto a subsetof the Java virtual
machine yielding an elegantde-compilationalgorithmfrom JVML into a functional
languagdK O01].

The typing of our assemblylanguagdollows a moretraditional rule format with an
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explicit cut rule ratherthan an internalisationof the cut asrule application. As in-
termediatework towardsthis dissertationwe formalisedsomeaspectof our typing
calculusin SSC,but the detailsof this work andan understandingf the corversion
betweerthetwo stylesareleft for futureresearch.

2.6.2.5 Proof-carr ying code

Building on thetechnologyof intermediateandassemblyevel typing, proof-carrying
code(PCC)hasrecentlyemegedasa novel technologyfor formally certifying pro-
grams[Nec97]. Insteadof relying on trustedthird partiesfor authenticationa formal
proof objectassertingntrinsic propertiesof a programis bundledwith the codeusing
type-theoreticconceptdBM92]. The task of programverificationis then split into
two phases.The codeproducer(e.g.compiler)constructghe proof togethemwith the
program.andbundlesthemtogether Dependingon the specificatiorogic, proof con-
structionmay eitherbe donefully automaticallyor involve manualintervention,pos-
sibly supportedby verification condition generatorstheoremproversor othertools.
Thecodeconsumefe.g.executionengine)validatesheconsisteng of thetransmitted
code-proofpair. Thanksto thetype-theoretidechnologythe secondstepamountso
type-checkingwhich is often morefeasiblethan proof inferenceor full verification.
Fromthe point of view of the codeconsumerthe meansemployed for constructing
the proof is irrelevant — indeed, the proof doesnot needto originatefrom the code
produceratall aslong asit matcheghe codes properties.

Up to now, PCChasbeenmostlyusedfor ensuringsecuritypropertiessuchasrestrict-
ing the accesdo local dataor boundingthe consumptiorof computationatesources.
In the context of Java, additionalsecurityissuesarisefrom codemobility, suchasthe
choiceof classloaderused,andfrom classfile verification. Specifyingsecuritypoli-
ciesin a (type-theoretickpecificationogic allows oneto employ PCCfor enforcing
safetyof execution.Dynamicallytransmitteccodeis rejectedby the virtual machines
verifier unlessit is equippedwith a proof that certifiesobedienceo the safetypolicy.
Third-partyinterventionduring codetransmissiorieadingto codewhich violatesthe
securitymodelis detectedTheinterventionwill manifesttself eitherby the proof not
matchingtheprograms propertiesary longeror by aninconsisteng betweertheproof
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andthespecifiedsecuritypropertiesIn contrastputsideinterventionwhich leavesthe
securityaspectaintouchedor manipulatesodeandproofin a consistenandsecure
way)is notdetectedProof-carryingransmitteccodemay hencestill behae function-
ally incorrect,but is guaranteedo respecthe securitypolicy.

Several extensionsof the original PCCapproacharecurrentlybeingexplored. These
usesophisticatedype systemdor reducingthe sizeof the trustedcodebase(verifica-
tion conditiongeneratagrproof checler, ... ) andlogical embedding®f assemblyand
intermediatelanguagesnto higherordertheoremprovers [AF0O0] [MAO0O] [App01l]
[SSTPO2. Asis thecasefor earlierwork such[Cur92], we expectthattheseembed-
dingsmay berelevantfor a formalisationof our approachln particular sophisticated
type systemsshouldbe beneficialfor verifying programswith respecto architectures
wherenot all forwarding pathsare available and for developing typed compilation
schemestartingfrom functionalintermediatdanguagesTheseaspectarenottreated
in this dissertatiorbut represenaippropriataopicsfor futurework, andwe will elabo-
rateon someideasin our concludingdiscussion.

2.6.2.6 Typed register allocation

Two piecesof researchconsidertyped approacheso register allocation. Thiemann
[Thi98] presentsmplementatiortypeswhich make resourceallocationandcorversion
explicit. Registerallocationis formalisedin a type-directedvay, andthe transferof
valuesbetweernregistersand memoryis tracked syntactically While the sourcelan-
guageconsistof a restrictedclassof A-normal forms, the target code comprisesa
genericassemblylanguagewith simpleregisteroperationsaandimmediatevalues. In
orderto modelnot only the assignmenbf locationsto values,the type systemis for-
malisedusingeffectscapturingthoseregisterswhich are affectedby the executionof
aninstruction,or by a function call. Accordingto [Thi98], implementatiortypesal-
low flexible calling corventionsfor functioncalls(callersaved, callee-saed,. .. ) and
supportlightweight closures wherefunction representationstoreonly partsof their
environment[SW97]. Thelastaspectshouldbe relevantin anextensionof our work
for compilingfunctionallanguagesaswill bebriefly discussed Chapter9. As regis-
terallocationin ourwork representsnly aminoraspectindourintermediatdanguage
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is notaswell-structurecasA-normalforms (thoughrelatedto it), we did notformalise
our allocationusingtype andeffect systems.

The sameremarkholdsfor the work of Agat[Aga97] who presentsa type andeffect
systemfor registerusagein assemblylanguages.His motivationis to guarantede-
gality of registerallocationschemedgor functionallanguagesAssemblyprogramsare
expressedn aA-calculuslik e notation,wherefor examplea program

mov 3,%r8 mov 5, %r6 add %r8, %r6, Y%or2

IS expresseds

let X=3grg in let Yy = 5gg in ADDRS,RG,R2 Xy

This programis assignedhetypeIntz,!{R2,R6,R8}, indicatingthattheresult(of type
Int) will bedeliveredin registerR2, andthatall registersusedfor producingtheresult
areamongsRk2,R6 andR8. Thismechanisnis extendedo (higherorder)functionsand
closuresandsoundnessf the correspondindyping systemwith respecto adynamic
semanticswith (finitely mary) registersand an operandstackis proven. Again, we
expectthatthis calculusmight provide guidanceor reasoningaboutfunctioncallsand
amoreformal treatmenbf allocationthanours.

It would alsobe interestingto explore which modificationsare neededo the calculi
presentedn [Thi98] and[Aga97] for treating(linear) forwarding or operandqueue
allocation.

2.6.3 Program analysis frameworks

The secondpartof this thesisillustratesthe benefitof explicit forwardingfor schedul-
ing communicationin the compiler The programanalysispresentedisesthe concept
of dataflav equationswhich are a well-known technologyin compiler construction
[App98d. Therecentbook[NNH99] stresseshe similaritiesbetweerdataflav anal-
ysisandotherprogramanalysistechniqguesuchasabstracinterpretationtyping and
constraint-basednalysis. The techniquesare presentedising a uniform language,
with operationalmodelsgiven in SOSform. Includedin [NNH99] is a soundness
proof of thedataflav equationdor livenessanalysisvhich sharesimilaritieswith our
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approachto usageanalysis.We will discussthesesimilaritiesbut alsodifferencesn
Chapter6.

2.7 Notation

We follow the tradition of presentingorogramminglanguagetechnologyusing for-

mal derivationcalculi. Thesearebasedn formal language®f judgementgsequents
whosegrammaticastructuredepend®nthepurposeof thecalculus.In our case pper

ationalsemantic®f assemblyanguagesvill bedefinedusingjudgement®f theform

C L.D whereC andD are configurationsandt is a pieceof assemblycode. Typing

calculiwill employ judgement®f theform I -t : T wheret denotesatype,l” an(op-

tional) setof typing assumptiongalsocalledatyping contet) andt is againa program
fragment.

Judgementarerelatedto eachotherby a setof rules

H]_ Hn

Name
C

linking hypotheticaljudgementds,... ,H, to concludingjudgementC. Sincemost
derivation systemscontainlarge (often infinite) setsof rules, derivation systemsare
usuallypresentedsasetof rule shemata

H]_ Hn
C

Name sideconditions

wherejudgementsnay containmeta-\ariablesand side-conditiongyovern instantia-
tion: arny substitutionof appropriatetermsfor the meta-\ariablessatisfyingthe side
conditionsyieldsa valid rule, andthe denotedderivation systemis determinedoy the
setof all suchinstantiations.

Rulesfor which the set of hypotheticaljudgementss empty (i.e. n = 0 holds) are
calledaxioms andinstantiationsarerecursvely combinedo derivationtreeswith final
sequentgroots)C:

e ary instantiationof anaxiomwith concludingjudgemencC is a derwvationtree
with rootC, and
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e aninstantiationof arule with conclusionC andhypothesidHs,... ,H, yieldsa
derivationfor C if therearetreesT; with final sequentsd; forall 1 <i <n.

The purposeof the derivationrulesthusconsistsof constructvely definingsubsetof
judgementomprisingexactly thosesequent< which arederivable (i.e. for which
a derivation tree with root C exists). In our case,judgementsC LD will definethe
dynamicsemanticof our assembldéanguage derivability of this sequentwill encode
thefactthatexecutingprogramt in initial configurationC leadsto final configuration
D. Likewise,thetyping calculiwill implicitly definea subsebf programsthe setof
well-typedprograms.

The structureof derivationsmay subsequentlye exploited for proving propertiesof
derivablejudgementsusingthe principle of (rule) induction: for shawing thata prop-
erty @ holds for all judgementsdefinedby a derivation systemwith rule schemata
Ri1,...,Rp, it suficesto show thefollowing

¢ @ holdsfor all judgementsvhich arefinal sequent®f axiominstantiationsand

e @ holdsfor ary conclusionC of arule with hypothesidH;, ... ,H, providedthat
¢ holdsfor all hypothesid;.

In our casewe will inductively link typing calculianddynamicsemanticsn orderto
eliminateruntime hazards:we will prove thatthe dynamicexecutionof a programt
fulfils certainpropertiesvhenererajudgement +t: 1 is derivablefor somel” andrt.
Often,judgementsnvolve a syntacticcategory C suchthateachgrammaticaform of
termsin C occursin the conclusionof at mostonerule schema.This restrictsthe set
of ruleswhich may have beenappliedin the last (closestto the root) derivation step,
which maybe exploitedto simplify a proof usingrule induction.
Thegrammaticastructureof termsof aparticularsyntacticcateyory C is alsoexploited
in structural induction. Here, hypothesign a derivation systemfor judgementswith
respecto termsof ¢ mayconsistof judgementsn aderivationsystermfor judgements
for termsof a differentsyntacticcategory D, whereD-termsoccurascomponent®f
(some)(C terms.In this case proving a property@ of C-termsinvolvesproving some
relatedpropertyy for D-terms. For example,our dynamicsemanticsC L.D will be
definedin termsof arelationC *-D wherep is a syntacticconstituentof programt.
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A proof of a propertyregardingjudgementsC AN} consequentlyestson a proof of a
relatedpropertyfor judgementsC LN}

Thefollowing corventionsarefollowedthroughouthis dissertation.

The setof words over a syntacticcateggory C is denotedby C*, andis rangedover
by variablesw,v..., obtainedby juxtaposingelementsfrom C. The emptyword is
denotedby A, andthelengthof awordw =c; ... ¢, is |w| = n, with |]A| = 0.

Binary relations®_ areusuallywritten in infix notation. We denotethe reflexive and
transitive closureof ® by ® * andthetransitive closureby % .
FunctionsbetweersetsA andB aredenotedy f : A— B, with domaindomf = Aand
codomaincod f = B. Partial mapswith finite domainaredenotedby f : A— B, and
f[a— b| is usedfor bothmapsandfunctionsto denotethe modifiedfunction f” which
mapsa to b andactslike f onall otherelementdrom A.

P(S) denoteghe powersetof asetS, andfor adirectedgraphG = (V, E) with vertices
V andedgesE C V x V, the setsof predecessom@ndsuccessoref v € V aregivenby
predgv) = {ueV | (u,v) € E} andsuccgv) = {u€V | (v,u) € E}, respectiely.






Chapter 3
Sequential queue machines

Thefirst stepin understandindorwarding consistsof defininganassemblyanguage
in which forwardinginformationis capturedexplicitly in the syntaxandthusexposed
to the programmer The benefitof this formalisationis thatdifferentdynamicseman-
tics may be relatedto eachotherandto static semanticexpressingwell-formedness
conditions. Reasoningechniquedor programminglanguagesan be usedto prove
theserelationships. Furthermore gxplicitnessof forwarding information represents
a well-definedinterfaceto the compilerwhich may thusoptimisethe forwardingbe-
haviour. Conceptsuchaslow-level typing systemsanbe usedfor proving structural
correctnes®f codeemittedby a compilerandfor giving hintsto the runtime system
regardingconstraintdor dynamicscheduling.

This chapterconsequentlyntroducesALEF, an assemblylanguagefor explicit for-
warding.In ALEF, operandqueuenamesandregisternamesoccursyntacticallyin the
sameposition,soa compilercanchoosewhich mechanisnmo usefor eachoperand A
dynamicsemantic$or ALEF is givenwhich modelssequentiaéxecutionsimilarto the
instructionsetarchitectureof a processarThis modelaimsat understandinghe basic
requirementof forwarding schemes.For this analysis,registerscanbe disregarded
andthe dynamicsemantic®nly supportsoperandsvhich aresentthroughforwarding
queuesAt first, only straight-linecodeis consideredi.e. codewhich doesnot contain
jumpinstructions.lts executioncanencounteruntimeerrorswhich inhibit furtherex-
ecution,similar to deadlockgn SCALP programs.As a first exampleof the benefits
of a programminganguagebasedview we presenta staticsemanticgor eliminating

39
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theseerrorsusing a type systembasedon notationfrom linear logic [Gir86]. Types
abstracfrom the orderof operandsn operandjueuesandfrom individual values.We
thenextend dynamicand static semanticgo programswith jumps, following an ap-
proachintroducedby Stataand Abadi [SA98c] whencombiningthe typingsof basic
blocks.We requirethatinputandoutputtypesof neighbouringoasicblocksmatch,so
thatthe numberof elementsn operandjueuess staticallybound.
Staticanddynamicsemanticarerelatedby soundnestheoremsvhich guarante¢hat
well-typed programsare free of dynamicerrors. In the caseof straight-linecode,a
completenestheoremcomplementsoundnessstatingthatary errorfree programis
indeedtypable.We alsoshow thatthe type systemadmitsa notion of principaltypes,
from which ary othertyping for the sameprogrammay be obtained.The correspond-
ing typeinferencetaskfor basicblocksis solvedby unification.

Synopsis  We startby definingthe syntaxof ALEF in Section3.1. Subsequentlywve
restrictourattentionto programswithoutregistersor branchinstructions.Thedynamic
semanticdor therestrictedsetof programss definedin Section3.2. Its characteristic
dynamicerrorsmotivatea staticsemanticsvhichis introducedn Section3.3. Sound-
nessand completenessvith respectto the operationalmodel are discussedproving
that programswhich passthe type systemwill not experiencethe dynamichazards
underconsideration.In Section3.4, we show that the type systemadmitsa notion
of principal types. For eachwell-typed programt we cansingle out a type of which
all othertypesfor t aregeneralisationsin Section3.5, we generaliseour approach
to programsnvolving branchinstructions.Again, we first give a dynamicsemantics,
beforeintroducingthe staticsemanticanddiscussingype inference.Finally, Section
3.6 summariseshe achierementsanddiscussesomeadditionalaspects.

3.1 ALEF: alanguage for explicit forwar ding

ALEF, the assemblylanguagefor explicit forwarding, is intendedfor executionon
architecturesvhosegeneralorganisationis shavn in Figure3.1. Functionalunits of
differenttypesoccurin parallel, eachexecutinga specificsubsetof the instructions.
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Control Unit
incoming instrs
add, inc,... Id, st,...
\l/if“. \l/muln.
o \|/ Operand bus
ALU el I% MEM Funct.lonal
Units
E Operand Queues E
‘ Register Bank

Retire ...

Figure 3.1: General organisation of processors suitable for ALEF

Instructionsare sentto their functional unit by the control unit and may exchange
operandshroughregistersor namedoperandjueueseforeretiring afterexecution.
Thesyntaxof ALEF is givenby thefollowing grammamvhereinstructiongns arepairs
[n]codeof uniquelabelsn € N andopcodesvith operandjueuenames) andregistersr
asarguments.Someinstructionsareparametrién thetypefu of thefunctionalunit they
executeon. Operandvaluesa € Val andmemorylocationsbothrangeover integers.

aeVal = ...—-1|0]|1...
neN == 1|2]...
qeQ = an
rerR = rp
opeOP = q|r
fue FU = ALU|MEM|MUL |BU
codec Opcode ::= dec 0op; Op, | add op; Op, Op; | mul Op; OP, OpP;

| 1dcaop|1ldop, op,|stop;op,|id" op; op,
| dup1™ op; op, op; | skip™ op| if opny N2 | jmp N
inse Indr = [n|code

t,s,...€lseq = ¢€]ins|st



42 Chapter 3. Sequential queue machines

Thefirst threeopcodeforms arearithmeticinstructionsfor decrementingaddingand
multiplying values.For example theinstructionadd q; q» g2 removestheheadvalues
from operandqueuesy; andq, andinsertstheir suminto gqo. The next threeinstruc-
tionsarememoryinstructions.1dc a op insertsthe valuea into op while 1d op; op,

interpretsthe value of op; asmemoryaddressandinsertsthe value found at thatlo-

cationinto op,. st op; op, storesthe valuefoundin op, atthelocationgivenby the
valuefrom op,. Thenext threeinstructionformsareparametridn the functionalunit.

For eachparametefu, id™ transfersthe valueof op, to op, while dup1™ in addition
sendsa copy of it to op; andskip™ simply consumesghe value readfrom op. The
lasttwo instructionsareconditionalandunconditionajumpsandwill bedealtwith in

Section3.5.

Instruction sequences,t, ... arelists of instructionswith € denotingthe empty se-
quence. It canbe proventhat compositionbehaesassociatrely and € neutrally for

all notionsin this thesis,andinstructionsequenceare consequenthften treatedas
flat programsins; ...ins,. Occasionally we omit labelsof instructionsand confuse
opcodesandinstructions.

Whencomparedo simple compoundsALEF imposesfewer restrictionson the for-

wardingdiscipline. Firstly, forwardingbetweeninstructionswhich arenot syntactical
neighbourss possible. Secondly a programmay useforwardingacrossbasicblock
boundariesThirdly, thelinearity restrictionis lifted asbinaryinstructionsmay obtain
both operandghroughforwardinganda dupl instructionmay sendits resultto two

operandqueues.Theprogram

11dc 4, 5jadd q, a2 s
[2]1dc 2 q, [6]dec r; Ty (3.1)
[3]1dc 7 r, [7]ifr,; 84

[4]dupl q, 92 g2 [8]add g5 q1 T4

containsexampledor all threeforwardingpatterns.The Java excerpt

int i =4; intj =2
for (int k=7; k>0; k--){i =i+4;}
K =i+4;
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| |
\l/ \l/

W% )4 ")

N
\1/

(1] (2] (3]
|
|
|

(7]

Figure 3.2: Visualisation of program (3.1)

may resultin this code,and Figure 3.2 shavs a visualisationof the forwarding be-
haviour, whereforwardingsacrosshasicblock boundarieareshovn asdashedarrons
andsolid arrows represenforwardingsinsidebasicblocks.

Whencomparedo SCALP, ALEF specifiesnot only the destinationof instructions
resultsbut alsothe sourcesof the operands.In SCALR a typical binary instruction
suchas add would expectits operandsat the two input portsal u_a andal u_b of
its functionalunit. In contrastthe sourcequeueof forwardedoperandss explicitly

visible in ALEF anddifferentadd instructionsmay well obtaintheir operanddrom
differentqueues.

The remainderof this chapteraswell as Chapter4 aim at deriving basicprinciples
of explicit forwarding. Thesecanbe examinedmostpurely in the absenceof regis-
ters,andthe following sectionshencecompletelyignoreregistersandassumehatall

operandieldsop areof theform q.

3.2 Dynamic semantics

The dynamicsemanticgor sequentiakxecutioncorrespondso the instructionsetar-
chitecture(ISA) of a processar A simplified architecturaimodelis shavn in Figure
3.3. Thestructureof forwardingpathsin modernarchitecturesnotivateanasymmetric
accesolicy for operandqueuedFly95]. While instructionscansendtheir resultto
ary operandqueuethey canobtaintheir operand®nly from queuesvhich areassoci-
atedto their functionalunit. No reductionis possiblef aninstructionattemptgo read
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Control Unit

add, inc,... Id, st,...
\l/if... \l/mul...
<111~ 71 =L1H>
ALU T - MEM
| |

Figure 3.3: Architectural model for sequential dynamic semantics

from a foreign operandjueue.We let y(q) denotethe functionalunit associatedo q.
In SCALP[End9q, instructionsin factdo not specifythe sourcequeuef operands
atall butimplicitly consumevaluesfrom theinput portsof their functionalunit.

The dynamicsemanticsexecutesoneinstructionat a time, determinedby a relation
C LD wherean instructionsequence relatesinitial configurationC andfinal con-
figurationD. In this section,configurationsare pairs (Q, M) consistingof total maps
Q: Q— Val* andM : Val — Val. ThequeueconfigurationQ assignsa word of values
to eachoperandqueuewhile M representshe memorystateby mappingaddresseto

values. We write Q(q) to represent’s entry at g and Q[q — w] for the queuecon-
figurationwhich agreeswith Q everywhereexceptq andmapsq to the word w. For

the memorycomponent, we let M(a) denotethe valueat address in M andwrite

M[a+— b| for thememoryM updatedby valueb ataddress. Often,we only mention
the non-trivial partsof queueconfigurationy writing [q1 — Wa, ... ,gn — W) for the
Q with Q(gi) =w; andQ(q) =A forq ¢ {qy, ... ,qn}. A similarcorventionis usedfor

memoried\.

Thedynamicsemanticss definedstructurally basedon (semanticmicro-instructions
readfu) andwrite which arerangedover by p. Thesemodelthe low-level accesgo
operandqueuesandtheir actionsare parametrisedby the operandqueuethey access
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andthevaluethey operateon.

R (write,a,q) RD (readfu),a,q) y(a) = fu
W—— - W

wa aw

The enqueueingperation(rule WR) appendghe valuea to the word w € Val* and
carriesno side condition. Dequeuing(rule RD) removesthe headvaluea of a word
aw. Theruleis only applicableif the sideconditiony(q) = fu holdsandthe current
gueuecontentis of theform aw.

The effect of micro-instructionss promotedo thelevel of configurationsy

Q(q) (La,q) W
QM) £29, Qg w, M)

andthe dynamicsemanticof opcodess givenin termsof micro-instructiondy the

rulesCODE in Figure3.4. Finally, the dynamicsemantic®f instructionsequences
definedin termsof therelationC <°% D in therulesINSTR andCOMP (Figure3.5).

Example. Lett bethe program[i]1dc 4 q; [2]add q1 q1 g2, andthe configurations
C, ..., Gbegivenby
[q1 + 3,92+ 5], M)

)

(

(la1— N, q2+—57,M
(lai — 34,92 — 5],M)
( )
( )

[q1 — 4,92 — 5],M

A mTm m O 0O
|

[a1 — A,q2 +— 5],M

whereM is arbitrary Figure3.6 shovs a derivationfor C t—>D, proving thatexecuting
t in configurationC leadsto configurationD provided thaty(qs) = ALU holds. For
typographicareasonsthe sideconditionsareshavn in the positionof the hypothesis
andrule nameshave beenomitted. &

The final configurationD in the above exampleis uniquelydeterminedonceC andt
arefixed,asthe sequentialynamicsemanticss deterministic.
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(write,a,0p)
LDC C—D DEC ¢ EE
ldcaop dec 0p; 0Py
C————=D

cC——D

(read ADD),a,0p; ) (write,a—1,0p,)
_ _ 5

D

apC e p c Ao g g luieaon)
ipl igfu
¢ Skrtom o ¢ idtomo,

(readMEM),a,0p;) (write,M(a),0p,)
R _

C 1d op, op, D
STC (read MEM),a,0p;) D D (read MEM),b,0p,) (Q,M)

C 2% M[ar b))

(read ALU),a,0p;) (read ALU),b,0p,)

(write,a+b,0p3)
_

F F D
ADD =t add op; op, Op3
C————D
C (readMUL),a,0p,) EE (readMUL),b,0p,) FF (write,axb,0p3) D
MUL mul Op; Op, Op3
C————D
C (readfu),a,0p;) E E (write,a,0p,) F (write,a,0p3) D
DUPL

dup1f op, op, 0
CUP plpzpsD

Figure 3.4: Dynamic semantics of opcodes

code S t
INSTRE D comp~—E_E—D
C [n]code D cED

Figure 3.5: Sequential dynamic semantics of instruction sequences
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y(q1) = ALU y(q1) = ALU
g Wieta) 5, g4 MRALDI@) , ) (eadBO)Sa) (wiite,7.q2) .,
C (write,4,q; ) E E M FE (readALU),4,q;) e (write,3+4,q) D
c =g FNua®
¢ [Hdeda o g 2eddaae o

[1]1dc 4 q1 [2]add q1 g1 92 D

C

Figure 3.6: Example derivation for C Lp.

Proposition 1. (Determinacyof sequentiaéxecution)if C L.DandC L:E thenD =E.

C
t t
=> D=E
D E

Proof. We performa structuralinductionont. We first shov determinag of therules
WR, RD andp. Next, we shav thateachrule CODE s deterministicandpromotethis
resultto theinstructionlevel by rule INSTR. Finally, we performtheinductionon the

structureof t.
. ite,a, ite,a,
WR Claim 1: If w M u andw M vthenu=v.
(write,a,q)

Proof For w ———— u, the definition of rule WR implies u = wa, and for

Wrte29), y, the definitionof WR impliesv = wa, henceu = v holds.

(readfu),a,q) (read(fu),b,q)
BN - 7%

u andw vthena= bandv=u.

(readfu),b,q)

RD Claim 2: If w

(readfu),a,q)

Proof Forw uandw v, thedefinitionof rule RD implies

w = auandw = bv, henceau= w = bvfollows andthusa = b andv = u.

KU Therearetwo claims.

(write,a,q) (write,a,q)
_ _

Claim 3: If C D andC E thenD = E.

Proof Writing C = (Q, M), thedefinitionof rule pimpliesthattherearew andv
with



48 Chapter 3. Sequential queue machines

e Q(q) ™29\ andD = (Q[q+— Wi, M) and
o Q(q) ™29\ andE = (Q[q— V], M).

By claim 1 (determinayg of WR) w = v follows, henceQ[q — w| = Q[q — V]
andD =E.

Claim 4: If C M D andC M E thenD = E anda=bh.

Proof For C = (Q,M), D= (P,N) andE = (R, L), thedefinitionof rule pimplies
thattherearew andv with

o Q(q) 12429\ and(P,N) = (Q[q— w,M) and
readfu),b,q)
_

. Q) - vand(R,L) = (Q[q— V|, M).

By claim 2 (determinag of RD) a= b andw = v follow, henceD = (P,N) =
(Q[@—w|,M) = (Q[g+ V|,M) = (R,L) = Eanda=h.

CODE. Claim 5: If C <°® D andC *°® E thenD = E.

Proof Theclaimis provenbe a casedistinctionon code We treattherule ADD
for code= add op, op, op; explicitly, the othercasedeingsimilar.

Casecode= add op, op, ops. For C 2% D andC %% E thereareby rule ADD
configurationg, G, H andl suchthat

(read ALU),a1,0p,) (readALU),bs,0p, (write,a;+bs,0p3)
_

C FF L6 G D
C add op; op, Op3 D
and
C (readALU),az,0p;) H H (readALU),by,0p,) | (write,ap+by,0p3) E

dd op, op, O
Ca P1PZP3E

Applying thesecondclaim for rule p (claim 4) twice yieldsfirst F = H and
a; = ap andthenG = | andb; = by. Consequentlya; + by = ax + by, and
applyingthefirst claimfor rule p (claim 3) yieldsD = E.

Casescodes# add op; op, op;. Similar.
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Figure 3.7: Proof of determinacy for t = sr.

ins ins

INSTR Claim 6: If C — D andC — E thenD = E.

Proof Forins= [njcode C S D andC ™ E, rule INSTR impliesC <% 1 and

C 2% £, soapplyingthe statementgor rulesCODE (claim 5) yieldsD — E.

Finally, the structuralinductionfor showving that C LDandC LE impliesD = E
consistf threecases.

If t =¢, thenthe preconditionsC '.D andC L. E arefalseasno rule for derving
C 5D exists.

If t =ins, thenthelastrule usedin thederivationsfor C LD andC LEis INSTR, so
D = E follows from claim 6.

If t =sr, then(seeFigure3.7)thelastrule in the derivationsfor C YDandC LE
musthave beenCOMP, sothereareF andG suchthat

cCSF FLD C3G6 GLE
and

cEp N

By applyingtheinductionhypothesiswice we obtainfirst F = G andthenD =E.

O

Programdail to execute(i.e. do not have a derivation) wheneer a side condition of
rule RD is notfulfilled. Failureof theconditiony(op) = fu representa (static)operand



50 Chapter 3. Sequential queue machines
gueuemismatchwherean instructiontries to accessan operandqueuewhich is not
connectedo its FU. For example,program(3.2)

[1]1dc 4 g2 [2]dec g2 qs (3.2)

deadlocksafter executingthe first instructionunlessy(q,) = ALU holds. In the SOS
[1]1dc 4 gz [2]dec g2 q1

systemall derivationsC D containanaxiomwith the sidecondi-
tiony(qz) = ALU.

Failureof thesecondconditionis adynamicerrorwhich occursf previousinstructions
or theinitial configurationdid not provide sufficiently mary operands.For example,

for C = ([q2 — 3], M) theprogram

[1]1dc 4 g2 [2]add 92 91 qs (3.3)

deadlocksafter executingthefirst instructionasthe additioncannot be executed.No
D existssuchthatC - D is derivable. We call this error stanation or a deadlockdue
to operandqueueunderflav. Otherconfigurationanight well have dervations. For
example,for configurationsE = ([q1 — 5],M) andF = ([q1 — 9],M) we canderive

E [1]1dc 4 q2 [2]add 92 q1 q1 F

Both kinds of hazardsare undesirableasthey occurat runtime, when other partsof

the programhave successfullycompleted.In orderto avoid costly monitoringof pro-
gram executionor deadlockresolutionat runtime, one would like to eliminate both
hazardgrior to programexecution.Both exampleprogramsaresyntacticallycorrect,
hencemoresophisticatedechnologyis neededo discover thatthey shouldnot be ex-
ecuted.Thefollowing staticsemanticgperformsthe correspondingprogramanalysis,
formalisedas a type system. Derivationsshowv the requirementof a program: the
shapeof admissibleinitial configurationss indicatedin the final typing judgement
andall necessaryelationsy(q) = fu arevisiblein axioms.

3.3 Static semantics

The static semanticsappropriatefor the sequentiadynamicsemanticsliminatesil-
legal operandqueueaccessand deadlockdueto operandqueueunderflav. It is for-
malisedasa type systemwhereeachinstructionis assigned type characterisingts
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net-efect on the numberof itemsin operandqueues.As the type systemaimsat ab-
stractingfrom the order of itemsin queuesandthe valuesof items, we usea linear
notationbasedon Girard's linearlogic [Gir86].

Judgementareof theformt : A — B wheret is aninstructionsequencandA andB
areformal productsover the setof operanddentifiersop.

AB...€Product = 1|o0p®A
TeType = A—A

Linearoperatorsk and— aremotivatedby thefactthatthe multiplicity of itemsin an

operandgqueuematters.We treat® associatrely andcommutatvely with 1 asneutral

elementandfor i > 0 we write op for op® ... ® op, with op® = 1. Typesthusabstract
————

from the particularvaluesof operandsandlfrom the order of itemsin eachqueue.
Occasionally we saythat op dividesA, occuss in A or is a factor of A if A canbe
written asA = op® B for someB.

For eachinstructionform ins, thetype systemcontainsanaxiom

X SJcod
[njcode: X @ Acode—o X @ Beode Q(cods

whereproductsA.qge andBgoge aregivenin Table 3.1, productX is arbitraryandthe
sideconditionSQ(code is

¥(d1) = ... = y(dn) = FU(codg

for Acode= 01 ® ... @ Oh.
Typedprogramfragmentsarecombinedusingacutrule.

S:A—B t:B—C

CuUT
st:A—C

Thetype systemfulfils thefollowing property
Proposition2. Ift: A— Bandt :C — D thenA=Ciff B=D.

Proof Inductiononthestructureof t.
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code FU(code | Acode Bcode
dec op, 0p, ALU op; op,
add op; op, op; ALU op; ® 0P, op;
mul Op; Op, Op; MUL op; @ op, op;
ldcaop MEM 1 op
1d op; op, MEM opy Y
st Op; 0P, MEM op; ® 0P, 1
id™ op, op, fu op; op,
dup1™ op, op, op; fu op, op, ® 0p3
skip/ op fu op 1

Table 3.1: Type system

If t =€, nodervationsfort : A—o B andt : C — D exist andthe claim is trivially
fulfilled.

If t =ins, thetyping judgements : A — B andt : C — D wereobtainedby the rule
AX, sothereareX andY suchthatfor ins= [n|codetheequalitiesA = A¢pge® X,
B = Bcode® X, C = Acode®Y, D = Boge® Y hold. ConsequentlyA = C implies
X =Y andhenceB = D, andB = D impliesX =Y andhenceA =C.

If t =sr, thelastrulein thederiationsfort : A— Bandt : C — D wasCUT, sothere
areE andF suchthats: A— E andr : E - Bands:C — F andr : F — D.
Consequentlyfor A = C the induction hypothesisyields first E = F andthen
B =D, andfor B = D theinductionhypothesiyieldsfirst E = F andthenA=C.

O

The type systemeliminatesboth sourcesof runtime hazards.For example,program
(3.2) canonly be typedif the conditiony(q,) = ALU is fulfilled. Likewise, a typing
t : A—o B for program(3.3) requiresA to containat leastthe factorq, indicatingthat
ary initial configurationshouldat leastcontainonevaluein thatqueue.

Formally, the staticsemanticandthe sequentialynamicsemanticsarelinked using
productswhich representhe shapeof configurations.
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Definition 1. Theshapeof C = (Q,M) is shapéC) = @qeqq 9.
Thefollowing resultshovs soundnesandcompletenessf thetype system.
Theorem 1. Lett beaninstructionsequence

1. If t : A— B andshap¢C) = A thenthere is a uniqueD sud that C LD, and
shap¢D) = B holds.

2. 1f C LD thent : shapgC) —o shapéD).

t

C D
| |
shape| |shape
v/ v
\V \V
t:A o B

Proof. Both partsareshovn separatelyandthe proofsfollow the syntacticstructure.
1. Wefirst prove thecorrespondinglaimsfor rulesWR, RD, pandCODE.

RD Claim 1: If w= av andy(q) = fu thenthereare uniqueu and b with

w "24WDD Eurthermorelu] = [w| — 1 holds.

Proof Forw = avandy(q) = fu bothsideconditionsof rule RD arefulfilled
andthe claim holdsfor theuniquea= b andu =v.

WR Claim 2: For arbitraryw, aandq thereis auniqueu suchthatw ™29,

Furthermore|u| = |w| 4+ 1 holds.
Proof Rule WR doesnot carry ary side conditions,so the claim follows
foru=wa

K Therearetwo claims.

Claim 3: If shapgC) = q® X andy(q) = fu thenthereareuniqueD anda
with ¢ 124029 1y FurthermoreshapgD) = X holds.

Proof For C = (Q, M) andshapéC) = q@ X wehave |Q(qg)| > 1,s0Q(q) =
aw for someuniquea andw. By claim 1, thereare uniqueu andb with
Q(q) {readfu).ba), u, and|u| = |Q(qg)| — 1 holds.Hence,C {readi)-aa) 1 i
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derivablefor D = (Q[q +— u], M), anduniquenes®f D anda follow asin
Propositionl.

Furthermore|Q[q — u(a)| = [u] = [Q(a)| — 1 holdsand|Q[q — u](d)| =
|Q(df)| for  # g, henceshapéD) ® q = shapgC) = q® X andtherefore
shapéD) = X.

Claim 4: If shapéC) = A andq anda arbitrary thenthereis a uniqueD

with ¢ €29, 1y FurthermoreshapéD) = A® g holds.
Proof For C = (Q, M) thereis by claim 2 auniqueu with Q(q) (writead)

(write,a,q)

andu=|Q(q)| +1holds.HenceC ———= D isderivablefor D = (Q[q+
u|, M) anduniquenessf D follows asin Propositionl.

Furthermore|Q[q — u(q)| = |u = |Q(q)| + 1 holdsand|Q[q — u](q)| =
|Q(d)| for ' # g, henceshapéD) = shapéC) @ q=A®q.

CODE Claim 5: If [njcode: A — B andshapé&C) = A thenthereis auniqueD

code

suchthatC — D. Furthermoreshapé&D) = B holds.
Proof We treattherepresentatie caseADD explicitly.

Casecode= add op; op, op;. For [njadd op; op, op; : A —o B, thetyping
axiom AX andTable 3.1 guaranteey(op;) = y(op,) = ALU andA =
op, ®op, ® X andB = op; ® X for someX. By theassumptiorhatall
operanddentifiersop areoperandqueueidentifiersq, thereareqy, g
andgsz suchthatg; = op, holdsfori € {1,2,3}. ThereforeshapgC) =
A=q1®02® X andy(q:1) = y(dz) = ALU, so by claim 3 thereare
uniqueE anda suchthat C {read L) aq), E, andshapéE) = gp ® X
holds. Applying claim 3 againyieldsthe existenceof uniqueF andb
with  [e244L0)-DR),

4, thereis auniqueD with F

F, andsha_peéF) = X holds. By applyingclaim
N D, andshapéD) = X ® g3
holds. Consequentlythe following derivationis possible

(readALU)vasql) (readALU)sban) (Writesa+b~,CI3)
- 5 - 5 - 5

C E E

dd
C add g; 02 03 D

F F D

ADD

Usingq; = op fori € {1, 2, 3} wethusobtainaderivationfor C code D,
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andshapéD) = X ® g3 = X ® op; = B holds. Uniquenes®f D with
respecto C 9% b follows asin Propositionl.

Casescode# add op; op, ops. Similar.
For proving the mainclaim, we performa structuralinductionont.

If t =€, nojudgement : A — B is derivable,sotheclaimis trivially fulfilled.

If t =ins, thenclaim 5 guaranteeshatthereis a uniqueD suchthat C code

holds,whereins = [njcode By rule INSTR we obtainC S D. Further
more,claim 5 guaranteeshapgD) = B, anduniquenessf D with respect
to C % D follows from Propositionl.

If t =sr, thenthetypingrule CUT guaranteethatthereis aC suchthats: A—o
C andr : C — B, andasimplestructuralinductionshavs thatC is unique.
Applying the induction hypothesigsto s andr yields uniqueE and D for
C 2E andE D, andshapéE) = C andshap&D) = B hold, soC = D.
Uniquenes®f D with respecto C =L D follows from Propositionl.

2. Again, the claim follows by inductionon t, basedon claimsfor the rulesWR,
RD, pnandCODE.

RD Claim 1: If w /224029,

hold.

v thenw = avandy(q) =fuand|w| = |v|+1

(readfu),a,q)
_

Proof For w v, w musthave the form w = av by rule RD and

thesideconditiony(q) = fu musthold. Hence|w| = |av| = |v| + 1.

(write,a,q)
_

WR Claim 2: If w vthenv=waand|v| = |w| + 1.

write,a,
Proof For w J

lv| = |wa = |w| + 1 holds.

v, v musthave the form v = wa by rule WR, so

K Therearetwo claims.
Claim 3: If ¢ "e24:29),

Proof For C M D to hold, rule p requiresQ w for
C=(Q,M)andD = (Q[g+ w]|,M). By claim1, y(q) = fuandQ(q) = aw

D thenshapéC) = shapéD) ® g andy(q) = fu.
() (readfu),a,q)
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and|Q(q)| = |w| 4+ 1 hold. Hence we obtain

ShapéC) — ®p7éq p‘Q(p” ® q|W|+1

e ®p;éqp‘Q(p)| ®q|W| ®q

— ®p#qp\Q[qHW](p)l ®qIW\ ®q

= shapéD)®q.
Claim 4: If ¢ \Wie29),

(write,a,q) .

Proof For C ———— D to hold, rule p requiresQ(q) wfor C =
(Q,M) andD = (Q[g+~ w],M). By claim2,w= Q(qg)aand|w| = |Q(q)| +
1 hold. Hence we obtain

D thenshapéD) = shapéC) ®q.

(write,a,q)
_

shapéD) = p.qp QTP g g
- ®p7éqp|Q(P)l®q\Q(q)|+1
= Rpuap Pl gQ@lgq
= shapgC)®q.

code

CODE Claim 5: If C — D then[n]code: shapg¢C) — shapgD).
Proof The claimis provenby a casedistinctionon code andwe treatthe
caseADD explicitly.

Casecode= add op, op, ops. ForC 29 O OP2 0Py D, thedefinitionof rule
ADD yieldstheexistenceof configurationsE andF suchthat

(readALU),a,01) E (read ALU),b,q2) (write,a+b,03)
_ 5 _ 5 _

C E, F andF D

hold, whereq; = op holdsfor i € {1,2,3} by the assumptiorthat
all operandidentifiersare queuenames. By applyingclaim 3 to the

{read#¥D%), £ \we obtainshapéE) = shapéF) @, and
(read ALU),a,q1)
_—

statement
y(0gz) = ALU. Likewise,applyingclaim3to C E yields
shapéC) = shapéE) ® g1 and y(q;) = ALU. Applying claim 4 to
F WMe209) 1 resultsin shapéD) = shapéF) ® gs.

Summarisingye have

shapéC) = shap€E)®qs =shapéF)®q;®q,
shapg€D) = shapéF)®qs
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andy(qi) = y(gz2) = ALU = FU(add op; op, ops). Usingthe wealen-
ing X = shapé&F), axiomAX yields [n]add op; op, op; : shapgC) —o
shapgD).

Casescode# add op; op, ops. Similar.

For proving the mainclaim, we againperforma structuralinductionont.

If t =¢, nojudgementC YDis derivable,sotheclaimis trivially fulfilled.

If t =ins= [n]code thenthelastrule usedfor deriving C L, D musthave been
INSTR, so we must have C code D, and applying claim 5 yields ins :

shapgC) — shapéD).

If t = sr, thenthelastrulein the derivationfor C 5D musthae beenCOMP,
sothereis anE with C =E andE 5D. Applying theinductionhypothesis
yieldss: shapgC) — shapé&E) andr : shapgE) — shapéD), sotherule
CUT impliessr : shapéC) — shapgD).

O

Thetype systempresentedn this sectionis basedon the samearchitecturainforma-
tion asthe operationaimodel: the mappingof instructionsto functionalunits andthe
binding of operandqueuego functional units areidentical. While this architectural
transpareng is usefulduring systemdesign,type-checkrsin realisticcompilersare
not expectedto have full architecturainformationavailable. Instead they will derive

architecturakconditionswhich a processohasto fulfil in orderto be admissible.We

will discussan extensionof our framavork which might supportsuchreasoningn

Chapten.

3.4 Principal types

Thetype systemadmitsa derivedwealeningrule

t:A—oB

WKt:A®X—oB®X
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whereX is arbitrary Operationally typings have differenteffects on the function a
programcalculates.For example,if program(3.2)is giventype 1l — q; andC is a
configurationof shapel, thefirst instructionwill insertthe value4 into the (initially
empty) queueq,, andthe secondinstructionwill decrementhis value by one and
hencedeposit3 in q;. If atyping A — Bis choserwhereA= q, ® X for someX, thena
configurationof shapeA will containaninitial valuein q5. Thesecondnstructionwill

consequentlylecrementhatinitial valueratherthanthe value provided by 1dc 4 q,.
Hence adifferentinput-outputbehaiour is obsened.

The legality of a programwith respecto sequentiakxecutionis not affectedby the
wealeningrule. For straight-linecode,the following notion of principal type canbe
defined.

Definition 2. Atypingt : A —o B is principalif for everytypingt : C — D thereis an
X suhthatC=A® X andD =B® X.

ttA—— 0B
Xt~ LS X7 TS

-
X N | X ~
;) 7 X2 NA 2 \
L7 | 27O N
t:Cq—+0D; t:Cj —4——0D;
Ay B \l7
v ‘

t:Cp——— 0Dy

Every well-typedprogramhasa uniqueprincipal type which canbe obtainedby type
inferenceusinga modifiedtype systemwith judgementof theformt :: A — B. Ax-
iomsareof thenon-wealkenedform

P-AX SCcod
[njcode:: Acode— Bcode Qcods

andcompositionperformsthe minimal wealeningnecessaryor a cut.
s:A—oB t:C—D
P-cuT st:A®U —-V®D B/C=V/U

Here(V,U) is thecancellatiorof (B,C), definedasfollows.

Definition 3. ProductsA andB arerelatively prime, written prime(A, B), if thefactors
of A andB are disjoint.
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TypesV andU are calledthe cancellatiorof A andB, writtenA/B=V /U, if V andU
arerelativelyprimeandU @ A=V ® B.

Occasionallywe write A/B =c V /U wherethegreatestommondivisorC is givenby
the (unique)productsuchthatA=C®V andB=C®U.

Proposition 3. t :: A— Bifft : A—o Bis theprincipal typingfor t.
Proof. Structuralinductionont.

If t =¢, thereis no derivationfort:: A— B ort: A —o B, sotheclaimis trivially
fulfilled.

If t =[njcode we performa casedistinctionon code

Casecode= add op, op, ops. If t :: A — B thenthe side condition SC(code
is fulfilled andA = op; ® op, andB = op;. Take X = 1 to obtaina valid
typingt : A— B. Supposd : C — D is anothertyping for t, thenby the
typing rule for add we haveC = op; @ op, ® Y andD = op; ® Y for some
Y, soC — D canbeobtainedromt : A — B by wealening.

Corversely supposeé : A — B is theprincipaltypingfort. Thent: A— B
holds,soy(op;) = y(op,) = ALU andA = op; ® op, ® X andB = op; ® X
for someX. TakeC = op; ® op, andD = op;, thent ::C — D andt:C— D
hold sincey(op;) = y(op,) = ALU. Sincet : A — B is the principaltyping
fort, theremustbyaY suchthatop, ®op, =C=A®Y =0p; ®0p, X XY
andop; =D =B®Y =0p;@X®Y. ConsequentlyX =Y =1andA=C
andB =D.

Casescode# add op; op, op;. Similar.

If t =sr, thent :: A—o BimpliesthatthereareC, D, E, F suchthat

s:C—oD r:E—oF
P-CUT D/E=V/U
t:CoU —oVRF / /

whereA=C®U andB =V ®@F. Consequentiy ® D =V ® E. By induction
hypothesiswe haves:C — D andr : E —« F, sos:C®U —oD®U andr :
E®V — F ®V by wealening. By thecutrule, we obtainsr :CoU — F @V,



60 Chapter 3. Sequential queue machines

i.e. sr : A—o B asavalid typing. Supposesr : G — H. Thenthereis an|
suchthats: G — | andr : | — H. By induction hypothesiss:: C — D and
r .. E — F areprincipal, sothereare X andY with G=C® X, | =D ® X,
| =E®Y andH =F®Y. ConsequentlyD® X =1 =E®Y. SinceV and
U areprime andfulfil U ® D =V ® E, it canbe shovn thattheremustbea Z
with X=U®Z andY =V ®Z. Hence,G=CX=Co®U®Z=AR®RZ and
H=FQRY=F®V®Z=B®LZ, sot:G— H canbeobtainedromt: A— B
by wealening.

Corversely let sr : A — B bethe principaltyping for t. Thenthereis aC such
thats: A—oC andr :C — B. Lets: D — E andr : F — G be the principal
typings for s andr, respectrely. Then by induction hypothesiss:: D — E
andr :: F — G hold, andby principality thereare X andY suchthatA=D ® X,
E@X=C=F®YandB=G®Y. LetE/F =V /U. Thensr :D®U —V ®G.
SinceV andU areprime, thereis a Z suchthatU @ Z=X andV®Z =Y.
ConsequenthA=DX=DU ®ZandB=G®Y =G®V ® Z. Sincesr ::
DU —oV®Gimpliessr :DU —V ® G, wehave Z = 1 by theprincipality
of sr: A— B. Thussr :: A— B.

O

We will seein the next sectionthat wealeningplaysanimportantrole for programs
involving jump instructions.

3.5 Program execution

In this sectionwe considerthe languageancluding the conditionaland unconditional
jumpsif opng Ny and jmp N, but no registers.Both dynamicandstaticsemanticare
definedin termsof basicblodks i.e. sequencesf instructionswhereat mostthe last
instructionis a jump instructionandno instructionexceptthefirst oneis the target of
anincomingcontrol-flov arrow.

Formally, aprogramP = (N, A) consistof apartialmapl : N — Iseq togethewith an
associatiot C domN x domN suchthat
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thelabelling of instructionss unique

thefirst instructionof N(n) haslabel[n]

atmostthelastinstructionof N(n) is ajump instruction

A containsexactly thosepairs(n, m) wherethe opcodeof lastinstructionin N(n)
is either jmp mor if opny np with me {ng, n}.

3.5.1 Dynamic semantics

We modify the dynamicsemanticgrom Section3.2 by extendingconfigurationdy a
third componentin a configuration(Q, M, n) thecomponenti € N U {nil } represents
the optionallabel of thebasicblock to be executednext. Operandqueueconfiguration
Q andmemorycomponeniV areasbefore,andtheeffect of opcodess still definedin
termsof therelation(Q, M) an, (P,N). Thedynamicsemanticdor instructionsis
givenin Figure 3.8, embeddingherulesfrom Figure 3.4 by the rule INJ. Additional
rulesdefinethe meaningof jump instructions. Theseinsertthe branchtargetinto the
third componenbf a configuration possiblydependingon an evaluationof a branch
condition. Both jump instructionsare mappedo the functionalunit BU (brand unit),
andtherearetwo rulesfor the opcodeif opn;y, ny, onefor eachpossibleoutcomeof
thebranchcondition. All jump instructionsrequirethethird componentf their initial
configurationto be empty in accordanceavith the definition of the rulesfor issuing
basicblockswhich will be givenshortly The rulesINSTR and COMP areformally
identicalto therulesin Figure3.5, but now relateconfigurationf the extendedform.

A typical derivationfor a statement L.Disshavnin Figure3.9,where

C = ([],M,nil)
E = ([q1+ 4],M,nil)
D = (HaM?S)

Determinag of sequentiakxecutioncarriesover to the extendeddynamicsemantics,
i.e.D = E holdsprovidedthatC 5D andC -LE.

Programe areexecutedby issuingthe constituentasicblocksaccordingto the out-
comeof branchesThe correspondingelationis C Y, D wherew € N* is aword over
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(readBU),0,0p)
_

(QM)
(Q, M, nil)

(P,N)
(P,N,nl)

IF-T

ifopninp
_—

readBU),a,0p)
-

QM) (P,N)

IF-F . ifopm Ny
(Q,M, nil) ————= (P,N,ny)

a#o

JMP

(Q,M, nil) 221 (Q, M, n)

code

(Q,M) — (P,N)

INJ code
(Qvaﬁ) — (PvNaﬁ)

FU(code # BU

code S t
©%p E ELD
INSTR—— — comp—F_E~
C [n]codeD cC3ED

Figure 3.8: Sequential dynamic semantics including jumps

A (write,4,q1) 4 V(Ch) —=BU
) (readBU),4,q1)

(M) A, (g s 4] M) S

ldc 4 readBU),4,q1)
(M) 222 ((qy g M) (g 4], M) P2 () )

C ldc4qq E E ifq1 35 D 47&0

C [1]1dc4q1 E E [Q}if q135 D

C [1]1dc 4 qs [2]if 91 35 D

Figure 3.9: Example derivation for C AN\ including jumps.
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@ M,nil) X2 p composeS “E ED

EXECUTE
(Q,M,n) 5D c™p

Figure 3.10: Sequential dynamic semantics for programs P = (N, A).

N. Therulesfor C D aregivenin Figure3.10. Therule EXECUTE representshe
seconccomponenbdf theinterplaybetweerthe executionof jumpinstructionsandthe
issuingof basicblocks. As issuingtheinstructionsof thetametblock deleteghebasic
block labeln in the third componenbf theinitial configuration,a jump at the endof
N(n) will againbeableto execute.

By aninductionon |w| > 0 onecanshow thatprogramexecutionis deterministic.

Proposition4. If C %D, C %E and|w| = |v| > Othenv=wandD = E.

Proof. For |w| = 1, w = n holds for somen and C =D is only derivableif C has
the form (Q, M, n) with N(n) =t and (Q,M,nil) L.D. Likewise, v = m holds for
somem andC = E is only derivableif C hasthe form (Q,M,m) with N(m) = s and
(Q,M, nil) >E. SinceC is uniqueit mustben = m, sov=wandt = N(n) = N(m) = s,
andthereforeD = E by (generalisedPropositionl.

For |w| = |v| > 1, therearenon-emptyws, w, andF andnon-empty, v, andG such
thatthelaststepsin thederivationsfor C D andC ~-E are

Wy Wo V1 V2
compose=—+ _F P 4hd4 composee— ¢ S —F

Y.D C —>E

Withoutlossof generality |wy | = |v1| holds—ary derivationwheretheleftmostbranch
C L H doesnot fulfil |u| = 1 canbe transformednto a derivation for C ~»H where
the leftmostbranchdoesfulfil |u| = 1 by reorderingthe axioms. Hence,we obtain
wy = vi andF = G by inductionhypothesisasw; andv; arenon-empty Also, |w;| =
|W| — |wy | = |v| — |v1]| = |v2| follows, soby applyingtheinductionhypothesisigainwe
obtainD = E. O

By thedefinitionof programsanexecutionwill neverattempto issueabasicblockfor
which no codeexists. However, programamight experiencedeadlockslueto operand
queueunderflav attheboundarybetweerbasicblocks. Thefollowing sectionpresents
anextensionof the staticsemanticsvhich eliminatestheseerrors.
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code FU(code | Acode | Bcode

ifopniny BU op 1
jmp N BU 1 1

Table 3.2: Type system including jumps

3.5.2 Static semantics

Basic blocks can be typed using the type systemfrom Section3.3 if Table 3.1 is
extendedby the datagivenin Table 3.2. Instantiatingthe rule AX correspondingly
amountgo theexplicit rules

and
AX-JMP

[N jmp m: X —o X
with X = 1 for the calculusof principaltypes.
Theoreml (soundnesandcompletenesfor sequentiakxecution)canbe generalised
to the bodiesof basicblockswhereshapéC) = shap€Q, M) for C = (Q, M, n) gener
alisesDefinition 1.
For programsP = (N, A) to be executabletheinterfacesof basicblocksmustbe com-
patible. We follow an approachtaken by Stata-Abad[SA98c] wherethe shapesof
basicblockslinkedby a controlflow dependengc mustmatch. All operandsxpected
by a basicblock mustbe provided by earlierbasicblocksandall operandselivered
mustbeeitherconsumedr passean to successobasicblocks. For example,if N(1),
N(3) andN(5) areof theform

N(1) = [1)1dc4q; [2)jmpS
N(3) = [3]1dc7qs [4]jmp5
N(56) = [5]decqi qo [6]skip g2

thenN(1) andN(3) eachprovide exactly theright numberof operandgor N(5).
Formally, Stata-Abad# condition meansthat B, = A, shouldhold whenever N(n) :
Ay — By, N(m) : Ay — By and (n,m) € A. We henceintroducea judgementof the
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form Z F P : o whereZ is atypeervironmentmappingbasicblock labelsto types.For
eachbasicblock N(n), ~ hasexactly oneentryn: A — B whereN(n) : A — B must
hold. Therulefor Z I P : o thenrequireshe above equalityto hold for all arcs.

2= UnedomN{n DAy —o Bn}

PROG (n,m) € AimpliesBp = Ay,
ZFP:o P=.4)

Consequentlybasicblockscanbe composedsrequiredby the outcomeof branches.

Proposition5. LetZ P :o, C=(Q,M,n) andlet n: shapéC) — B betheentryfor
nin =. Thenthereis a uniqueD sud that C -5 D. Furthermok, shapéD) = B holds,
andif D = (P,L,m) andm+ nil thenm: B — C holdsfor m’'sentryin ¥ andsomeC.

C% D=(P,Lm) %
I I
shape| |shape
\ | / \ |/
v v
n:shape(C) —— 0 B
m:B——0C

Proof. The definition of Z implies N(n) : shapg¢C) — B, so from Theorem1 (ex-
tendedto ternary configurations)we obtain (Q, M, nil) LA D for a uniqueD, and
shapéD) = B holds. Therule EXECUTE consequentlguarantee§ —D asclaimed.
If D hasthe form (P, L, m) with m = nil, thenN(n) containsan instruction jmp m or
if opmy mp with me {my, mp}. By thedefinition of programsP thereis at mostone
suchinstructionin N(n), andit mustbe the lastinstruction,so (n,m) € A holds,and
m € domN. Hence,thereis anentrym: A — C in Z, andby the secondconditionof

therule PROG,Z P : o impliesB = A. O

Hence,programseitherdo not terminatedueto loopsor terminatein a well-defined
configuration. No runtime errorsrelatedto the usageof the forwarding mechanism
occur

Thetypesystemis restrictvein thatonly oneentryfor eachblockis allowedin Z. This

is motivatedby thedesireto controlthe shapeof final configurationsLik ewise,amore
generousypesystemwhereconstraintdd,, = Ap arereplacedy constraintd, = An®
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X for arbitraryX would still guarante¢he executabilityof programs.However, loops
would be admittedwhich increasethe size of a configurationin eachiteration. Since
the numberof iterationscanin generalnot be determinedstatically the restriction
X = 1is necessaryor controllingthe sizeof configurations.

3.5.3 Type inference

Startingfrom typingsN(n) : A, — B, for the bodiesof basicblocks,thetyping rule for

> P : o requireshatthetypesof neighbouringoasicblocksbe unifiable This means
thatfactorsX; andX; shouldexist suchthatfor the weakeningsA @ X; — Bj @ X and
Aj ® Xj — Bj ® Xj, the equationB; ® X; = Aj @ Xj holdswhenever (i, j) € A. Type

inferencehasto (dis)prove the existenceof factorsX;, andwe employ the following

notionof unifier for thistask.

Definition 4. LetN bea partial mapN : N — Iseq,domN = {n,...,ng}, A C domN x
domN andfor i <k letN(n;) : A — B;j. A tuple X = (X1,...,%X) unifies\ for A if
(ni,nj) € AimpliesB; @ X = Aj ® X;.

Thefollowing propositionshavs theappropriatenessf unifiersfor typeinference.
Proposition6. LetP = (N,A) bea program.
1. If X is a unifierfor N andA ands = Un edomu it Ai @ X — Bi®@ X thenZ =P : o.
2. If S+ P:oandZ = Upedomu : A —o B; then1 unifies for A.

Proof. 1. For Z = UncdomuNi : Ai @ X — Bi®@ X and(nj,nj) € Awehave Bi@ X =
Aj ® X; sinceX unifiesN for A. Consequentlyall conditionsin the rule for
2 P o arefulfilled.

2. By therule for X+ P : o, B = Aj; musthold whenever (nj,n;) € A, whereX =
Unedomui : Ai — Bj. Consequentlyor X; = X; = 1 we have Bi @ X = Aj ® X;
for all (ni,n;j) € A.

U

Of particularinterestis the minimal unifier.
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Definition 5. For k-tuplesY andZ letY @ Z = (Y1 ®Z1,..., Y ® Z).
If X unifiesN for 4, it is minimal if for everyY which unifiesN for A thereis a Z such
thatX @ Z =Y.

For givenN andA at mostoneminimal unifier exists.

Lemmal. 1. If X andY unify N for A andX = Y @ Z for someZ, thenZz, = Z;
holdsfor all (nj,nj) € A*.

2. If X andY are minimalunifiers for N andA thenX =Y.

Proof. 1. Let X andY unify N for A andlet X =Y @ Z. Thenfor (nj,n;) € A we
have

Ai@Y|RZj =A@ Xj=B@Xi=B QY =AQYj®Z

andthusZj = 7. ConsequentlyZ; = Z; wheneer (n;,n;) is in the transitve
closureof A. Closureundersymmetryof A is trivial.

2. SinceX is minimal andY unifiesN for 4, thereis a Z suchthatX @ Z =Y.
Lik ewise, minimality of Y implies the existenceof aW suchthatY @ W = X.
Togetherwehare X =Y @W =X QZ@W, i.e.Xi = X; ® Z; @ W for all i. This
canonly befulfilled for W = Z; = 1, soX; =Y; asrequired.

O

The following theoremshaws how to obtaina minimal unifier for AU {(n,m)} from
onefor A providedthatit exists.

Theorem 2. SupposeX is the minimal unifier for N and A and for n,m € domN let
a=(mn) ¢A. Let

S={l[(l,mea™}, T={l|(l,n) er"}
and (Bm® Xm)/(An®Xn) =V /U. Then
1. X is theminimalunifierfor AU {a} if ac A* andV @U = 1.

2. AU{a} hasnounifierif a€ A* andV @U # 1.
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3. if a¢ A%, thenSNT = 0 andY is theminimalunifier for AU {a}, whee

XoU iflesS
Y=< XV ifleT
X otherwise

Proof. The proof consistof four parts.

1. Shaw thatX is theminimal unifier for N andAU {a} if ac A* andV ®@U = 1.
If (i, ]) € A thenB;® X = Aj ® A sinceX unifiesN for A.

If (i, ])

(m,n) then
Bm® Xm=Bm@Xm®@U =A@ Xh @V = Ay @ Xn.

Therefore X unifiesN for AU {a}.

SupposghatY is minimal unifierfor AU {a}. ThenY unifiesA, soX®Z =Y for
someZ by theminimality of X for A. ButY is minimalfor AU {a} andX unifies
AU{a}, soY @W = X for someW. ConsequentlyZ =W = (1,...,1).

Therefore X is minimal for N andAU {a}.

2. Shav thatAU {a} hasnounifierif ac A* andV # 1orU # 1.

Suppos&/ ®U # 1 anda € A* andY unifiesN for AU {a}. ThenY alsounifies
N for A, soX @ Z =Y for someZ. By Lemmal(l) we have Zy, = Z, since
a= (m,n) € A*. Consequently

Im@Bm@Xm=BmO@Ym=An@Yn =A@ Xn®Zn =A@ Xn® Znm
andhenceBny, ® Xm = An ® Xp, in contradictiontoV @ U # 1.

3. Shaw thatfor a ¢ A* thevectorY asgivenin thetheoremunifiesN for AU {a}.

If (i,]) € A, then(i, j) € A*, sooneof thefollowing threecasespplies.
e {i,j} CS WehaveY =X ®U andY; =X;®U, so
B @Y =B eXaoU=A@aXjoU =A;QY|

becaus& unifiesaA.
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e {i,j} C T. Similar to the first case,we obtainB; @ Y; = A; ® Y; dueto
Yi =X ®V andY; = X;QV.

e {i,j}N(SUT)=0.WehaveBi®Y, =B @ X =Aj @ Xj =A;®Y;.

If (i,]) = (m,n),thenme Sandn € T andthusYy = Xn®U andY, = Xp®V.
Consequently

Bn®@Ym=Bm@XmQU =A@ Xn®V = A ® Yn.

4. Shaw thatfor a¢ A* Y is minimal for AU {a}.

AssumethatK # Y is minimal unifier for AU {a}. Thenthereis a Z suchthat
Y =K®Z, andK # Y impliesthatZ, # 1 holdsfor somea < k, wherek is the
lengthof Z.

Oneof thefollowing threecasesapplies.

(a) o € S Wehave 2y = Z, for all | € Sby Lemmal(1) becaus& andK both
unify A. Therefore,

VIeSK®@Zg=Y=XaU (3.4)
In particular me S, andthus
An@Kn®Zy =Bn@Km®Zg =Bn@Xm@U = An@ Xa @V
andthus
Kn®Zg = Xh @ V. (3.5)

Forl e T wehaveY, =X ®V,s0X ®V =K ®Z. In particularne T and
thus

Xn @V = Kn® Zn. (3.6)

Combining (3.6) and (3.5), we obtain Z, = Zy. Applying Lemmal(1)
againweobtainZy =Zy foralll € T.
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LetU /Zy =m A/BandV /Zy =N C/D. Usingequation(3.4) we obtain
XOMRA=X QU =K ®Z;=KoMxB

andhenceX, ® A= K, ® Bfor | € S. SinceA andB areprimethisimplies
thatthereareW with K| = A@W andhenceX, =W @B foralll € S.

Similarly for | € T, we have
XRINRC=XQV=Y=K®Z4=KZs=KNxD

andthus X, ® C = K| ® D. Therefore,for | € T thereareW suchthat
Ki=C®W andX =W ®D.
Forl ¢ (SUT) takeW = X.

For shaving thatW unifiesa, let (i, j) € A. Therearethreecases.

i. {i,j} CS ThenBi oW ®@B=Bi®@X =A;®X;j=A;®W,; ®B.
i. {i,j}CT.ThenBioaW@D=B®X =AjoX;=A;oW,®D.
jii. {i,j}N(SUT)=0.ThenBiaW =Bi@X =A;®X;=AQW,.

In all threecasesve obtainB; @ W = Aj @W,.
Also, W occursin X viaX =W @ L where
B ifleS
L=< D ifleT
1 otherwise

In orderto obtaina contradictiorto theminimality of X for A, supposdd =
D =1. ThenN =Z, = M holds,andU =M @AandV =NC=MgC
imply M = 1 becaus&J andV areprime. ConsequentlyZy =M =1, in
contradictionto theinitial assumptiorZy # 1. ThereforeB# 10orD # 1
andsoL, # 1 for | = mor| = nwhich meanghatX is notminimal.

(b) a € T. Similarto case(4a)

(c) ag¢SUT. LetR={l|(l,a)eA*}andQ={l || SUTUR}. ThenST,R
andQ aremutuallydisjointandby Lemmal(1) Z; = Z, holdsfor all | € R.
TakeW = K| for | € RandW = X, for| Z R.
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NL 1 —003® 0
N2: 0y @y —o 0y

N4: G3@ g —© Oy N3: 0§ d3 —o )

Figure 3.11: Example program for type inference via unification

ThenW unifiesA: For {i, j} ¢ Rwe have

Zo2BioW = BioK ®Z =BiY,
= AQYj=A0K{®Zj =Zg AW,

andthusBi@W = Aj@W,. For {i,j}NR=0, Bi@W = A; ®W, holds
trivially.

Again, we obtaina contradictiorto the minimality of X for A becaus&X =
W ® L wherely = Zq # 1for| € RandL; = 1 for | ¢ RandR # 0.

O

Consequentlytype inferencefor P = (N, A) can proceedby typing the bodiesof all
basicblocksseparatelyandthenvisiting the arcsA in ary order An algorithmbased
on Theorem?2 eithersuccessiely calculatesninimal unifiersfor arcsO C A1 C ... C
An = A or rejectsthe programasbeingill-formed.

Example. Considerthe programp with basicblocksNi,... N4 andarrons andinitial
typingsasshowvn in Figure3.11.

Visiting the arrav (N1,N2) first, we find that X; = q2 and X; = q3 are neededfor
unifying B; andAy. Visiting (N2,N3) next, the extendedproductB, @ Xo = q1 ® g3
is equalto Az ® 1, so no further wealening is neededfor unifying N> and N3 and
we defineXz = 1. Closingthe right loop is possiblewhenvisiting (N3,N1) next as
Bz ® X3 = q2 = A1 ® X3 holds.
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Visiting (N2,N4) next, we seethatN2 hasto befurtherwealenedby q4 in orderto unify
with A4. N4 in turn hasto bewealenedby q1, sowe defineYs = q; andYs = Xo ® qa.
In orderto keepthe earlierequationsvalid, we have to promotethe new wealeningto
all blocksalreadyconnectedo N2, i.e. defineY; = X; ® q4 andYs = X3 ® q4. Notice
thatby constructiontheright loop staysunified.

Finally, whenwe visit thelastarrov (N4,N1) we find thatthe blocksarenot unifiable.
TheblocksN4 andN1 arealreadytransitively relatedandtheidentityB4®Ys = A1 @Yy
doesnot hold. Any wealeningwe apply to A1 ® Y1 is promotedvia N2 backto N4
anddoeshencenot leadto unification. Consequentlythe programis rejectedasnon-
unifiable. This is correctas eachiterationthroughthe left loop producesanitem in
q: andconsumesanitemin g,. Sincethe numberof iterationscanin generalnot be
determinedstatically we shouldnot admitthe programfor execution. &

3.6 Discussion

This chapterintroducedan assembljanguagevhereoperandjueuenamesappeaitn
the position of registeridentifiers. The languagegeneralisedhe simple compound-
ing approachasinstructionscanreceve several agumentsthroughforwarding,send
their resultto several operandqueuesandcanforward acrossbasicblock boundaries.
The languagewvasgiven a dynamicsemanticorrespondindgo aninstructionsetar-
chitectureof a processqrwhereonly operandjueuesanbe used.A staticsemantics
complementethe dynamicsemanticstuling out characteristi@rrorsituationssimilar
to thosepresentin SCALP Loopswererequiredto be of neutralnet-efect, i.e. each
iterationcouldconsumennly asmary itemsasit producedandvice versa.

For the patternsof forwardingexpressiblen ALEF the notationbasedon linearlog-
ics could have beenreplacedby otherformalisms,suchasformal monomialsover the
setof queuenames.Thelinearformalismwasmotivatedby the factthatlinearlogics
hasalreadybeensuccessfullyappliedto type systemdor programmindanguagesnd
concurreng calculi [Laf88], [TWM95], [BS94], [EW90]. Furthermoremoregener
ousforwardingschemeshanthe onerealisedby ALEF might needadditionalopera-
torsfor combiningtypes,for which someof the hithertounusedconnectvesof linear
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logicsmay prove useful.

We briefly discusgwo aspect®f our designdecisionto captureoperandjueuenames
explicitly in the syntaxof assemblyprograms.

Firstly, the computationamodelof ALEF resultsin a lessflexible forwardingmecha-
nismthanhardware-basedorwarding. For example,atranslationof program

for (|nt i=1; i<n; i+9){j =j*k;}
=i

into ALEF needdo fix the destinationqueuefor the resultof the multiplication stati-

(3.7)

cally. Thetwo consumingnstructionshowever, executeon differentfunctionalunits,
andtheexclusive bindingof operandjueueso functionalunitsforbidsacommondes-
tination. Consequentlya translationis only possibleat the expenseof an additional
instruction,suchasin

]
4lmul q1 92 q1
B|if..
6]1dMUL q1 93

[7]dec q3 qa

wherewe assumehatq; andq, areboundto MUL andqs to ALU. In contrasta hard-
ware basedforwarding mechanisnmight generatedifferent forwarding requestsn
eachiteration,matchingthe effect of theadditionalinstruction.
It is expectedhatmoregenerougorwardingschemesanbepermittedfor anextended
instructionsetand more sophisticatedype systems.For example,the destinationof
the resultof the multiplication coincideswith the outcomeof the branchinstruction.
The destinationshouldbe q; wheneer the branchconditionis fulfilled, andqs oth-
erwise. This relationshipcan be discoveredstatically anda moreflexible language
would containa correspondingonditionalforwardingmechanism.t shouldthusbe
possibleto matchmostof the flexibility provided by hardware-basedorwardingin a
staticsemantics Weightingthe costsandlimitations of statictyping againstdynamic
errorrecoverythenamountgo adesigndecisionwherethecompleity of thelanguage
andthe compileris tradedoff againsthe hardware compleity andthe costsof error
recovery atruntime.
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Secondlyexposingthe architecturaktructureat the assemblylevel meanghatthele-
gality of programss affectedby architecturamodifications.In particular alterations
to the binding of queuedo functionalunits are not shieldedfrom the programmeiby
thelSA boundaryanddirectly influencethebehaiour of programs.Traditionally, sys-
temdesignersvould considethisvisibility adisadwantageof ourcomputationaimodel
asprogramsneedto betype-checkdwheneerthearchitecturas modified. However,
for reasoningaboutarchitecturaimodificationsandtheir effect on programcompila-
tion, explicitnessof architecturalinformationis beneficialas formulaeand proposi-
tions may directly refer to architecturalentities. Furthermore the usageof specific
operandqueuesandthe schedulingof operand4o communicatiorpathsrepresentan
importantaspecif programoptimisation,which may only be performedstaticallyif
the compilerhassufficient knowledgeof the executinghardware. The ALEF model
supportghis optimisationphaseby enablingthe compilerto referto architecturaken-
tities directly. Finally, future developmentsof our techniqueswill shav that not all
architecturalnformationneedgo berevealed,aslong asprogramandprocessofulfil
somekey requirements.Our computationaimodelthus helpsclarifying which parts
of an architectureshouldbe explicitly exposedto the programmerwith benefitsfor
futureinstructionsetdesignerandcompilerwriters.

3.6.1 Summary and outlook

The introductionof ALEF deliveredthe first technicalcontribution promisedin Sec-
tion 1.3. We alsodiscussedhow ALEF’s modelof computatiorarisesrom, andrelates
to, coreaspect®f SCALP. Dynamicsemanticgsecondtemin Sectionl.3) andstatic
semanticgthird item)weregivenfor AQM’swith sequentiaéxecution,andtheircom-
patibility wasdemonstratetdy proofsof soundnesandcompleteness.

In the next chapteywe will considerAQM’swith concurrenexecutionandexecution
underoperandqueuesf finite length. This will motivatemodificationsto the calculi
for bothdynamicandstaticsemanticshut their generashapewill remainunchanged.
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Programexecutionin modernprocessorsloesnot follow the strict sequentialitysug-
gestedy thelSA definition. Insteadjnstructionsarepartitionednto micro-operations
correspondingo stagesof a processingipeline. Superscalararchitecturesontain
severalinstructionpipelinesandprocessnstructionsconcurrently Branchprediction
andspeculatie executionleadto additionalcomplexity.

This chaptepresentanalternatve dynamicsemanticgor ALEF whichtakesthe con-
curreny of multiple pipelinesinto accountandis thus more closely relatedto the
executionin modernprocessorsStudyingthe interactionbetweerthis distributeddy-
namicsemanticsandforwarding,we discover that interleared executionmay experi-
enceadditionalerrorconditions.This makesprogramexecutionunsafeasadistributed
executiondoesnot honourthe ISA specification.We characteris¢he sourceof these
hazardsandstudyvariousalternatvesfor eliminatingthem. This is supportedoy our
programmindanguagebasedview asit enablesisto characterisprogramswvhichare
unsafe.

Having obtainedsafetyof distributedexecution,we modify thearchitecturdurtherby
limiting the length of operandqueues.Additional hazardsariseboth with respecto
the sequentiabswell asthe distributeddynamicsemanticsas programsmight dead-
lock due to operandqueueoverflovs. We shav how a static semanticscan derive
the minimal queuecapacitiedor executinga programsafely and considerthe effect
of extendingthe queuelengths. It is shaovn that absenceof queueoverflowns is only
preseredfor thoseprogramswvhich weresafein theunrestrictedlistributedmodel.

75
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Synopsis  Thechaptelis structuredsimilarly to the previous chapter Sectiord.1in-
troduceghedynamicsemanticgor distributedexecutionof straight-linecode.Theop-
erationalmodelinterlearesreductionof thesequentiamodelon theinstructionlevel.
Observingthat the static semanticfrom Chapter3 guaranteegxecutability but not
determinag, we discusgherelationshipbetweerdeterminismsafetyandtypability in
Sectiond.2. This analysisleadsto a staticsemanticavhich separatethe detectionof
raceconditionsfrom the taskof eliminatingthem. An extendedtype systemis given
in Section4.3.1wherejudgementsontainconstrainton the relatve executionorder
of instructions.Theseconstraintsaareshownn to imply determinag andhencesafetyof
execution: distributedand sequentiakxecutionyield the sameresult. Sections4.3.2
to 4.3.4discusshow the constraintamay be dischagedby exploiting instructionor-
deringsarisingfrom the dynamicsemanticor the programstructure. Hence,safety
of distributed executionmay be obtainedby (designtime) analysisof the dynamic
semantics(compiletime) analysisof the programandruntimemechanisms.
Following this, wereintroducéranchingnstructionsn Sectiord.4andadaptheanal-
ysis from Section3.5 correspondingly Modelswith operandqueuesof finite length
aretreatedin Section4.5. In Section4.6, we discusshow distrututed AQM’s relate
to Tomasulo$ algorithm. This demonstratethe expressvenessof our computational
modelandprovidesa novel expositionof Tomasulo$ algorithmitself. Finally, we dis-
cusstechnicalimprovementsandcommenton somedesigndecisionsn Section4.7.
As in Chapter3, all operandsn this chapterarecommunicatedisingthe forwarding
mechanisnmandregistersareignoredin thediscussion.

4.1 Syntax and dynamic semantics

Thedynamicsemanticgor distributedexecutionmodelstheinstruction-levelinterlear-
ing in superscalarasynchronouprocessorgseeFigure4.1). Instructionsareloaded
from memoryandinsertedinto waiting stationsn front of functionalunits. Theseare
implementedasinstructionqueuesand progressn differentpipelinesis decoupled:
onceaninstructionhasenteredts waiting station,no centralcontrolis exercisedand
executionof headinstructiondss purelytriggeredby the availability of operands.
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Control Unit

add, inc,... Id, st,...

\I/if“. - \]/mul...

V2 .
Instruction
% Pipelines
<=7 21> MEM
| |

Figure 4.1: Architectural model for distributed dynamic semantics

Syntactically we modelexecutionby parallelprogramswith asmary componentas
thereareinstructionpipelines. For simplicity, the pipelinesandthe functionalunits
arein one-to-onecorrespondencegndeachpipeline canhencebe representedby an
instructionsequenc®f instructionsmappedo the samefunctionalunit. For straight-
line code the syntaxof distributedprogramss givenby

meP:=t; || t2 || t3

where|| is non-commutatie. Fory =t; || t2 || tsandm =51 || S || S3 we define
mmp=14s || s || t3ss.

We denotethe parallelprogramresultingfrom insertingall instructionsof a sequential
programt into the correctpipelinesby %, giveninductively by

e = eflefe
ins || €| € if FU(ins)=ALU
Tis = €| ins| € if FU(ins)=MUL
el €| ins if FU(ins)=MEM
Tt = T&Tg

The dynamicsemanticss obtainedby embeddingsequentiabperationinto the dis-
tributedmodel. We defineC Ly, D to hold if C 1D is derivablein the sequentiably-
namicsemantic$rom Section3.2andall instructiongn|codein t fulfil FU(code = fu.
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Formally, therelationC tﬁu D is obtainedby therules

[njcode s t
——D C E E D
Fulcid FU(code =fu and FU,—“—_ — ™
C [n]co efu D C 3D

wherethepremisen rule FU; refersto thecalculusfor binaryconfigurationsn Figure
3.5. We definedistributed(interleared) executionC LNy by

t ™ ™
cYLD cME E
DIS; T&f” and DIS; —— —

C—=D C232D

Therelationshipbetweersequentiahnddistributedexecutionis asfollows.
Proposition7. 1. If C LD thenC % D.
2. 1f C 5D thentheris at suc thatg = tandC Lp.
3. If C 5D, t=ins;...ins, andins = [ncode then (21, Acode) © ShapéD) =
(®leBcode) ® Shap6§C)
Proof. All threepartsareshovn separately

1. Inductiononthestructureof t.

Caset = ¢. Asthereis noderiationfor C t—>D, theclaimis trivially fulfilled.

Caset = [n|add op; op, op3. FromC L.DandFU (add op; op, Op3) = ALU we
obtainC t—>ALU D, henceC ™ D follows by rule DIS;.

Other basecasessimilar.

Caset = su. For C =% D, rule COMP guaranteethatthereis anE with C =E
andE -5 D. Applying theinductionhypothesigo C >E andE 5D vyields
C 5 EandE ™ D, sotheclaimfollowsby rule DIS; andTi T, = Ty = Tk.

S

. C D o .
2. 1f C D holdsvia DIS; ju thentt= 15 andtheclaimis fulfilled fort =s.
—_
™M ®
it C D holdsvia DIS; & — = E D with 1= m 1, thenwe have C *-E
—_—

andE LD for somes andu with T = T and Ty, = T by induction hypoth-

esis. For t = su we consequentlyobtain g = 15y, = T = TW T = T and
S u
comp-—E EZD.
C—D
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3. By part(2), thereis ans with 1, = 1% andC >,D, sos consistsof the samein-
structionsast. We maythereforeprove theclaimby shoving that (@[ Acode) ®
shapgD) = (®{_,Bcode) @ shap&C) holdsfor aninstructionsequence which
consistf instructionsing andfulfils C 2.p.

CaseINSTR. For C "% D, Theoreml impliesins; : shapgC) — shapégD),
andrule AX yields shap&C) = Acpdg ® X andshapgD) = Bgogg © X for
someX. Combiningthesetwo factsyields

ACOdQ_ ® Shap¢D) = Acode_ ® Bcodq XX = Bcodq ® shapéC).

CaseCOMP. For s= ru theremustbeanE suchthatC ~E andE %D, soby
inductionhypothesisve obtain

(®TL1Acode, ) © ShapeE) = (2]L1Bcods, ) © shapéC)
and
(®?=m+1Acodej ) @ shapgD) = (®?=m+1800d$j ) @ shapé&E)

wherer =ins; ...ins,, andu = ins ..ins,,. Hence,

m+1 -

(®1Acode) @ ShapgD) = ((X)rjn:ya\code;j )® (®?:m+1ACOd3]- )
®@shapégD)
= (®rjn:1Acodej ) ® (®?:m+15code,-)
®@shapé€E)
= (®En:]_BCOd3j ) ® (®?:m+]_BCOde )
®shapgC)
= (®in:18code) ® shapgC).

O

In particular part(3) of Proposition7 guaranteeshapéD) = shapéE) wheneverC LR
D andC % E.

As a further consequencehe type systempresentedn Section3.3 is soundfor dis-
tributedexecutionin the sensehattypability entailsexecutability
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Proposition8. If t : A— B andshapéC) = A thenthereis a D sudh thatC X Dand
shapgD) = B.

Proof. Fort: A— B andshapéC) = A thereis by Theoreml a (unique)D suchthat
shapéD) = B andC - D. By Proposition7 we have C ™ D. O

It is nolongercompletej.e. C ®D doesnotimply t : shapg¢C) — shapéD).

Example. Lett = [1]add q; g2 g3 [2]1dc 2 g2, M arbitrary C = ([q; + 3],M) and
D = ([qs — 5],M). ThenshapéC) = q;, shap&D) = q3 andC - D, butt cannotbe
giventhetypeq; —o gq3. Indeedtheprincipaltypingfortist :: q;s ® g2 —o q3 ® g2 and
asequentiakxecutionof t startingin C deadlocks. &

In fact, distributedprogramsdo in generahot executedeterministically

Definition 6. A distributed program 1t is deterministicif C D and C = E implies
D=E.

Example. Let 1= [1]add q1 92 q3 || € || [2]1dc 1 q3 andC = ([q1 — 2, g2 — 3],M).
ThenthereareD # E with C 55D andC E, asshown in Figure4.2. &

Non-determinisnarisesfrom racehazardsetweennstructionswhich executeon dif-
ferentfunctionalunits but forwardto the sameoperandjueue.

The type systems$ adequay for parallelexecutionis thuslimited, in theoretical(in-
completenessand practical(non-determinismjespects.Even a well-typed program
mayyield differentresultsasthe configurationD in Proposition3 neednotbeunique.
Theshapeof all final configurationsreidenticalby Proposition7, but thevaluesnside
the operandqueuesnaydiffer.

Ratherthanstudyingdistributedprogramsandtheir non-determinisndirectly, we are
more interestedn characterisingnstructionsequence$or which distributed execu-
tion coincideswith sequentialexecution,andwith typability. The following section
thereforediscusseshe relationshipbetweendistributed execution,sequentiakxecu-
tion, racehazardsandtyping for individual instructionsequences.
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Figure 4.2: Execution of a non-deterministic program
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4.2 Determinism, safety and completeness

We first introducesometerminology
Definition 7. Aninstructionsequence is called
e deterministidgf C 5 D andC % E impliesD = E
e safeif C 5D impliesC AN}
o completeif C = D impliest : shapéC) — shapéD).

For practicalpurposesdeterminag of t is importantfor studyingthe processos be-
haviour asmodelledin thedistributeddynamicsemanticswithoutreferringto the ISA
definition. For establishingcorrectnes®f processobehaiour in relationto the ISA
specificationsafetyis mostappropriateasfor safeprogramssequentiahnddistributed
dynamicsemanticoincide. Proposition7 shavedthatthe processomaydeliver the
sameresultasthe ISA semanticpromisesandsafetyguaranteeshatany resultde-
liveredby the processois indeedthe onepromised.CompletenesBnally allows usto
reasonaboutdistributedexecutionin the compiler It guaranteeshatwhatever inter-
leaving the processochoosegpossiblyinfluencedoy the outcomeof raceconditions),
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theshapeof final configurationss determinedy theshapeof theinitial configuration,
basedn Proposition2.
Thethreenotionsrelateto eachotherasfollows.

Proposition9. For aninstructionsequence, thefollowing (non-)implicationshold.
¢ t safes t completeandt deterministic
¢ t deterministicA t safe
e t deterministicA t complete
e t completes t safe
e t completeA t deterministic
Beforeproving Proposition9, we introducerelatvisedvariantsof theabove notions.
Definition 8. Aninstructionsequenceis called

e deterministicfor A if for all C with shapgC) = A, C = D andC = E implies
D=E

o safefor Aif for all C with shapgC) = A, C = D impliesC AN,

e completefor A if for all C with shapéC) = A, C -5 D impliest : shapéC) —o
shapégD).

By definition, the unrelatvised notionsare obtainedfrom the relativised notionsby
guantifyingoverall productsA.

Lemma 2. Thefollowing (non-)implicationsholdfor instructionsequencéandprod-
UctA.

o t safefor A < t completefor A andt deterministidor A
e t deterministidfor A - t safefor A

e t deterministidor A % t completeor A
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e t completefor A % t safefor A
e t completefor A #- t deterministicfor A
Proof. Thefirst claim consistsof two parts.

=. We have to shav thatfor shapgC) = A, C ™ D andC & E implies D = E and
t : shapgC) —o shapéD).

By the definition of safetywith respecto A, C D impliesC SDandC & E
implies C LE By Propositionl, D = E follows. Also, C AN impliest :
shapéC) — shapéD) by Theoreml.

«. We haveto shaw thatshapgC) = A andC =% D impliesC D.

By thedefinitionof completeneswith respecto A, C &D yieldst : shapéC) —
shapgD), soby Theoreml thereis anE with C LE, andshapgE) = shapégD)
holds. By applying Proposition7(part(1)), we obtainC ™, E, sodeterminism
with respecto A impliesD = E, henceC Lp.

For the non-implicationsconsiderthe programss andt

s = [i]decqi gz [2]1dc5qs
t = [1]1dc3q; [2]1dc 5qa [3]dec q1 g2

whoseexecutiontracesor initial configurationf shapel areshovn in Figure4.3.
Progransis deterministidor 1, sincefor any configurationC with emptyqueueys, the
distributedprogramr canonly follow theinterleaving [2][1], soC —% D andC -5 E
implies D = E. However, s is neithersafefor 1 nor completefor 1. It is not safe
becausdor any C with emptyq; thereis no D with C >,D. Itis not completebecause
s cannotbe giventype 1 — B for any B. Hence programs provesthe secondandthe
third claim.

Programt is completefor 1, because : 1 — g, ® g2 holds,andfor any C andD with
shapgC) = 1 andC = D we have shapéD) = q» ® q. Ontheotherhand is neither
safefor 1 nordeterministidor 1. It is notsafebecausdor C = ([],M) andD = ([qo —
25]) we have shapgC) = 1 andC = D via the interleaving [1][3][2], but C %D. It
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Figure 4.3: Execution traces for Ti (left) and 1§ (right).

is notdeterministicfor 1 becausdor the sameC, configurationE = (g — 52) fulfils
C % E via theinterleaving [1][2][3], but D # E holds. Hence,programt provesthe
forth andfifth claim. O

Theresultsin Propositiord arenow obtainedascorollariesof the correspondingtate-
mentsin Lemma2. Safetyof t is equivalentto completenesanddeterminag because
for eachproductA this equivalenceholdsrelative to A. Likewise,the examplesin the
proof of Lemmaz2 alsoprove the non-implicationsn Proposition9. In eachcasewe
canexhibit a programt and(an A and)a configurationC (of shapeA) demonstrating
thattheimplicationdoesnot hold.

Proposition 10. If t : A — B thent completefor A.

Proof. Fort : A —o B, shapéC) = A and C = D we have to shaw t : shap&C) —o
shapéD).

Sincet : A — B andshapéC) = A hold, Theoreml implies C L, E for someE with
shapéE) = B. By applyingProposition7(part(1)) we obtainC & E, so Proposition
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7(part(3)) yieldsshapéD) = shapéE), henceshapéD) = B asclaimed. O

In the next section,we will extendthe type systemby constraintswhich guarantee
(relativised) determinism. Fulfilling the constraintswill henceresultin (relativised)
safety basedon thefollowing consequencesf Proposition® and10.

Corollary 1. Lett beaninstructionsequencandt : A — B.
e tisdeterministidor A < t is safefor A.
e If A= 1thentis complete
¢ If A= 1thent is deterministiafft is safe

Proof. e t: A—o Bimpliesthatt is completefor A by Propositionl0, sothefirst
claim of Lemmaz2 impliesthe equialence.

e By applyingthe wealening rule WK we may typet : C — C® B for ary C,
andfor eachchoiceProposition10 impliesthatt is completefor C. Hencet is
completefor all C andthuscomplete.

¢ Combinethe previousitem andPropositiord.

Noneof therelativisednotionsaremonotonewith respecto A.
Example. Considerthe programs
t=[1]add q1 92 q1 [2]1dc 3q; and s=[1]add q; 92 q3 [2]1dc 3 q;

with the respectie principaltypingst : g1 ® g2 — q1 ® g1 ands: q; ® g2 — q1 ® q3.
Thent is completefor 1 andq, ® g4 but notfor g, andit is deterministicfor g5 but
notfor g, ® q;. Programsis safefor 1 andq, ® g4 but notfor qs. &
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4.3 Dealing with non-determinism

Racehazarddeadingto non-determinisncanbedetecteditcompile-timeby analysing
theforwardingbehaiour, andseveralchoicesexist for handlingthem.

In someapplications non-determinismmight be desirable.For example,the lateng
in globally asynchronousystemsdependson ervironmentalconditionssuchasthe
temperature In applicationsfor security the temperaturenight hencebe (a part of)
the secretkey necessaryor decodinga messageorrectly and attemptsto decodea
messageaunderincorrecttemperaturesettingsexperiencedifferentinterleavings and
thusfail.

For applicationsvherenon-determinisncannotbetoleratedracehazardsanbeelim-
inatedeitherin hardwareor in software.A simplehardware-basedpproactwouldaim
at modifying the processormplementatiorto block the progressn onepipelineuntil
otherpipelineshavereached certainstate.This correspond$o changinghedynamic
semanticdy imposingside-condition®nthereductionrules.If implementecdhawely,
sucha solutiondependson a notion of global state,is thuslikely to resultin central
control and thereforeundesirablen an asynchronousettingas the operand-druen
modeof operation's compromised.

The programmindanguageview allows usto understandace-hazardandtheir elim-
ination astwo separatassues. First, thereare requirementon the relative order of
someinstructionswhich needto befulfilled for determinisnto hold. Theseconstraints
are specificto eachinput program. Second thereare mechanismgor proving that
requirementsre fulfilled. Thesedischaging technique®xploit existentorderingrela-
tionsbetweeninstructionswhich originatefrom the dynamicsemantic®or arespecific
to theinput programor theinitial configuration.They maybe of arbitrarycompleity
aslong asthey canbeimplementedasstaticor dynamicprogramanalysis.

This sectionthereforepresentanextendedype systenmwhich derivesconstraintsiec-
essaryfor determinism. Following that, we examinetwo techniquedor dischaging
constraintspasedon the dynamicsemanticsandon programanalysis.Thefirst tech-
niquefulfils constraintsrrespectvely of the shapeof initial configurationsandcan
thereforebe usedfor obtainingdeterminism. The secondtechniquedependson the
shapeof aninitial configurationand canthusyield at mostrelativised determinism.
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As the extendedtype systemcontainsthe rules for derving t : A — B, the respec-
tive determinayg propertyimmediatelyyields the correspondingafetyproperty and
thus guaranteeshe predictability of programexecutionaccordingto the distributed
dynamicsemantics.

4.3.1 A static semantics for determinism

The type systemfrom Section3.3 is extendedsuchthatit derivessequentialitycon-
straintswhich guarantealeterministicexecution: whene&er two instructionsforward
their resultsto the sameoperandqueuetheir executionordermustagreein all inter-
leavings. Theseconstraintswill later be dischaged using instructiondependencies
inherentin thedynamicsemantic®r the structureof the program.

For the dynamicsemanticsC D, the only sourceof non-determinismin a well-
typedprogramis the presencef a raceconditionbetweennstructionswhich execute
independentlyut forwardto the sameoperandqueue.In orderto reasomaboutthese
outputconflicts,we extendsequents : A — B by annotationd” and <. Thisyields
sequent®f theform (I', <) -t : A— B. Thesetl" containsentriesof the form op; :
(I1,K1),...,0p, : (In,kn) suchthatthe op aredistinctandthel;,k; € N arelabelsof
instructionsin t. An entryop: (I,K) in I representshe fact thatinstructionsl and
k forward their resultto op, and| is the first suchinstructionin t andk the lastone.
The secondcomponentx, is a partialorderover N which relatesinstructionsin t by
[n] < [m] wheneverthey forwardto the samedestinatiorsuchthat[n| precede$m] in t.
Soundnes®f our calculusconsistsof shaving thatt is deterministicin the senseof
Section4.2 provided that all executionsof t contain[n| before[m|. By embedding
the calculust : A — B, we restrictour attentionto programswhich are sequentially
executableandaim for safetyratherthanpuredeterminism.

Thetypingrulesfor deriving (I', <) -t : A— B areshavnin Figure4.4andaredefined
in termsof the typing relationt : A — B from Section3.3. They usethe following
definitions.

Definition 9. For Bgoge= op'il ®R...Q opﬁ]ﬂ weset

[ njcode= {OR : (n,n)|ki > 0}.
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(Mc)Fs:A—C

AX < ins:A—B CUT< (A, <)Ft:C—B
(Tins,0) Fins: A— B (THA, <) st:A—B

Figure 4.4: Type system for deterministic execution

For contexts (I, C) and (A, <), thecontext (T'#A, <) is givenby

r#A = {op:(l,h)jop: (I,k) € I andop: (g,h) € A}
u{op: (I,k)|op: (I,k) € I andop ¢ domA}
U{op: (g,h)|op: (g,h) € Aandop ¢ dom" }

and
< = (c U =<U{(kqg)|op:(l,k) el andop: (g,h) € A})*.
Thetype systemis faithful to the calculusfrom Section3.3.

Lemma3. 1.t:A— Bholdsexactlyif therearel and < sud that (I',<) -t :
A —o B holds.

2. If (M<)Ft:A—Band(A,<)Ft:C—Dthenl =Aand<=<.
3. If (M <)Ft: A— B,then

e all labelsn occuringin I' or < are labelsof instructionsin t.

e if n < mthent can be written as s[n|code,r [mcodg,u and Beyge, and
Bcode, havea commorfactor op.

e op: (n,_) I iff [n] is thefirstinstruction [m/codein t for which op is a
faCtOI’ Of Bcode

e op: (,n) e I' iff [n] is the last instruction [m|codein t for which op is a
faCtOI’ Of Bcode

e op: (n,n) € I"iff [n] is the only instruction [m]codein t for which opis a
factor of B¢oge
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4. If (I,<) Ft:A— B,t hastheformsjn|codqr [m|codeu andopis a factor of
bothBeodg andBeoge, thenn < mholds.

Proof. We prove all four partssimultaneouslypy inductionon the structureof t.

Caset = €. Neithert : A— B nor (', <) -t : A—o B arederivable,soall claimsare
trivially fulfilled.

Caset =ins. 1. Ifins: A—Bthen(l',<)Ft:A— Bholdsfor =Tj,sand<=0
by rule AX <.

If (IF,<)Fins: A— Bisderivablethenins: A —o B is derivablebecausét
occursasthe premiseof AX <.

2. For (M <)Fins:A—Band(A,<)Fins:C—oDwehael =Tjps=A
and<=0=< byrule AX<.

3. For (I',<)Fins: A— Bwehavel =Tj,sand< = 0, sothefirsttwo claims
holdtrivially, andop: (m,l) occursin " exactly if m= 1 is thelabelof ins
andfor Bgoge = op'i1 ®...Q® 0|d,§n thereis ani with op= op andk; > 0O,
i.e.opis afactorof Begge

4. ins doesnot have the form s[njcodea r [m|codeu, sothe claim is trivially
fulfilled.

Caset =sr. 1. Thelaststepin thederivationfort : A— B mustbe

s:A—C r:C—oB
t:A—oB

for someC. By inductionhypothesistherearehenceA, C, A and< such
that(A,C)Fs:A—Cand(A,<) Fr:C— Bhold. ForI' = A#A and<
definedby

CUT

(c U < U{(k,g)|op:(I,k) € Aandop: (g,h) € A})"

weobtain(l', <) -t : A—o B by rule CUT<.
Corversely the laststepin a derivationfor (I', <) -t : A — B mustbe of
theform

NCFs:A—C (A<)Fr:C—B

7<l
cu FL<)Ft:A—B
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wherell = A#A and< equals
(Cc U < U{(k,g)|op: (I,k) € Aandop: (g,h) € A})™.

By inductionhypothesiss: A — C andr : C —o B hold, hencesr : A— B
follows by rule CUT.

. Thelastrulein thederwationsfor (I', <) -t:A—Band(A,<)Ft:C— D

is CUT<, sothereareA;, Z;, Cj and<; for i € {1,2} suchthat

(A1,C1)Fs:A—E (N2, C2)Fs:C—F

(Z1,<1)Fr:gE—B (Z2,<2)Fr:F—D
CUT< dCUT=

(M<)Fsr:A—B an (A,<)Fsr:C—D

In particular ' = A1#21, A = N\o#3, and

= (C1 U =<1 U{(k,g)|op: (I,k) € Ay andop: (g,h) € Z1})*
= (C2 U <2 U{(k,g)|op: (I,k) € Azandop: (g,h) € Z2})*.
By inductionhypothesis/A\1 = Ao, 21 = 35, C1=C» and<1=<> hold,

hence
M =NA#21 = N\ottZo = A

and
< = (C1 U =1 U{(k,g)lop: (I,k) € Asandop: (g,h) € Z1})*

= (C2 U <2 U{(k,g)|op: (I,k) € A andop: (g,h) € Zo})"

= <.

. Thelaststepin thederivationfor (I', <) I sr : A— B musthave been

(A,C)Fs:A—C
(A,<)Fr:C—B

<
cut (M<)Fsr:A—B

for someA, A, C, < andC. By inductionhypothesisall labelsoccuring
in A\ or C arelabelsof instructionsin s, andall labelsoccuringin A or <
arelabelsof instructionsin r, soall labelsoccurringin I' or < arelabels
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of instructionsin t = sr by the definitionof # and <. This provesthefirst
item.

For the third item, obsene thatfor op: (n,_) € I, eitherop: (n,_) € A or
op ¢ domA andop: (n,-) € A hold. In the first case,[n] is the first in-
structionfor which op occursin Bgoge in s by inductionhypothesishence
n is thefirst suchinstructionin sr = t. In the secondcase thereis noin-
structionin sfor which op occursin B.oge by inductionhypothesigreverse
direction),but [n] is the first instructionfor which op occursin Beogein r,
alsoby inductionhypothesisHence[n| thefirst suchinstructionin sr =t.

Corverselyif nisthefirstinstructionin sfor whichopoccursin Beggein sr
theneithern is thefirst suchinstructionor s doesnot have ary instruction
for which op occursin Beggeand|n| is thefirst suchinstructionin r. In the
first casetheinductionhypothesismpliesop: (n,.) € A, soop: (n,-) €T.
In the secondcase the inductionhypothesismpliesop ¢ domA, andop:
(n,_) € Aholds,soop: (n,_) €T.

Theforth andfifth item areprovensimilarly to thethird one.

Finally, for proving the secondtem, notethat by the definition of <, ary
n and m with n < m fulfil eithern C m or n < m or therearel, h and
op suchthatop: (I,n) € A andop: (mh) € A. In thefirst case,the in-
duction hypothesisguaranteeshat s can be written as s; [n] s, [m] s3 and
thereis a commonfactorof Bcode, andBcodg,, SOt = Sr canbewritten as
1 [n] s [m] s3r andthereis acommorfactorof Beodg, aNdBeodg,. Similarly,
the seconctaseresultsin t having theform srq[n]r2[m| r3 with acommon
factorof Beode, @NdBeodg,. IN thethird case thefirst item guaranteeghat
sis of theform s; [n] s, andthatr is of theform rq [m|ry, sot is of theform
t1 [n]t2[m]t3 for t; = 51, t2 = Sprp andtz = rp. Itemsfour andfive guarantee
thatopis afactorof bothBgoge @andBeode,-

4. For (I',<) F st : A— B andsr is of theform
u[njcodq v[mjcodew

suchthat op is a factor of Beogg @ndBeoge, the rule CUTS implies that
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thereare/, C, A and< suchthat(A,C)Fs:A—Cand(A,<)Fr:C—B
hold, wherell = A#A and< is equalto

(c U < U{(k,g)|op:(I,k) € Aandop: (g,h) € A})".

Therearethreecases.

(@) Instructions[n] and [m] both occurin s. Thens can be written in
theform s; [n|codq s, [m|code s, andtheinductionhypothesigields
[n] C [m], sofrom thedefinitionof < we obtain[n] < [m].

(b) Instructiongn] and[m| bothoccurin r. Similarly to the previouscase,
we obtain[n] < [m] by induction hypothesisandthus [n] < [m] from
thedefinitionof <.

(c) Instruction[n] occursin sandinstruction|m| occursinr. Let [I] bethe
lastinstructionin s suchthatop is a factorof B¢oge and k| bethefirst
suchinstructionin r. By inductionhypothesis| # nimpliesn C | and
m= kimpliesk < m. It thereforesufficesto shav | < k, which holds
by thedefinitionof < asitem (3) yieldsop(_,l) € A andop(k, ) € A.

O

For (I', <) Ft: A—o B, instructionsin t arethusrelatedby < wheneer they forward
to the sameoperandqueue.The orderof suchinstructionsfor eachqueueagreeswith
theorderin whichthey appeaiin t.

Definition 10. Lett bean instructionsequencand C a partial order over N. Thent
respects if t canbewrittenast = s[n|code r [m|code,u wheneer [n] C [m] holds.

For proving soundnessye shaw that (I', <) -t : A — B yields determinisnrelative
to A, providedthatall constraints< aremet: for shapg¢C) = A, we supposehatall
distributedexecutionsof t respect<, i.e. thatfor C ™ E, all swhichfulfil C E and
T = T respeck. We shaw thatfor theuniqueD with C AN (existentby Theoreml)
theequalityD = E holds.

Definition 11. Programsis aninterleaszing for t andA if s = 1% holdsandfor any C
with shapgC) = Athereis a D with C =D,
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For a partial order C over N, programt is called sequentiafor — andA if all inter-
leavingssfort and A respectC.

Lemmad4. Let (I, <)Ft:A— B, shapgC) = A, andu = insu’ an interleavingof t
andA. Lett be sequentiaffor = and A, let < be containedin , andlet C ins D,
andt = tyinsty. Thenthere are A and < sud thatfor C = shapg¢D;) ands=t;t; the
following derivationexists
(Cins,0) Fins:A—C (A, <)Fs:C—B
(Fins#A, <) Finss: A— B
In particular, < is containedn <.

Proof. Sinceuisaninterleaving fort andA, t is sequentiafor — andA andshapgC) =
A holds,thereis a (unique)D suchthatC ins D1 u, D. Theoreml impliesins: A— C,
hence(lins,0) - ins: A — C by therule AX <.

Since(l, <) Ft: A— B holds,Lemma3 impliest : A— B, sothereis by Theoreml
a (unique)E with C t—>E, andshapéE) = B holds. Thetypingt : A — B alsoimplies
thatthereareD andE suchthat

t1:A—D ins:D—oE
t1ins:A—E to:E—-B

t:A—oB
is avalid derivation. Sinceins: D — E holds,we know thatthereis an X with

D = Acode® X andE = Beoge® X

whereins = [n|code
Ontheotherhand,ins: A — Cimplies

A == Acode®Y andC == Bcode®Y
for someY. Consequently
t1: Acode® Y —o Acode® X andty : Beoge® X —o B.

Sinceinsis theheadinstructionof its pipeline,instructiondgn t; donotacces®lements
iN Acode SO Acode iS Usedasa wealeningin thetyping of t1, i.e. we havet; 1 Y — X.
By applyingthealternatve wealeningBgoge We 0btaint; : Y ® Begge— X ® Beode SO

S. Y ® Bcode_o B.



94 Chapter 4. Asynchronous queue machines

SinceY ® Beoge= C holds,we have s: C — B, andhence
(A, <) Fs:C —o Bfor someA and <
by Lemma3. Consequently
(Fins#A,C) Finss: A— B

forc = (< U{([n],[m]) |op: ([m],_) € A, opfactorof Bgoge}) *. INStructionsequences
u andt arebothinterleavingsfor t andA — u by assumptiorandt dueto 1 = 1% and
t : A—o B. Sincet is sequentiafor C andA, u andt bothrespect.
Therefore[n] mustbeminimalin C. For supposehereis an[m| with [m] C [n], thenu
musthave theform ug [m] uz [n] ug, in contradictionto u=insu'.
As [m| < [m] implies[n] C [m], instruction[n] is alsominimal for <, and[n] doesnot
occurin A or < sinceit doesnotoccurin s (seethe previousLemma).
Let[l] < [K]. By Lemma3, s=t;t2 hastheform v, [||code v2 [k]code vz andthereis a
commonfactorop of Beode @andBeode. Consequently{l] occursin front of [k] alsoin
t =tyinsty, so[l] < [k] holdsby thelastitem of Lemmas3.

U

Proposition11. Let(I',<) -t : A— B and < becontainedn the partial order . If
t is sequentiafor C and A thent is deterministicfor A.

Proof. Since(l',<)Ft:A— Bimpliest: A— B, it sufficesby Corollary 1 to prove
that for all C with shapéC) = A, C % D implies C »D. Solet shapéC) = A and
C ™% D. By Proposition7(part(2)) thereis a u with T, = 7§ andC 5D, sou is an
interleaving for t andA. Ast is sequentiafor = andA, u respects_, andthus<. We
writet =t1 ...ty andu=uz ... u, andshow C LN by inductiononn.

e Forn=1,1 =T1% impliesu=u; =t; =t, soC EN)) impliesC Lp.

e Forn>1,letandu=u andt =t;t. C LD implies the existenceof a D,
with C % D; andD; Y. D. Since(I', <) Ft: A— B holds,Lemma3(part(1))
impliest : A— B, soby Theoreml andshapéC) = A thereis a (unique)E such
thatC LE andshapéE) = B. Consequentlyt is aninterleaving for t andA, soit
respects_ and<, andthereis anE; suchthatC &, E: andE; “E We perform
acasedistinctiononwhetherFU (u;) = FU(t1) holds.
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CaseFU(u;) = FU(t1). Instructionsu; andt; both executein configurationC,
andthey arein the samepipeline, so they mustbe equal,andD; = E;
andty = 1 follow. By Lemmad4, thereareA and < suchthatfor C =
shap€E;) = shapgD; ) thereis aderivationfor (A, <) -t': C — B, and<
is containedn < andhencein C. Furthermoret’ is sequentiafor — andC
asfor ary interlearing sfor t” andC, the programt; sis aninterleaving for
t andA andthusrespects_, sos mustrespect_. We canhenceapplythe
inductionhypothesigo obtainthatt’ is deterministicfor C. Therefore for
ary F with shap¢F) =C, F ™, GandF % H impliesG = H. We choose
F=D;i=E{,G=D,F T, D viainterleaving U, andH = E viainterleaving
t’. ConsequentlyE = D holds.

CaseFU(up) # FU(t1). Instructionsu; andt; arecompletelyindependentfor
their principaltypingsuy :: Ay, — By, andty :: A, —o By, prime(Ay,, A,)
andprime(By,, Bt,) hold, provenasfollows.

Suppose is ajoint factorof Ay, andA,. Thenq fulfils y(q) = FU(uy) #
FU(t1) = y(q), a contradiction.Suppose is a joint factorof By, andB,,
then Lemma3(part (4)) impliest; < u; becausas; = t; holdsfor some
| > 1 dueto 1, = T%. As < is containedn L, this contradictghe factthat
urespects, i.e. noinstructionmayprecedey; in .
ConsequentlyshapgC) containsboth Ay, andA;, andcanthusbewritten
asshapgC) = Ay, ® A, ® X for someX. Theoreml now implies

shapéD;) = By, ® A, ® X and shapgE;) = Ay, @ B, ® X.

Hencet; canbe executedin D; andu; in E;, andthe above propertieson
thedisjointnesf the A; andB; imply thatthereis acommonC; with

Ey % Cq, Dy b, C; and shapéC;) =By, ® B, ® X

asvisualisedn Figure4.5. As u; = t; occursin t’ andt; = ug in U’ for some
k, thereares,s’,r’ andr” suchthat

t'=du s andu =r'tyr”
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Figure 4.5: Confluence of U and t.

Furthermorey’ andt’ aresequentiafor shap€D;) andshap€E;) asthey
arepostfixesfor u andt. We canthusapply Lemma4 to the outerspines
of the executiontreein Figure4.5, sothereareA, A, < and C suchthat
(A, <) 89" : shapgCy) — B and(A,C) - r'r” : shapgCy) — B where
< andC arecontainedn < andthusin .

By applyingtheinductionhypothesisve obtaindeterminayg of t’ andu’ for
shapéE;) andshapéD; ), respectiely. Codesequences; s's’ andt; r'r”
areinterleavingsof t’ ands' for shap€E;) andshapéD; ), respectiely, as
up andt; areattheheadpositionsin E; andD; andTy, y¢ = Ty, s = T/
andTy, ;7 = Thy v = Ty hold. Thus,Cy SS g andC; b hold. By
constructionfor s= §'s” andr = r’r” the equality T, = 15 holdsasboth
sidesresultfrom 1g by executingt; andu;. Again,sandr aresequentiafor
shapéC) asthey areinterleavingsof apostfixof t, hencetheclaimfollows
from theinductionhypothesis.

O

The derived order < thusrepresentshe constraintsnecessaryor (relatvised)deter
minism. Arbitrary meansmay be usedfor establishinghe existenceof a relation

which contains<.

4.3.2 Pipeline-dependencies

Many programscan be proven deterministicby exploiting the order of instructions
in the instructionpipelines. As the dynamicsemanticsnsertsinstructionsinto wait-
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ing stationsin programorderandfunctionalunitsremove only headinstructions the
relative order of instructions|n|code, and [m|code, which are mappedto the same
functionalunitis presered.

Definition 12. For instructionsequence
s[n|code r [m|codeyu,
[m] is pipeline-dependerdn [n], written [n] < [m], if FU(codg,) = FU(codey) holds.

Membersof the samepipelinecannever shov a racehazardbecauseno two instruc-
tionscanbein operationconcurrently

Proposition12. Lett be a code sequenceA arbitrary and let < be the order of
pipeline-dependencider t. Thent is sequentiafor < andA.

Proof. Forinterleaving sfort andAwehaveto shaw thatsrespectsg, i.e.that[n] < [m]
impliesthats canbewrittenass' [n|code, s’ [m|code,s”.

As [n] < [m] is the pipeline-ordemwith respectto t, therearet’,t” andt” suchthat
t =t'[n]codegt” [m|codent”” andFU(codg) = FU(codey) holds. For thecomponent
i € {1,2,3} correspondingo FU(codg) andtg =t; || t2 || t3 we thusobtaint; =
u’ [njcode,u” [m|codenu”’ for someu’, u” andu”. As sis aninterleaving of t, T = Tg
holds,sofor Tc =51 || &2 || S3 We have 5 =t;. By the definition of 155 the claim
follows. O

Consequentlyprogramsaresafeif all constraints< canbedischagedusingpipeline-
dependencies:

Corollary 2. If (I',<)Ft:A— B and < is containedin the order < of pipeline-
dependenciem t, thent is safefor A. If additionally A= 1 holds,thent is safe

Proof. CombinePropositionsl2and11 andCorollaryl. 0J

As M <)Ft:A—Bimplies (I <)Ft: A®X — B® X, safetywith respectto
A implies safetywith respecto A® X, providedthatonly pipeline-dependenciese
usedfor dischaging the constraints.
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Often, serialisationby pipeline-dependenciesifiicesto ensuredeterminism.For ex-
ample,considetthe program(4.1)

[1]1dc1qy [3]1dc 3q2 [6Jmul g2 g2 q1 [7]st 93 94

(4.1)
[2]1dc 2 g2 [4]1dc 4 qa [6]add 91 g1 q3

Providedthaty(qs) = ALU, Y(q2) = MUL andy(qs) = Y(qa) = MEM hold, this program
canbe giventhe type (I, <) -t:1— 1 where[2] < [3], [1] < [56] andT = {q; :
([1],[8]),q2 : ([2],[3]),qs : ([6],[6]),qa : ([4],[4])}. If anarchitecturehassufiiciently
mary queuessuchthatonequeuecanbe dedicatedo eachforwardingpathfu; — fu,,
program(4.1) canbetransformedo

[1]1dc 1qs [3]1dc 3z [6'/mul g2 92 g4 [7']st a3 94

/ / / 4.2)
[2]1dc 2 gy [4]1dc 4 qq [6']add g5 q1 g3

wherethe new queuegs is dedicatedo forwardingsMEM — ALU andthe otherqueues
areassignedo forwardings

q1 : MUL — ALU, g : MEM — MUL, q3 : ALU — MEM andqg : MEM — MEM.

Thetyping for the transformedorogramreads(A, <) Ft': 1 — 1 where[2'] < [3'] is
the only conflict. This constraintis easilyseento befulfilled by < asinstructions[2]
and[3'] both executeon MEM. The programis deterministicfor all A asthe shapeof
initial configuration$asnoinfluenceontheexecutionorderof instructionsn thesame
pipeline. Functionally distributed and sequentialexecutionsof program(4.2) also
agreewith the configuratiorresultingfrom (sequentiakxecutionof) program(4.1).
Not every architecturehasenoughoperandqjueuedor the above transformatiorto be
applied— the numberof operandqueuesappearso grow quadraticallyin the number
of functionalunits. Furthermore someprogramsneedmorethanone queuefor each
forwarding pathin orderto guarantedunctional correctness.For example,suppose
y(q1) = ALU andy(q>) = Y(q3) = MEM. The program

1]1dc 4 3]1dc 6 5]add
[1]1dc 4 qs [3]1dc 6 q4 [6]add q1 q1 g3 4.3)

[2]dec q1 92 [4]1dc 8 q1 [6]st g3 92
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cannotbeblindly corvertedinto theform whereonly onequeueof connectvity ALU —
MEM is employed. Theresultingprogram

[1]1dc 4 q1 [3]1dc 6 q1 [6]add q1 q1 g2

(4.4)
[2]dec q1 92 [4]1dc 8 q1 [6]st g2 92

would be functionally differentas the valuesinside queueq, are swapped,andthe
unsymmetricinstruction [6] would henceproducean incorrectresult. Occasionally
thecompilermightbeableto reorderinstructionsto recover the correctbehaiour, but
asagenerakransformatiorrule, theabove translations incorrect.

However, an architecturemight have a mechanisnfor varying the connectity pat-
tern,andfor thesearchitectureshe above transformatiormight be appropriate.Con-
sequentlythenumberof queuesioesnot necessarilynave to grow quadraticallyin the
numberof functionalunits,andat certaintimesmorethanonequeuemaybeavailable
for a particularforwardingpath. For example,in reconfigurablerchitecturesuchas
field-programmabl@atearraysthe communicatiorpatternmaybemodifiedat prede-
fined momentsin time. The above descriptionssuchasq; : MUL — ALU canthusbe
interpretedasgeneralisationsf theassociatiorfunctiony which describethe connec-
tivity neededor aparticularregion of code.This approachmaybeextensibleto verify
ordinarycodeandreconfiguratiorinstructionsn combinationusingatype-basedal-
culuswhereconnectvity descriptionsare partof the typing contet. In architectures
wheredynamicreconfiguratioris not possible sucha calculusfor regionsof connec-
tivity may still beuseful.In this contet, connectity descriptionsaptureanaspecof
the schedulingpolicy. for the coderegionin questionoperandjueuesareusedasde-
scribedby the context, andat theboundariebetweerregionsa virtual reconfiguration
in performedj.e. achangeof usagepolicy.

4.3.3 Data-dependencies

In additionto serialisatiorby pipeline-dependencieacompilermayfulfil serialisation
constraintsy exploiting data-dependencieOperandqueuesserialisethe execution
of the producerof a valueandits consumer Eachitem needsto be insertedinto an
operandqueuebeforeit canbe consumedandconsumptiorremovesanitem from its
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queue For example program
t =[1]1dc 4 q4 [2]dec q1 q1 (4.5)

canbetyped(I',[1] < [2]) Ft:1— q;. For aninitial configurationof shapel, no
interleaving of t will execute[2] before[1], sotheracehazardin factdoesnot occur
andthe constraintcan be dischaged. Serialisationusing data-dependenciesan be
combinedwith pipeline-dependencieBrogram

[1]1dc 7 g2 [2]1dc 4 q1 [3]dec q1 g2 (4.6)

carriesthe constraint{1] < [3] which canbefulfilled for ary configurationof shapel
by observinghat|2] is alwayspipeline-dependermn 1], andthat[3] is data-dependent
on [2] relative to thatshapeso[1] alwaysprecede$3] andthe serialisationconstraint
is fulfilled.

Serialisationby operandqueuesconcernsthe observeddata-dependenciesnd the
compiler should ensurethat thesecoincide with the true data-dependencias the
original program. At a low level, analysingdata-dependencies more comples than
analysingpipeline-dependencidgecauseheformeronesareinfluencedoy contextual
instructionsandthe shapeof initial configurations.For example, prefixing program
(4.5)by codeof type A — q; whereA is arbitrarydestrysthedependengbetweer1]
and[2] andresultsin aracehazard.In particular data-dependenciesenot presered
by thewealeningrule.

Definition 13. Lett =ins;...iNSy...ins; wheem> 1andins = [njjcodg. Theninsy
is calledthei-th writerto g in t if therearel, X, Y andk > 0 sud that ®T;115codq =
d ®X, Beode, = ¥ @Y, prime(g, X ®@Y) andl < i <Kk+1.

Likewise insy, is calledthei-th readerfrom q int if therearel, X, Y andk > 0 suth
that @™ 'Acodq = 0 @ X, Acodg, = ¥ @Y, prime(q, X ®Y) andl < i <k+1.

For g = g1 = O, aninstructionlike add g; g2 g3 is the i-th aswell asthe (i + 1)-th
readerfrom qin t, andadupl instructionmaysimilarly bea multiple writer.

Definition 14. For Awitht : A— B, [m] is data-dependemn [n| for A, written [n] <a
[m], if there are g, i > 0 and X sud that [n] is thei-th writer to g in t and [m] is the
(i+k)-th readeywhee A= ¢ ® X andprime(q, X).
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Proposition 13. Lett : A—o B. Then<p respectsheorder of instructionsin t.

Proof. We have to shav thatfor [n] <a [m] therearer, sandu with
t = r [njcode s[m|codeyu.

For [n] <a [m| thereareby definitiong, i > 0 andX suchthat[n] is thei-th writer to g
in t and[m is the (i + k)-th readey whereA = g ® X andprime(g, X). In particulay
instructiongn] and[m] occurin t, andBgoge, = 4" ® Y andAcode, = 0" ® Z hold with
kn > 0 andkmy, > 0 andprime(q,Y @ Z).

Supposeém| occursbefore[n], i.e.therearer’, ' andu’ with

t = r’[m|code,s [n]codg U'.

Sincet : A — B holds,thereareC,... ,F with
" A—-C [m:C—-oD S:D—E [n:E—F U:F—B
r'[m/code,s [njcodg u’ : A— B

Thistypingyields
ki =k+kx—ks

whenaer C = ¢ @ Xy, @[ Jcodecr’ Beode = q ® Xz, @ Jcodesr’ Acode = g’ ® X3 and
prime(g, X; ® X2 ® X3) hold.
We now performaninductiononi, aimingat a contradictionto thetypability of t.

Casei = 1. As [n] is thefirst writer to g in t, thereareno writersto g in r'[m|s. In
particular thereare no writersto g in r’, so all instructions[_]Jcodein r’ fulfil
prime(q, Beoge) andky = 0 follows.

On the other hand, [m] is the (k+ 1)-th readerfrom q in t, sor’ containsk
readershenceks = k. As A containsq" andtherearek readersin r’ andno
writers,prime(qg,C) holds:

ki =k+ky— ks =0.

Consequentlyno compositionof r’ with [m] is possibleas[m| is a readerfrom
g, sorequiresC = Acodg, ® Z = q® Z' ® Z for someZ’ andZ.
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Casei > 1. Thenr’ includesat mosti — 1 writersto g asexactly i — 1 writers precede
[n] int. Hencek, <i—1. As k+i—1 readergprecedem| in t, theremustbe
k+i—1readersnr’,i.e.k3=k+i— 1. Hence,

ki=k+ky—ks<k+i—1—k—i+1=0.
Again, prime(q, C) followsandno compositiorwith [m] : q© C' — D is possible.
In both caseswve obtaina contradictionto thewell-typednes®ft. O

Program(4.5) suggestshat <a canbe usedfor dischaging constraintsas|1] <1 [2]
holds. Likewise, program(4.6) motivatesus to usepipeline-dependenciesnd data-
dependencies combinationas|2] <; [3] and[1] < [2] holds,sotheconstrain{1] < [3]
canbefulfilled. However, somecareis neededsincedata-dependenciek not entail
sequentialityandneitherdoestheir unionwith pipeline-dependencies.

Example. Lety(q; ) = ALU andy(q,) = MUL and
t = [1]1dc3q; [2]id™ g2 q1 [3]dec q1 gs. 4.7)

For A= q, andB = q; ® q3 thereis a derwvationfor (I',[1] < [2]) -t : A — B, and
[1] <a [3] holdssince[1] is the first writer to qi, [3] is the first readerfrom q; and
prime(qs,A). Thereareno pipeline-dependenciesp <a and < U <a consistof the
pair ([1], [3]).

Take u = [2][3][1]. Thenu: A — B is aninterleasing for t andA asty, = [3] || [2] ||
[1] = ™% holdsandfor ary C with shapéC) = A thereis a D with C - D. However, u
doesnotrespecka, hence is notsequentiafor <a or < U <a andA. &

Consequentlyan analogueto Proposition12 for data-dependenciesould fail. The
data-dependegdn theprogram(4.7)is only fulfilled providedthat[3] is boundnever
to consumeheresultof [2]. Of course|n orderto prove this factoneneedso shov
thatary interleaving executes|1] before[2] — which is what we setout to prove in
the first placewhenaiming at dischaging [1] < [2]. This appeargo imply thatdata-
dependenciesannotbe usedfor dischaging constraintsas they needsequentiality
beforethey canbe usedfor proving sequentiality However, pipeline-dependencies
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and data-dependenciesan be combinedin a differentway. Insteadof taking their
union, we extendthe setof pipeline-dependencidsy a single data-dependegcat a
time. An entry[n] <a [m] is addedprovidedthatall instructionswhich arein anoutput
conflictwith [n] arealreadyrelatedto [n]. In fact,this inductive processucceed¥ <
is replacedby ary orderC for whicht is sequential.

Proposition 14. Lett besequentiafor C andA andlet [n] < [m]. For all instructions
[llcode int withn# 1 # m,let

e [I] C[n]; or [n] C [I] holdif thereis a g which occursin Beode andBeode,
e [I] C [m]; or [m| C [I] holdif thereis a g which occutsin Acode andAcodg,-
If C U{([n],[m])} is a partial order, thent is sequentiafor C U{([n],[m])} andA.

Proof. Let sbeaninterleaving for t andA, i.e. s = 1% andfor ary C with shapéC)
thereis a D suchthatC = D. We have to shov thats respectsc U{([n],[m])} where
C and[n] <a [m] areasgivenin the propositionandthe sideconditionon competitors
[1] is fulfilled.

Any pair ([ka], [ko]) in € U{([n],[m])} with ([kd], [k2]) # ([n],[m]) is containedin C
(modulothetransitve closure)andhencerespectedby s by assumptioni.e. [k;] occurs
before[kz] in s. Hencewe only have to show thats respectg[n], [m]).

Supposém| occursbefore[n| in s. Thens canbewritten as

s=r[mluln]v

for somecodesequences, u andv. For C with shap&C) = Awe have C =D for some
D, sothereareD; andD, suchthat

r [m] unv

C —>D1 — D2 D.
Sincesis aninterleaving of t for A whichrespects_,
e 1 containsall instructionsins with ins C [m].

e u[n]v containsall instructionans with [m] C ins.

e r[m|u containsall instructionsnswith ins C [n].
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e v containsall instructionsnswith [n] C ins.

Since[n] <a [m| holds,thereareq andi > 0 suchthat [n] is thei-th writer to g in t
and[m] the (k+i)-th readerwhereA = ¢ ® X andprime(q, X). By thesidecondition
oninstructionsforwardingto the samequeueas|n|, instructions|l| which arethe j-th
writer to g in t fulfil

e ljC[n(orl=n)if1<j<iand
e [njC[l](orl =n)if j>i.

In particular any writer [I] to g which occursin r cannotfulfil [n] C [I] (seeabove, s
obeys C), soit mustfulfil [I] C [n] asl = n doesnothold. Thereareat mosti — 1 such
writersasotherwritersfulfil [n] C [I].

Similarly, readerdl] from q which occurin t before[m| mustoccurin r asthey fulfil

[I] C [m] —if they occurredin u[n]v thens would not respectC. Thereare exactly
k+i—1 suchreadersince[m| is the (k+i)-th readefandotherreaderdulfil [m] C [l].
Consequentlyfor shapéD;) = ¢"®Y with prime(q,Y) we obtain

h<k+(i—1)—(k+i—1)=0.

This contradictd, ﬂ D, as|m| is areaderfrom g, soq is afactorof Acpge, andDy

mustconsequentlgontainat leastoneentryin g. O

Pluggingin pipeline-dependencies for theinitial C is merelya corvenientchoice
for startingtheiterative process- anaxiomin aformalinductive derivationsystenfor
sequentialisatiomrdersin which the processdescribedn the propositionrepresents
the stepcase. Using pipeline-dependenciesnsureghat the side condition relating
readergl] with [m] is alwaysfulfilled.

Example. In program(4.5), thereis no [1] # [l] # [2], so the side conditionfor ex-
tendingthe (empty!) pipeline-dependencias trivially fulfilled andwe candischage
[1] < [2].

In program(4.6), the only pipeline-dependencis [1] < [2], andno [l] exists which
forwardsto [2]'s destinatiomqueueq, andfulfils [2] # [I] # [3]. Hence[2] <1 [3] can
safelybeaddedo [1] < [2] andthe constraint1] < [3] canbedischaged.
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In program(4.7),thepipeline-dependencie® notgettheiterative processtarted All
instructionsgueuen differentpipelines,andthe data-dependend1] <a [3] cannever
beusedasthe conditionon competitor{l| = [2] of [1] is notfulfilled. &

4.3.4 Other sequentialisation mechanisms

We alreadydiscussegrogram transformationsas a meansfor creatingpipeline-de-
pendenciesandothertransformationgnay prove useful,too. For example,the con-
straint[1] < [2] in

[1]1d g1 g2 [2]dec q3 92

may be resolhed by introducingartificial dependenciesA compiler could (for the
typing A— B whereA = q; ® q3) insertadditionalinstructionsto yield

[1]1d q1 qo [1']1dc 0 qa [1"]skip™™’ qs [2]dec g3 g2 : A—o B

andthusdischage [1] < [2] using[1] < [1] <a [1”] < [2]. Little instruction-level par

allelism is compromisedas the instructions|1] and[2] are not supposedo execute
concurrentlyaryway. On the other hand, performancedegradesif this transforma-
tion is employed excessvely asadditionalinstructionsneedto be loadedfrom mem-
ory, insertedinto pipelinesand executed. Therefore,a compiler shouldfirst aim to

achieze sequentialisatioby reorderingnstructiongaimingat utilising morepipeline-
dependencied)eforeintroducingsuchinstructions.

SCALP containsa sequentialisatiomstructionwith behaiour of theshape

y(op;) = y(0op,)
seq Op; 0P, OP3 0Py : OP; R 0P, — 0P3 R 0Py

which awaitsoperandsn op, andop, andthensendghemunchangedo op; andop;.
However, this requiresoperand4o be communicatednore often thannecessargand
apparentlyforcesop; andop, to bedistinct.

More sophisticatedissemblyanguagesnight encodethe abovze communicatiorpat-
ternsinto theopcodedy allowing instructiongo exchangenotificationsof completion.
Thesesignalscould be realisedby special-purposeperandgqueuesp; andencodings
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of dupl into otherinstructions.In

[1]1dp g1 g2 p1 [2]pdec p1 g3 g2

the (initially empty)queuep; achievesthe sameresultasthe above codeinsertionif
1dp andpdec aretypedvia axiomsof theform

AX-P op,) = MEM
1dp Op; 0P, P: X®0p; — 0P, ® PR X v(opy)
and
P-AX =vy(opy) = ALU
pdec poplopz:p®op1®X—oop2®Xy(p) v(opy)
andexecutedby
C (readMEM),a,0p;) (Q, I\/I) (Q, I\/I) (write,M(a),op,) E E (write,-, p) D
LD-P  ldpopion,p
and (readALU),-,p) (readALU) ) ( )
read ALU),-,p read ALU),a,0p; write,a—1,0p,
P.DE CC F F E E D

C pdec pop; Opy D
where- denotesan anorymousvalue. Queues; needonly be wide enoughto carry
a single signal (no data) and may thus be not too expensve in hardware, although
someruntime costsare involved. A high-performanceompilerwould replaceordi-
naryinstructionswith instructionsof the new form only whenothersequentialisation
techniquedail.
Our calculusthus hasthe necessaryngredientsfor exploring the trade-ofs between
programanalysis,codetransformatiortechniquesandhardware modifications.If the
dynamicsemanticgs equippedwith performanceannotationsa systemdesignercan
studydesignalternatvesby simulation.

4.4 Program execution

Programsncludingjumpinstructionsaretreatedsimilarly to Section3.5. Basicblocks
consistof instructionsequencewhereat mostthe lastinstructionmaybeajump, and
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programsP are representeds pairsP = (N,A) of basicblocks and control flow ar
rows. Modernprocessoimplementationgmploy avarietyof meanshow executionof
instructionsinside basicblocks and schedulingof new blocksinteract,Our dynamic
semanticsnodelsa schemavheretheloadingof instructiondrom memorymayinter-
leave arbitrarily with the executionof instructions Wheneer a branchtargetbecomes
known, the issueunit may load instructionsfrom memoryand inserttheminto the
pipelines.

4.4.1 Dynamic semantics

The dynamicsemanticgieneraliseshe ternaryparallelprogramsof the previous sec-
tionsto programswith four components; || t2 || tz || t4 wheretherightmostcomponent
representshe BU pipeline. Compositionmy T, andcornversionof a sequentiaprogram
t into its parallelprogramtg aredefinedsimilarly to Section4.1. Formally, reduction
C t—>fu D is definedby therules

[ncode
F = f
3FU, C——D { U(code = fu

C= (Qvaﬁ)

d
C [n]co efu D

and
C3wE ELgD

3FU,
C S—th‘u D

C= (Qvam

wherethe sideconditionsC = (Q, M, n) indicatethatconfigurationsareof theternary
shapdrom Section3.5.1(Figure3.8),andsimilarly for

cLyD c®E EED
3DIS; C=(Q,M,n) and3DIS, C=(Q,M,n
c®:D ( " c % p ( "

Thepropositionsaandstatementselatingdistributedandsequentiatlynamicexecution,
canbetransferredo ternaryconfigurationsaandthe extendednstructionset.
Interleaving the executionof instructionswith the loading of basicblocksdepending
on the outcomeof branchconditionsis achievedthrougha relationC - D, similar to
therulesEXECUTEandCOMPOSEINn Section3.5.1. We presenta semanticswhere
theissueunit is representedsa forth componenof configurationsandconsistsof a
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parallelprogramrm. Loadingthebasicblock labelledn from thememoryinsertsthein-

structionsali(n) into theissueunit. Arbitrary prefixesof tmaythenenterthe pipelines
andexecutecompletelyunsupervisedConsequentlthereloadingandinstructionexe-
cutionmayinterleave freely. Formally, thedynamicsemanticgor distributedprogram
executionis givenby theruleseEXEC,LOAD andCOMPOSE.

LOAD _ )=t
(Q, M; n,T[) H((Q, M, n||,T[T|'[)

(Q,M,A) = (P,N, )

EXEC X
(Q7 Mvﬁv T[].T[Z) _>(P: N7 mv T[Z)

\' w
compose-—-_E—D

— D

Rule COMPOSEormally agreeswith theidenticallynamedrule in Section3.5.1,but

now relatesconfigurationsvith four components.

4.4.2 Static semantics

Instantiatinghetyping rulesfrom Sectiond4.3.1(Figure4.4)to if and jmp amountgo
theexplicit rules
[njif opniny: A— B g Njjmpm:A—B
an
(0,0)F [njJifopninz: A— B (0,0) - [n]jmpm:A—B

andraceconditionswithin basicblockscanbedealtwith asdiscussedbefore.It should
benotedthattheanalysisof data-dependenciesy hasto be performedwith respecto

theinitial shapeA arisingfrom matchingablockwith its neighbourssinceapplyingthe

wealeningrule changeghe obsened data-dependencieS€onsequentlydeterminism
andsafetycanbe achievedfor the bodiesof basicblocksasdiscussedn the previous
sections.

For typing programe = (N, A), weinsertajudgemen{l’, <) - n: A— Binto thetype
ernvironmentZ providedthatn € domN and(I", <) - N(n) : A—o B holdssuchthatt is

safefor A. Again Z containsexactly one suchentry for eachn € domN. Giventhat
pipelinesmight includeinstructionsof seseral basicblockswe alsohave to consider
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race hazardshetweeninstructionsof differentbasicblocks. We thereforeintroduce
additionalconstraintgl] < [k] betweerinstructiondabelled|l] and[k] wheneerthere
is aqueueq suchthat(l] is thelastwriter to g in its block N(n), [K] is thefirst writer to
q in block N(m) andthereis a pathfrom n to min A. Sincedifferentcopiesof a basic
block executeidenticalsetsof instructionsjt sufficesto considersimplepathsn, ..., m
whereat mostthe two outermosinodesn andm areequalandno intermediateblock
mentionsg. We denotesucha pathby SR(n,op,m). In thetyping rule

2 = Unedomn{ (I'n, <n) F N2 Ay — Bn}
(n,m) € AimpliesBp = Ay,
SRn,op,m) and
op:(g,l) efpand pimplies{l] < [K]
op: (k,h) el

DiSPROG P—(N,A
'S (&<)FP:0 (,4)

the constraints{<p, | (M, <n) F n: Ay — By € £} U < areinterpretednoduloinstan-
tiationsdueto loops:in aconstraingl] < [l] theright [I] refersto theinstanceof [I] in
thenext iteration.

Theseconstraintsuffice for makingary programslicedeterministic:

Proposition 15. Let (Z,<) =P : O and (ng,...,ny) bea pathin A. Thenthere are
[ and < sud that (I, <) F N(ng)...N(nk) : Ay, — By, holdsand < is containedin
{<n|(rn,<n)}_nAn—OBnEZ}U<

Proof. Casek= 1. Sincen; € domN, we have (I'n,, <p,) F N1 : Ay, — By, € Z for
somelp,, <n,, An, @andBp,. By thedefinitionof Z, (Fn,, <n,) F N(N1) : Ap, —o
Bn, holds. Take <=<7 andl =Tp,.

Casek > 1. Forapath(n,...,ng,Nky1) in A andi < k+ 1, therearel y, <p,,An and
Bni W|th (rni,<ni> l_ N(ni) . An

—o By, € Z. By thedefinitionof Z, thisimplies
(M <n) FN(N) : Ay — Bp € X foralli <k-+1 (4.8)

For 1 <i<Kkitis (ni,niy1) € A by thedefinitionof a path,soBy, = Ay, by the
side-conditiorfor P : (1. In particulay By, = An, ;.
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By inductionhypothesisthereareA andC suchthat
(A,C) FN(ng)...N(nk) : An, — Bn,

andrC is containedn Uncdomn{ <n | (Tn, <n) F N(N) : Ay — B € 2} U <. Also,
specialisingproperty(4.8)for i = k+ 1 yields

(Mriis <nger) FN(Mr1) = Ang,; — Bny,y s
Thecutrule (seeFigure4.4),thusimplies
(M, <) EN(ny)...N(Nky1) 2 Any —o Bny 4
for " = A# ., and=< equalto
C U <n, U{(mg)|op: (I,m) € Aandop: (g,h) € M., }.

As remarled above, CC is containedin Unedomy{<n | (I'n,<n) F N(n) : Ay —o

Bn € 2} U <, andsois (ohbviously) <y, . For shaving thatall of < is contained
in this relation, it remainsto show that pairs (m,g) whereop: (I,m) € A and
op: (g,h) € I'n,,, arecontainedn this relation.

For ary suchpair (m,g), thereis a j < k+ 1 suchthatinstructionm s the last
writer to opin N(nj) andg is thefirst writer to op in N(nk;1), andno instruction
iNn N(Nj4+1),...,N(nk) writesto op. In particular all blocksN(nj1),...,N(nk)
are differentfrom N(nj). By removing loopsin N(nj1),...,N(nk), the path
(N(nj),...,N(nk),N(n41)) containsa simple path SAN(nj),0p,N(Nk+1)). By
thesideconditionon (Z, <) - P : [J, thepair (m, g) is hencerelatedby [m] < [g].

U

Consequentlydistributedexecutionsaresafeif we canfulfil the constraintsn <. For
insertingthe entries(ln, <n) F n: Ay —o By, into X we hadto prove themsafe,but no

furtherwork needgo be spentontheir bodies.
Thefollowing resultrelatesdistributedprogramexecutionasdefinedin this sectionto
thedynamicsemanticgor sequentiakxecutionin Section3.5.

Proposition16. Let(Z, <)+ P: 0, nedomN and (I, <) FN(n) : Ay — B, € Z.
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1. If (Q,M,n) & (P,L,M) then(Q,M,n, T¢) = (P, L, M, TE).

2. Let C = (Q,M,n,Tt), shapéC) = A, andC % (P,L,M T¢). Let bea par-
tial order containing< andfor all simplepathsSRN(n;),op,N(n;j)) let thein-
structionsequencéi(n;)...N(n;j) : Ay, — By, besequentiafor C and A, . Then
(Q,M,n) 5 (P, L, ).

Proof 1. Ruleinductionfor (Q,M,n) - (P, L, M) (seeSection3.5.1).
CaseEXECUTE. By the definition of the rule EXECUTE, w hasthe form n
and (Q, M, nil) t—>(P,L,rY1) holdswheret = N(n). Proposition7 implies
(Q,M,nil) & (P,L, M), so
(Q,M, nil) & (P, L, m)

(n)=t

(QMJugﬂmN CX(pP,Lm )
(QM,n,Te) (P, L, M )
by rule COMPOSEwhereC = (Q, M, nil, Tg).
CaseCOMPOSE.BYy the definition of the rule, therearev, w andE suchthat
(Q,M,n) SE andE % (P,L, M), sofor E = (Q,M',I) it mustbe |
nil, hence(Q,M,n) < (Q’,M’,1). Theinductionhypothesisconsequently

yields
(Q,M,n, 1) (Q,M',1,T¢)
and
(Q,M1,1%) = (P,L, M, Te).
Now (Q,M,n,T¢) — (P, L, M, ) follows by rule COMPOSE.

2. Inductiononthelengthof w.
For |w| = 0we havew = A, sotheonly ruleapplicableas EXEC, but noreduction

is possibleastheforth componenbdf C is Tg.

Forw = 1, thederivationof C % (P,L, M 1) musthave theform
LOAD—— EXEC—;
COMPOSE

—D DAE
COMPOSE

C-E EX(P,LMTE)
C 5 (P,L,MTE)
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or
EXEC—— o
LOAD - COMPOSE D _>EA E~_’(P’ LM 1e)
COMPOSE _ D= (P,Lm )
C —(P,L,mTE)

becausdhe only reductionpossiblefrom C is LOAD. By LOAD’s definition,
D is of theform (Q, M, nil, %), andboth derivationtreesyield (Q, M, nil, %) LR
(P,L,m 1%). Theinstructionsinvolvedin this reductionare exactly N(n), and
all single stepsare applicationsof the rule EXEC. For eachstep,D = Dy A,
D; L. .. LDm = E, thereareby rule EXEC prefixest; suchthatfor theternary
configurationd’ correspondingo the configurationd; thereduction’ LR
D/ hold. By Proposition7 anu; with 1, = 15 andD!_, 4, Di, souz ... unisan
interleaving for N(n) andA. As N(n) is safefor A dueto the formationcondition
of = andthe shapeof D, D, *™ (P, L, ) holds,i.e. (Q,M,nil) ™™ (P, L, ).
By rule EXECUTEwe obtain(Q, M, n) (P, L, ).

For |w| > 1, we have w = vu for somev andu, andthereis anE suchthatC ->E

andE -G whereG = (P,L,M, ). For E = (R, N,|~,1T) we have two cases.

Casern=Tt. Thenl~7é nil musthold — otherwiseno further reductionswould
be possible.Theinductionhypothesig/ields

(Q,M,n) L(R,N,1)and (R,N,I) (P, L, M)

s0(Q,M,n) = (P, L, M) holdsby rule COMPOSE.

Casen=1mTo # Tt. SinceCOMPOSEis associatie, we canassumdhat the
left branchof E -5 G is eitherLOAD or EXEC. If it is a LOAD step,its
index mustbel, i.e.

F4“D D2
LOAD—— COMPOSE —
ELF F22G
COMPOSE .
E=G

andthe stepX cannotbea LOAD becausd = (Q',M', nil, iy (again,
stepX is w.l.o.g. a single step). Hence,X mustbe EXEC, sou; = A. If
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the reductionF 2D involvesinstructionsfrom N(l), we candelay them
because< is containedn C andby Propositionl5 no raceconditionsexist
in the compositionN(ny)...N(I) of the basicblocksny,...I, sincen, ...l
is a prefix of w andthusa pathin A. We canthusreorderandobtainE A,
H .D for someH. Repeatedpplicationleadsto H with emptyissueunit,
i.e.H= (I, ). Now thefirst caseapplies.

O

Again, for satisfying[l| < [g] several naturalserialisationsanbe used. In practice,
analysisof data-dependenciedong(simple)pathsmight be too costly. On the other
hand, the condition on simple pathsmay be strengthenednd thus be mademore
easyto verify. As pipeline dependenciesan be analysedmore efficiently, one can
for examplerequirethatFU(code) = FU(codgy) holdswheneerop: (k,1) € 'y and
op: (g,h) € F'mand(n,m) € A*. Additionally, control-dependenciesiay be usedfor
dischaging constraintaalongoneparticularpath:any conditionaljump betweer and
g whichis dependenbn| guaranteethat!| will have retiredwheng is issued.
Consequentlytyping Z + P : [ is soundfor distributedexecution. Provided thatthe
constraintaremet,anexecutionis eitherinfinite or terminatesn the sameconfigura-
tion assequentiabxecution(seePropositions).

4.5 Finite operand queues

Processoimplementation®f our computationamodelsrestrictoperandqueuedo be
of finite length. In contrastthe sequentiabnddistributeddynamicsemanticsonsid-
eredsofaradmittedqueueswith arbitrarily mary entries.In this section the dynamic
semanticsare modified suchthat for eachoperandqueuea maximal numberof el-
ementsis specified. No further executionof instructionsis possibleif all successor
configurationsriolate thelengthrestrictions.We modify the staticsemanticdo deter
minelengthrestrictionsnecessaryor deadlock-freeexecutionandexaminethe effect
of relaxinglengthrestrictions.

Thedynamicsemanticgor executionunderfinite operandqueuesareobtainedby re-
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placingtherule WR by the rule WR-LIM(C)

WR-LIM(C) IX.g¥ X =C

(write,a,q)
——c Wwa

whereC is a@-product. Wewrite C S D andC ¢ D if shapéC) @ X = C holdsfor
someX andC D andC =% D canbedervedusingWR-LIM(C) insteadof WR. Using
structuralinductiononecanshawv thatshapéD) @ Y = C holdsfor someY wheneer
cLceDorCc e D.

Example. For C = ([],M), D = ([q1 + 3],M) andary M, program
t =[1]1dc 4 q1 [2]dec q1 q1
fulfils C t—>q1®q2 D butnotC t—>q2 D. %

Sequentiakxecutionunderfinite operandqueuess deterministicasC t—>C D implies
C L.D. Determinismis preseredwhenlengthlimitationsarerelaxed,anddistributed
executabilityunderidenticallimitationsis guaranteed.

Proposition17. If C t—>c D and X arbitrary thenC ic D andC t—>C®x D.

Proof. For C EC D choosethe interleaving t of 1. For C t—>C®X D obsenre that
shapgE) ® Y = C implies shapgE) ® Y ® X = C® X and apply thisto E = C and
E=D. O

For eliminating deadlockdueto operandqueueoverflow, Figure 4.6 shavs a modi-
fied type systemfor sequentiakxecution. Judgementsc t : A — B captureoperand
gueuelengthsnecessaryor executingt in aninitial configurationof shapeA. In fact,
Fc t : A — B givesthe tightestlengthlimitations necessaryor executinga program
successfully

Proposition 18. Let Fc t : A— B andshapgC) = A. Then
1. A X=C=B®Y for someX andY.

2. C t—>c D for someD.
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SCcodg

AX-LIM
FX @AV [Ncode: X @ Acode—o X @ Beode { Bcode/ Acode=V /U

Fc, S:A—oD g, t:D—B
Feyev St:A— B

CUT-LIM Cp/Cp =V /U

Figure 4.6: Type system for finite operand queues

3. C t—>D E impliesD = C®W for somén.
Proof. All threepartsareprovenseparately

1. Inductionontherulesfor ¢ t : A—o B. In therule for singleinstructions A =
X ® Acode OCcursexplicitly in C andB = X ® Bggge0ccursin C duetoC =X ®
Acode®@V = X @ Bgoge®U. Inthecutrule,wemayassuméA@ X; =C; =D®VY;
andD ® Xo = C; = B® Y by inductionhypothesis.HenceC =C1®V = A®
X1@VandC=CiV=0CU=BRYQU.

2. Wefirst prove auxiliary claimsregardingrulesWR-LIM(C), RD, pandCODE.

RD Claim 1: If w= av andy(q) = fu thenthere are uniqueu and b with

fu),b,
w WD, Eurthermore|u] = [ — 1 holds.

Proof Forw = avandy(q) = fu bothsideconditionsof rule RD arefulfilled
andthe claim holdsfor theuniquea=b andu = v.

WR-LIM(C) Claim 2: ForC = g¢® X with prime(qg, X), |w| < k andarbitrary
. . (write,a,q)
a thereis a uniqueu suchthatw ———5¢ u. Furthermore|u| = |w| + 1

holds.

Proof RuleWR-LIM(C) carriesexactlytheassumptionassideconditions,
sotheclaimfollows for u=wa.

K Therearetwo claims.

Claim 3: If shapéC) = q® X, y(q) = fu andC arbitrary thenthereare
uniqueD anda with C W@ D. FurthermoreshapéD) = X holds.
Proof For C = (Q, M) andshapéC) = q® X wehave|Q(q)| > 1,s0Q(q) =
aw for someuniquea andw. By claim 1, thereare uniqueu andb with
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(readfu),b,q) (readfu),a,q)
— -

Q(q) c u, and|u| = |Q(qg)| — 1 holds.Hence,C cD
is derivablefor D = (Q[q+ u], M), anduniquenessf D anda follow asin
Propositionl.

Furthermore|Q[g— u](q)| = Ju| = |Q(q)| — 1 holdsand|Q[g +— u](q)| =
|Q(q)| for  # g, henceshapéD) ® q = shapgC) = q® X andtherefore
shapéD) = X.

Claim 4: If shapéC) = A, A® q® X = C for someX anda arbitrary then

. . . (write,a,q)
thereis auniqueD with C ———
holds.

Proof The definition of @ impliesthatfor A@ q@ X =C, C =< ®Y,
A=d ®Z andprime(q,Y ®Z), | < k holds. Hence for C = (Q,M) with
shapgC) = Aweobtain|Q(q)| = < k. By claim 2, thereis consequently
M«; u, andu = |Q(q)| + 1 holds. Hence,
c D is derivablefor D = (Q[g — u],M) and uniquenes®f D

c D. FurthermoreshapégD) = A®q

a unique u with Q(q)

C (write,a,q)
follows asin Propositionl.

Furthermore|Q[q+— ul(6)| = |u| = |Q(q)| + 1 holdsand|Q[q — ul(¢/)| =
|Q(d)| for ' # g, henceshapéD) = shapéC) @ q=A®q.

CODE Claim 5: If k¢ [n]code: A — B andshapgC) = A andthenthereis a

code

uniqueD suchthatC —¢ D. FurthermoreshapéD) = B holds.
Proof We treattherepresentagie caseADD explicitly.
Casecode= add op, op, 0p;. Fortc [n]add op; op, op; : A — B, theax-
iom AX-LIM andTable3.1guarantee
e y(opy) = Y(0p,) = ALU
e A=0p,®op,®Y andB=op; ®Y for someY
e C=0p;®0p,RY RV whereop;/op, @op, =V /U.
ThereforeY ® op;@U = C. By theassumptiorthatall operandden-
tifiers op areoperandqueueidentifiersq, therearedqs, g andgz such
thatqg; = op holdsfor i € {1,2,3}. ThereforeshapéC) =A=q1 ®
g2 ®Y andy(qr) = y(qz) = ALU, so by claim 3 thereare unique E
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{readMDa%), - £, andshapéE) = go@ Y holds. Apply-

(read ALU),b,02)
_

anda with C
ing claim 3 againyieldsuniqueF andb with E cF,and
shapéF) =Y holds.

The abore Y @ op; ® U = C implies shapéF) ® gz ® U = C, so by
applying claim 4, thereis a unique D with F M@ D, and
shapéD) = shap€F) ® gz holds.Consequentlythefollowing deriva-

tion is possible

(readALU)vavql) (readALU),b,qz) (Writesa+b~,CI3)
- 5 - 5 -5

C cE E cF F

dd
C a 0IlflzflscD

cD

ADD

Usingq; = op fori € {1,2,3} wethusobtainaderivationfor C &dec
D, andshapégD) = shapéF) ® g3 = Y ® op; = B holds. Uniqueness

of D with respecto C &dec D follows asin Propositionl.

Casescode# add op; op, ops. Similar.
For proving the mainclaim, we performa structuralinductionont.

If t =¢, notypingjudgement-ct: A —o Bisderivable,sotheclaimis trivially
fulfilled.

If t =ins, thenclaim 5 guaranteeghat thereis a uniqueD with C &de@ D,

whereins = [njcode By rule INSTR we obtainC Ec D. Furthermore,
claim 5 guaranteeshapéD) = B, and uniquenes®f D with respectto

C EC D follows from Propositionl.

If t =sr, thenthetypingrule CUT-LIM guaranteethatthereareD, C; andC,
withtc, S:A— D, tc,r:D—oBandC=C;®V, whereC,/Cy =V /U. A
simplestructuralinductionshowvsthatt-c,ov S: A— D andrc,gu I : D —
B arederivable,i.e.Fc s: A— D andtcr : D — B. As shapgC) = A
holds,we canthusapply the inductionhypothesido s to obtaina unique
E with C 3¢ E and shapéE) = D. Applying the induction hypothesis
againyields the existenceof a D with E ¢ D, and shapgD) = B hold.
ConsequentlyC LeD. Uniquenes®f D with respecto C 5L D follows
from Propositionl.
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3. Again,theclaimfollows by inductionont.

If t=¢, nojudgementC LD D is derivable,sotheclaimis trivially fulfilled.

If t =ins=[n]code therule AX-LIM implies thatthereis a (unique)X with
A= X®Acode@ndB = X ® Beode andthatfor Beoge/ Acode=V /U, C=A®
V holds.Theassumptior MD E yieldsC Injcode E, sofor shapéC) =
A, shapg¢E) = B follows, andthedefinitionof —p guaranteetheexistence

of someY andZ with

X®@Acode®Y = ARY =shapéC)®Y =D
= shapéE)®Z=B®Z = X® Bgpge® Z

ConsequentlyAcode® Y = Beode® Z follows, sothe minimality of V andU
impliesthatthereis aW suchthat

Y=VeWandZ=UQW,

from whichtheclaimfollowsduetoD = AQY = AQV QW =CW.

If t =sr, thenthelastrulein thederivationfor C t—>D E musthave beenCOMP,
sothereis auniqueF with C 2.5 FandF r—>D E. Furthermorefor ¢ sr:
A — B to hold theremustby rule CUT-LIM beC;,C, andE with

Fc¢,s:A—E, tg,t:E—~BandC=C®V =C®U

whereC,/C; =V /U, andit caneasilybe seenthatthe entitiesCy,C, and
E areuniquelydeterminedBy inductionhypothesigherearethusW; and
W, suchthat

CioW, =D =CaW.,.

SinceV andU areprimeandfulfil C; ®V = C, ® U, theremusthencebe
aW suchthatW, =V @W andW, = U @ W, andfor this W we obtain
D=CioW=CiVW=CgX.
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45.1 Distrib uted execution

For distributed execution,a deadlockoccursif progressn all pipelinesis blocked,
dueeitherto alack of operandsor to anoverflow in a queueusedasthe destination
for a forwarding operation. Sucha situationoccursif an interleaving of t entersa
configurationE but is unableto reacha final configurationfrom E underthe same
restrictionsC.

Definition 15. A programt is deadlock-fredor the pair (A,C) if A®@ X = C for some
X andfor all C, E, Ty and e with shapéC) = A, Ty = 1% and C EC E thereisa D
such thatE ¢ D.

Absenceof deadlockis a priori not preseredwhenoperandjueuesareextended.

Example. For y(q2) = Y(q3) = MUL andy(q; ) = ALU considerthe programt in (4.9)

[1]1dc 3 q1 [5]dec q1 q3

[2]dec q1 g2 [6]mul g3 g2 g1 (4.9)
[3]1dc 4 q4 [7]1dc 5 g

[4]1dc 3 g

Thedistributedprogramry is [2][5] || [6] || [1][3][4][7]- ForC = q1 ® 92 ® 2 ® q3 we
obtainFct:1— q; ® g2 ®qa, andfor C= ([],M) andD = ([q1 — [6],92 — [3,5]], M),
C t—>C D follows. Indeedt is deadlock-fredor (A,C), asshavn in Figure4.7 (left),
wheretheinterleavings startingin C underrestrictionsC aredepicted. The statesare
given astriples (i, j,k) suchthatq,' ® q2) ® q3¥ is the shapeof the corresponding
configuration.Statesviolating the lengthrestrictionsaremarked, andexecutionpaths
are cut off at thesepoints. Absenceof deadlockcan be detectedby observingthat
eachnon-marled configurationhasat leastone successowhich is alsonon-marled.
The in-orderexecutionis seento obey restrictionsC astheinterleaving [1]...[7] isa
successfupath.

Relaxinglengthrestrictiongo C ® X with X = q; enablesnoreinterleasings— seethe
graphin Figure4.7(right). Again, statessiolatingthe (extended)engthrestrictionsare
marked. Somenew interleavings areharmlesssuchasary interleasing startingwith
[1][3][2]. However, the configurationreachedby the prefix [1][3][4][7] is a deadlock-
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(0,0,0) (0,0,0)
J;l] J}l}
(1,0,0) (1,0,0)

0,1,0) (2,0,0) 0,1,0) (2,0,0)

[3] [3] [2 [4]
,1,0) ,1,0) (2,1,0)
7\ 7 N7 \
0,1, 1) (1,2,0) ©,1,1) (1,2,0) (2,2,0)

J/ N2 N /N2 N/

(1,0,0) ©,2,1) m (1,0,0) ©0,2,1)

WA R

(1,1,0) 0,3,1) (1,1,0) 0,3,1)
[7] [

(1,2,0) (1, 2,0)

Figure 4.7: Interleavings of program (4.9) for various length restrictions.

its only successoviolatesthe extendedengthrestrictions.This pathcould have been
completedhadwe extendedC by q; ® g5 insteadof q; . &

Failure of this monotonicitypropertyis practicallyrelevant. Extendingsomeoperand
gueuessupportghe exploitation of theinstruction-level parallelisminherentin a pro-

gram. The performancegain shouldnot be paid for by nev deadlocksn programs
which were previously deadlock-free.Of course reexaminationof programsshould
alsobe avoided. For programswithout racehazardshis is possible— andthe above

exampleprogramis indeednon-deterministidor shapel.

Proposition19. Let (I, <) -t : A— B, < becontainedin C andt sequentiafor
andA. If t is deadlo&-freefor (A,C) thent is deadlo&-freefor (A,C® X).

Proof. LetshapgC) =A, yT, = 1% Wherebothtg arenon-emptyandC E(;@x E. We

have to shav thatE "2c.x D holdsfor someD.

Let n bethelengthof t andu betheinterlearing of T, i.e. C = Co —cex C1 ~2cox
. i(;@x C; = E for somel > 0. Let 0 < m< | besmallestsuchthatthereis no Xm
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with shapéC,,) @ Xm =C,

Co e Cr2e .. A Cn1 Meax Cm 2 boax ... —ocox C)
andsupposeaherearenow andC, 1 with C ﬂ(;@x Cii1.
Sincet is deadlock-fredor (A,C) thereis aY suchthatshapéC) @Y = A®Y =C,
hencem > 0 musthold. Furthermoreabsencef deadlockor (A,C) impliesthatthere
is aninterleaving v of Ty, T suchthatCp,_1 LC D. Letv=vi...W.

1. If vy occursin up...u;, sayvs = U, theninstructionsuy, to u;_; arecompletely
independentrom vy, i.e.they queuen differentinstructionqueuesaandforward
to differentoperandgqueues.This follows from the sequentialityof t for = and
A: sincevs is executabldn Cy,_1 it mustbe atthe headof its instructionqueue.
Sincevy is notin Um...U_1, it is still atthe headpositionin C;_1. If aninstruc-
tion within up,...u;_; forwardedto the samequeueasv; we hadaracehazard
in the unrestrictednodel,in contradictionto Propositionl1. Consequentlywe
canreordertheinstructionsandobtain

Cmo1 3¢ D1 Meax ... —Beax Dict —eex ... —scax Dk =G
We have thusdecreasedhe distancebetweenthe last configurationof shapeC
and C; by oneinstruction,henceby inductionon | — m we obtain Cg EC C.
Consequentlf; ¢ D andT, = 1o follow, henceC; Ycox D andC; “2cux D
by Propositionl7.

2. If v; doesnot occurin um...u thenit muststill be at the headof its instruc-
tion queuein configurationC;. Sinceall its operandsvere availablein Cp_1,
they arestill availablein C; (nointermediatenstructioncanhave removedthem
becausehey queuein differentqueuesiandno instructionin up,...u; canhave
forwardedto a queueto which v, forwards(otherwisewe hadaracecondition).
Consequentlywe have C ﬁ«;@x D, for someD1, in contradictionto the as-
sumptionthatnow andC, 1 exist with C, ﬂ(;@x Ci11. Consequentlythe case
V1 € {Um. ..U} doesnotoccur
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ThecalculiFct: A— Band(l',<) Ft: A— B canbe combinedto a calculusfor
sequentiahnddeterministiaistributedexecutionwith finite queuesvherejudgements
areof theform (I', <) ¢ t : A—o B. For this calculuswe obtainthefollowing result.

Theorem 3. Let(l', <) Fct: A— Bandt sequentiafor C andAwhee < is contained
in C. Letshapg€C) = A. Then

1. C Licox D for someuniqueD andany X.
2. tis deterministidor A anddeadlo&-freewith respecto (A,C® X) for any X.
3. C & cux D for anyX.

Proof. 1. CombinePropositionsl8 and 17 to obtain C LC@QX D for someD and
ary X. Uniquenes®f D follows from Propositionl.

2. Given Propositionsl1 and 19, it remainsto shov thatt is deadlock-freewith
respecto (A,C).

Lets = mm andC LN c G suchthatu=u; ...y istheinterleaving of Ty and
CBcCiBc...%cq.
Furthermorepart(1) implies
CLeDy 2c...2cD

for someD; andt =tj...t,. Letk besmallestsuchthatty ¢ {us,...,u}. Then
ty
C; —c E for someE because

(a) txis attheheadof its instructionqueue:sincety, ... ,tx_1 arein {uy,...,u }
thereis ani <| suchthatty is attheheadof its instructionqueuen C;. Since
distributed executionrespects<, t is still at the headof its instruction
gueuen C,.

(b) all operanddfor tx are availablein C;: they are availablein Cj, andno
instructionin Uj1,...,u consumedhem.
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(c) thereis aY suchthatshapéE) ® Y = C: configurationDy fits into C and
no instructionin uj,1,...,uU hasenteredtemsinto a queueq to which ty
writes (otherwisewe hadaraceconditionandt couldnotbe sequentiafor
C andA). Also, instructionay, . . . ,u; have only enteredasmary itemsinto
g ast;...tk_1 (againbecausd is sequentiafor — andA), andug,...,u
removed at leastasmary itemsfrom g asty,... ,tk_1 sincety is the first
instructionnotin ug,...,u.

By inductionon| theclaimfollows.

3. Combinepart(1) andPropositionl?.

4.6 AQM's and Tomasulo’ s algorithm

In orderto demonstrattiow AQM’s with distributedexecutionrelateto hardwareim-
plementationsf forwardingwe briefly discussTomasulosalgorithm[Tom67 [HP96].
Asthematerialpresentedherewill notbeneededn laterchaptersareademhois more
interestedn the technicaldevelopmentmay skip this sectionand proceeddirectly to
thediscussior(Sectiord.7).

4.6.1 Tomasulo’ s algorithm

In Tomasulos algorithm (seeFigure 4.8), functional units are equippedwith reser
vation stations. At issuetime, instructionsare assigneda symbolictag andsentto a
resenationstationassociatetb asuitablefunctionalunit. If anoperands notavailable
atthistime, the corresponding@perandield is filled with thetagof theinstructionpro-
ducingthe operand.Instructionsinsidethe resenation stationswhoseoperandfields
containvalid operandsnay execute.The functionalunits attachthe instructions tags
to theresultsandthenarbitratefor accesso a commondatabus(CDB). The CDB de-
liverstheresultto theregisterbank,possiblymediatedoy areorderbuffer. Resultsare
alsomadeavailableto instructiongnsidetheresenationstations.Thesematchthetags
of outstandingoperandsgainsthetagof aresultprovidedby the CDB andsubstitute
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Figure 4.8: Tomasulo’s algorithm

theresultinto theoperandield whenererthematchsucceedsCorrectnessf execution
underTomasulo$ algorithmrelieson the allocationof tags.In mostimplementations,
tagsrepresentithertheindex of theresenation stationholdingthe instructionwhich
will producetheresult[HP96], or its index in thereorderbuffer [ KMP99]. Dueto the
complity of out-of-orderoperationin the functionalunits, concurrentag matching
in resenation stationsandtag allocationin the issueunit, Tomasulos algorithmhas
beena popularcasestudyfor formal hardwareverification[HGS99][McM98] [SH9]
[AP99] [McMO0OQ] [JMO01].

Example. We consideranarchitecturaising[HP96]'s interpretatiorof tags,but with-
outareorderbuffer. For thecodesequence

[1]1dry r16 [4]subrigr3ris
[2]1d r3r12 [6]div r14T10T20 (4.10)
[B]mul r12Tr14T10 [6]add r18r10Tr16

Figure4.9 shows a possiblesituationafterissuinginstruction[1]. Reseration station
Mem1 contains[1]'s codeand the operandobtainedfrom registerr,. Also, the tag
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Figure 4.9: Snapshot after issuing instruction [1].

Mem1 hasbeenwritten to the target registerof [1], r16. Thus,wheninstructions|2]

to [5] areissued(Figure 4.10), ary readaccesdo0 rig yields the tag Mem1 instead
of ary former value. For example,wheninstruction [4] is allocatedto resenation
stationAlul, its first operandfield is setto Mem1. Notice that resenation stations
for a particularfunctionalunit are not allocatedin ary specificorder Finally, when
instruction|6] is issuedthe contentof r1¢g is overwritten— seeFigure4.11where[6] is

allocatedto A1u3. Any readaccessrom rig by instructions7] andlaterwill yield the
tagAlu3.

Whenaninstructionis executed jts resultis written into the targetregistercontaining
the producers resenation stationindex: if instruction[1] executesandretiresprior to
the issuingof [6], its resultwill overwritethe tagMem1 - furtherinstructionsreading
from r15 would thusobtainthe operanddirectly. If instruction|[1] retiresafterinstruc-
tion [6] hasissued,no registercontainsthe tagMem1 ary longerandthe resultof [1]
will not be written back. Independenthof instruction[6]’s issuestatusat the time of
[1]'s retirementtheresultof [1] will be substitutedor the placeholdetagin the first
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Figure 4.11: Snapshot after issuing all instructions of program (4.10).
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operandof instruction[4] in resenation stationAlul. At the sametime, theresena-
tion stationMem1 will befreed,againtriggeredby theavailability of thecurrententry’s
resultonthe CDB. &

4.6.2 Mapping to AQM’s

For mappingTomasulo$ architectureto the AQM model, we replacethe unspecific
broadcastingf resultsvia the CDB by directedforwardingto the consumingnstruc-
tions. As forwardingin AQM'’s is initiated by the producerof the resultandno as-
sumptionsare maderegardingexecutiondelaysinside functional units, the orderin
which operandsarrive at a particularresenation stationis undeterminedln contrast
to the concurrenmatchingof resulttagsagainsplaceholdetagsin resenationstation
entriescorrectbehaiour is achiezedby having severaloperandqueuesieliveringval-
uesto eachfunctionalunit (seeFigure4.1). Verifying theallocationof operandjueues
to operandss thusequallyimportantasverifying the allocationof tagsin Tomasulo$
algorithm,but is in ALEF underthe controlof the compiler

Example. Supposeanarchitecturavith y(q;) = ALU andy(q2) = MUL is given,andan
initial configurationof shapel. For program(4.10), registersrig andrig may both
bereplacedoy forwardingto q; asno raceconditioncandevelop. If additionally the
usageof r12 is replacedoy forwardingto g, we obtain

[1]1dr2 q1 [4]sub q1 r3q1
[2]1d r3 g2 [5]div r14T10T20
[3Jmul g2 r14T10 [6]add q1 r10T16

4.6.3 Limitations

While the generalAQM modelis powerful enoughto simulateTomasulo$ algorithm,
therestrictionsof ALEF make thetranslationcumbersome.
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Firstly, in ALEF a resultcanonly be forwardedto a small (and fixed) numberof
operandqueuesHence the effect of the broadcasto substitutea resultfor mary tags
atthe sametime canonly be matchedhon-atomicallyusingduplicationinstructions.

Example. As the resultof instruction[3] is consumedy two instructions,rig can
only be eliminatedat the costof a duplicationinstruction.

1|]1dr2 g1

) [4]sub q1 r3q1

]
]1dr3qs _
| [6]div r14 92 r20

3mul g2 r14 92

[6]add q1 93 T16
3']dupl™ q2 92 g3

[
[
[
[
Providedthatwe chosethe duplicationon MUL, the forwardingfrom [3] to [3] aswell

astheforwardingfrom [3] to [5] mayreuseq,. For theforwardingto instruction|6],

araceconditionwith theresultof 4] is avoidedby introducinga nev operandjueue
gs with y(g3) = ALU. Theremainingregisterslack eitherinstructionswriting to them
(registersry, r3 andri4) or instructionsreadingfrom them(registersr,g androg) and
canthus not be eliminated— seethe following chapterfor a treatmentof programs
which useoperandjueuesndregisters. &

A similar situationoccursif aresultin Tomasulo$ algorithmupdatesa registerbut is
alsoconsumedby aresenationstationentry. Again,aduplicationinstructionis needed
in ALEF for achiezing a similar effect.

Anotheraspectrelatedto duplicationis [Tom67’ s variationwheresomeinstructions
effectively executein zerotime. For example,considertheinstructionsequence

[1]add r1 rp r3 [Q]idMUL r3ra,

for whichissuingunderthe standardschememayleadto thesituationshovn in Figure
4.12ontheleft. UnderTomasulo$variation,theissueunit would notinsertinstruction
[2] into aresenation stationbut insteadcopy thetagfoundin rz into r4 — seeFigure
4.12ontheright. Consequentlythe executionof instruction[1] would automatically
updateboth registersand thus achiese the sameeffect as the original program. In
ALEF, this featurecannotbe simulated,but future extensionsof ALEF might well
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Figure 4.12: Example for instruction execution in zero time.

combineduplicationwith ordinaryinstructions. This would not only allow the elim-
ination of the identity instruction[2] but alsoleadto a more efficient simulation of
broadcastingo severallocations.

Secondly Tomasulos algorithm and AQM'’s astreatedin this chapterdiffer in the
relative orderof instructionswhich aremappedo the samefunctionalunit. In contrast
to thein-orderexecutionresultingfrom AQM’sinstructionqueuesresenationstations
mayreleasenstructionsn anarbitraryorder Thisdifferencerepresenta particularity
of the operationasemanticsatherthana conceptualimitation of the AQM model.In
fact,by definingalternatve operationasemanticgor ALEF theconsequencesf such
architecturathangesnay easilybe studied.

Thirdly, modernmicro-processorsombineTomasulos$ algorithm with mechanisms
for exceptionhandlingand speculatie execution,often relying on the reorderbuffer
whichrearrangetheinstructionanto programorderbeforeretirement.lt is beyondthe
scopeof this thesisto studythe interactionbetweerforwardingandthesetechniques,
andwe have not evaluatedpossibilitiesfor extendingAQM’s by a reorderbuffer. No-
tice, however, thatextendedopcodesuchasaddp op; 0p, 0p; p: 0p; ® 0P, — 0Pz R P
may in principle signalthe completionof instructionsto datastructuressimilar to the
reorderbuffer.

On the other hand, Tomasulo$ synchronoudsroadcastingand the CDB are not ex-
pectedto scalewell asthe numberof functionalunits andthe size of resenation sta-
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tionsgrow. In contrastforwardingpathsin AQM’s may beimplementedlistributedly
wherethe availability of individual connectionss indicatedin architecturedescrip-
tions. We will briefly discussn Chapte© how typesystemsouldbemadeparametric
in abstractescriptionf processoconfigurations.

4.6.4 Conclusion

TheprecedingliscussionndicategshatAQM’sarepowerful enougho simulateToma-
sulo’s algorithm. However, several featuresof superscalarprocessorsemainunsup-
portedat the time of writing. We hopethat the methodologyproposedn this thesis
will be helpful for overcomingthesedeficiencies.As the outlined mappingprovides
a novel explanationof Tomasulos algorithm which complementsxisting informal

expositionsaswell asformal verificationsof individualimplementationsAQM’s may

alsobeusefulfor studyingandcomparinguturevariationsof Tomasulos architecture.

4.7 Discussion

Thischapterconsidereghrogramexecutionin processorwith independeninstruction-
pipelinesand operandqueuesof infinite andfinite length. We modifiedthe dynamic
semanticof ALEF appropriatelyand updatedthe static semanticsor guaranteeing
desirablepropertiesin thedistributedmodel,we wereconcernedvith determinisnof
execution. We shovedthatthe programminganguageapproachallows oneto tackle
non-determinisnusinga variety of means,basedon the relationshipbetweendeter
minism, safetyandcompletenessn the modelfor finite queuesye ensurecabsence
of queueoverflow for sequentiabnddistributedexecution. In the latter case we ob-
sened that extendingqueuess only safefor deterministicprograms. We believe it
would have beendifficult to guaranteeobustnesof programexecutionwith respect
to this architecturachangeusinga purely hardware-basederificationapproach.Fi-
nally, the comparisorto Tomasulos algorithmdemonstratethat AQM’s cansimulate
existenthardwareimplementation®f forwardingandhighlight someof theirtechnical
aspects.
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We briefly commenton two designdecisionsandhow the correspondingdimitations
may beovercome.

First, we considerednterlearing at the instructionlevel aseachinstructionwas exe-
cutedatomically An obvious dynamicsemanticdor more fine-grainedinterleaving
is anan SOSfor the underlyingmicro-instructiongeadandwrite. For sequentiakx-
ecution, this merely amountsto a switch of granularityin the small-stepsemantics.
For distributedexecution,changingthe level of granularityexposesnoreasynchrog
asread andwrite-operationsof differentinstructionsmay interleave. In particular
non-atomicexecutionof a dupl g1 0 gz instructionallows an instructionwhich is
data-dependerndn the value sentthroughaqp to start(andfinish) executionbeforethe
forwardingto gz hasbeenperformed.Consequentlya new type of raceconditionsis
obsenred,likein program

mduplfu d1 92 93 [2]dec g2 ga.

Althougharaceoccursfor writing to gz, the programis admittedby our system.The
typing calculuscorrectlydiscoversthe raceconditionandinsertsthe constraint/1] <
[2]. For fu # ALU, this constraintcannotbe eliminatedusing a pipeline-dependerny¢
but for initial configurationsof shapeq; a data-dependegaexists. A compilerusing
data-dependenciédsr dischaging constraintwill thus(falsely)dischage[1] < [2].
Hardware-basedolutionsfor makingdupl appearatomicmay be difficult to imple-
mentunderanasynchronousegime. However, asmallmodificationof thedefinitionof
data-dependencisslvestheproblem:whendischagingserialisatiorconstraintspnly
data-dependenciesirriedthroughthe secondlestinatiomqueueof dupl maybeused.
This expresseshe factthatthe dupl gi1 g2 g3 canonly be considerecompletedonce
the secondforwarding hasbeencarriedout. Consequentlythe above race-condition
[1] < [2] cannotbedischagedandthe programis rejectedasbeingnon-deterministic.
In contrasta programsuchas

[1]dup1™ g1 g2 g3 [2]dec g3 qo

is (rightly) accepted.
If the forwardingsfor dupl areinitiatedin a differentorder otherdata-dependencies
mustbeconsidered-if theorderis unspecifiednodata-dependenci@svolving results
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of dupl-instructionsmay be usedfor dischaging constraints.As the processos be-
haviour is expressedsadynamicsemanticgor ALEF, ourapproachs adaptabléo all
thesesituations— onehasto changethe definition of data-dependenciegppropriately
andprove aresultsimilar to Propositionl4.

We thus expectour approachcan handlefine-grainedmodelsof execution,and sup-
portstheimplementatiorof instructionssuchasdupl in anasynchronousrvironment.

The seconddesigndecisionconcernsthe one-to-onecorrespondencef functional
unitsto instructionpipelines.In arealisticprocessqrseveralfunctionalunits of a par
ticular functionality may be presentanddifferentassociatiorpatternsbetweenfunc-
tional unitsandinstructionqueuesarepossible.For example,several functionalunits
of type ALU couldbe senedjointly by a singlequeueor jointly by severalqueuespr
eachfunctionalmight have its own privatequeue or several privatequeues.Also the
mappingof instructionsto functionalunits and/orto instructionqueuescanbe stati-
cally fixedor bedeterminedlynamically Finally, operandjueuesanbeassociatetb
singlefunctionalunits, blocksof functionalunits, singleinstructionqueuesr blocks
of instructionqueuesvhich areconnectedo functionalunitsin ary of theabose ways.

For someof thesescenariosven functional correctnesss difficult to achiere asthe
mappingof instructionto pipelinesneedgo beconsistentvith theoperandjueuesised
by earlierinstructionsor communicatingpperandsClearly, theexplorationof various
designalternatves needsa systematidramewnork. The staticsemanticgpresentedn

this chaptemprovidesafirst steptowardssuchaframewnork. Thisis particularsofor the
distinction betweenthe derivation of constraintsandtheir dischage, asmary of the
above designalternatvesresulteitherin additionalconstraintsr in restrictionsonthe
techniquedor dischaging them. For example,hazardgor readingfrom an operand
queueoccurif operandqueuessene several functionalunits or instructionpipelines.
Extendingthe staticsemanticdy constraintgn| < [m] whenever [n] and|m| accesshe
samequeuefor reading,we canretaindeterminismby the sameapproachasbefore.
If several pipelinessene a singlefunctionalunit, we useonly thoseinstructionsfor

dischaging a constraintwhich inhabit the samepipeline - it sufiicesto modify the

definition of pipeline-dependenciesichthattwo instructions instructionqueuesare
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comparedatherthanthe functionalunitsonwhich they execute.

Theability to treatvariousarchitecturahlternatvesusingsimilartechniquesighlights
the generalityof the programminganguageapproactandshouldmake AQM’s appli-
cableto arangeof tarmgetprocessors.

Finally, we notethatthe technicalrequiremenin Propositionl4 thata competitor]l ]
berelatedto [n] by [I] C [n]; or [n] C [I] is alittle toorestrictive. For example,program

[1]1dc 5 q1 [Q]duleUL q1 q1 92 [3]dec g2 q1

is (wrongly) rejectedfor shapel. Although instruction[3] is data-dependentia g5
on [2] andthe (empty)orderof pipeline-dependencieanextendedby [2] <1 [3], this
cannotbe usedwhenthe q;-carrieddata-dependegdetween 1] and[2] is examined
asthe competitor[3] is not yetrelatedto [1]. Furtherwork is neededn Proposition
14 to seewhetherthe condition may be relaxed suchthat competitor|l] only fulfils
[I] C [n]; or[m] C [l].

4.7.1 Summary and outlook

We extendedthe dynamicandstaticsemantic®f ALEF to cover concurrenexecution
andfinite operandqueues.As in Chapter3, soundnes®f the static semanticswvith
respecto thedynamicsemanticsvasshowvn. In the staticsemanticsye separatede-
riving constraintgrom dischaging themanddiscussedereraltechniquedor thelatter
task. Our analysispaid off whenthe samecriteria could be usedto presere absence
of deadlockasqueudengthswereextended We alsodiscussedhow Tomasulosalgo-
rithm relateso AQM’smodelof computation.Thisdemonstratetheexpressvenes®f
the AQM model, but alsoprovidesan alternatve expositionof Tomasulos algorithm
itself. Assessinghe statusof our main contrikbutions (Sectionl.3), the secondand
third itemshave thusbeenprovidedfor AQM’swhichrealisesomefeaturesof modern
processors.

In thenext chapterwe will introduceregistersandthuscover thefull languageALEF.
Revisiting the computationamodelsconsideredsofar, we will extendthe configura-
tionsof thedynamicsemanticdy aregisterbank. Thiswill triggermodificationsn the
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staticsemanticsbut the changewill leave the essentiatharacteristicsintouchedIn

particular the distinctionbetweenderiving constraintdor eliminatingraceconditions
andmeandor dischaging suchconstraintswill remainvalid andwill be extendedto

new classef hazards.The robustnesf this distinction highlightsan advantageof

our methodologyasorthogonalssuesnay be analysedeparately



Chapter 5
Queue machines with register s

The previous chaptersintroducedcomputationalmodelsin which all operandsare
communicatedsia forwarding. Thesemodelsare well suitedfor studyingthe fun-

damentalpropertiesof explicit forwarding, but they are not satishctory modelsof

practicalcomputation. The necessityto entervaluesinto operandqueuesepeatedly
if they areusedmorethanonceleadsto congestionn the forwardingnetwork andan

increasedstatic and dynamicinstructioncount. For example,variablek in the Java

excerpt

for (int i=1;, i<n; i++){

=0tk (5.1)
}
=itk

is accessed timeswheren mightonly beknown atruntime.If thecomputatiorof k is
costlyandcannotbe movedinsidetheloop, its valuemustbe duplicatedat the startof
eachiterationusingadupl instruction.Onecopy is sentto the multiplicationandthe
othercopy is forwardedto thenext iterationor —in thelastiteration—to theinstruction
following theloop. If the dup1*tV instructionis used thevalueof k will be available
atthe correctfunctionalunit in bothcases Similar duplicationschemesrenecessary
for variables andj , andonecaneasilyobtainprogramsvhereeachiterationcontains
severalusesof avalue.Furthermoreanid instructionis neededlirectly aftertheloop

135
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sincethe loop-carriedforwarding for | hasdestinationMUL whereasthe instruction
following the loop executeson ALU. A translationof program(5.1) into ALEF where
no sharingof operandqueuess implementedhusresultsin

[lnings,kinqga, jin gy

[1]1dc 1q3 I i=1

[2]jmp 3 [l jmp 3
[3)dup1™™ g4 92 qa Il dupl k
[4]mul q1 92 91 Iy =j*Kkl
[6]inc q3 g3 [0 ++
[6]dup1*” q3 g3 93 'l dupl i 52)
[7]dup1*” g5 g5 95 'l dupl n

[8]sub g5 q3 q7 Il x =nl- il
[8lif q7 93 Il if x=0 1312
[9]1d™ g1 ge Il move |

[10]add g6 q4 g6 1§ =j* k2

wherewe assumey(qs) = Y(q2) = MUL, Y(q3) = Y(dz) = ¥(gs) = Y(q¢) = ALU and
y(q7) = BU. Indeed theresultis well-typedin the calculusof Chapter3, with typings
Ni:1—oA N3:A—oAandNg:A—qge®q3®qs forA=q3®qs®qs®Xq;.

Evena betterallocationof operandqueuesannotavoid thatvaluessuchask needto

beinsertedinto the queuegepeatedly As a furtherdravback,queuesvhich areused
insidea loop becomeessentiallyunavailablefor holding othervaluesasi, j, k andn

mustbeatthe headof their queue(s)n eachiteration. Consequentlyary finite number
of operandqueuesffectively limits the nestingdepthof programs.

It is henceto be expectedthat architecturesith explicit forwardingwill in addition
containasmallregisterbank.In mostcasesregisterswill containvalueswhicharere-

peatedlyaccessedr whoserangeof livenesspansacrossmary instructionsor several
loops. This fits well to the motivationfor forwardingin conventionalarchitecturesto

provide afastbut lesscostlymechanisnfor communicatingpperanddetweerinstruc-
tionsexecutedn closesuccession.

1By insertinga chainof id"9 q q instructionsonecanlet a valuereachthe headof its queuewnhile
retainingthe relative orderof otherentries but this schemehasto be considereaxtremelyinefficient.
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This chapterconsequentlgonsiderglynamicsemanticgor the full languageinclud-
ing registers.Theearliermodelsfor sequentialdistributedandfinite-queuesxecution
andthe type systemdor eliminatingruntime failure arereexamined. In mostcases,
thecalculifor staticanddynamicsemanticgariseasvariationsor extensionf thecal-
culi presentedn the previous chapters.As this correspondencearriesover to mary
proofsof thecorestatementghe compositionahatureof structuredgprogrammingdan-
guageformalismsandmachinemodelsis demonstratedsupportingour argumentfor
programmindanguagebasedsystemdevelopment.

5.1 Sequential execution

Motivatedby similar reasonssours,theexplicit-forwardingarchitectureSCALP also
containsa registerbank. This takesthe form of anotherfunctionalunit, but the per
formanceresultsgivenin [End96]indicatethatthis solutionis unsatisctory Explicit
instructionsare neededor transferringvaluesbetweenhe registerbankandoperand
gueuesthusaddingto the pressureon the instructionmemoryandthe decodingunit
to provide the processowith instructions.Hence,increasedateny andenegy con-
sumptionareobseredaswell aslow codedensity

Consequentlywe employ a moretraditionalregisterbankwhichis directly accessible
by ordinaryinstructions.Thearchitecturaconfigurationis shovn in Figure5.1where
aglobalregisterbankis connectedo thefunctionalunitsby anoperandus.

This architecturakhoiceis reflectedn the structureof ALEF instructionswherereg-
istersandoperandqueuenamesappeain the sameposition.

A programcanuseonly a finite numberof registers,andthis setcanbe staticallyde-
terminedasindirect register addressings not possible. Shouldthe numberof used
registers(or operandqueueskxceedthe numberof availableregisters,remainingval-
ueshaveto bespilledinto memoryusingcorventionaltechnique$App984.

5.1.1 Dynamic semantics

The dynamicsemanticss given by extendingthe operationaimodelfrom Chapter3.
ConfigurationsC areequippedwith aregisterfile R : R — Val, afinite mapfrom reg-
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Figure 5.1: Architecture for sequential dynamic semantics with registers

istersr to valuesa. For straight-linecode this resultsin configurationsC = (Q,R, M).
Programsnvolving jump instructionsuseconfigurationof theform C = (Q,R, M, n).
The operationamodel(Figures3.4and3.5in Section3.2)is extendedsuchthatrela-
tion C LD relateghe above ternaryconfigurationsThis relationis obtainedby

¢ replacingeachrule of the form

(M1,81,0py) (Mn-1,8n,0P,_1)
CODECl e C2 .. .COdEn,l _— Cn
Ci —C,
of Figure3.4 by therule
(Ma.81,0py) (Mn-1,8n,0P_1)
D D, ... Dn— D
CODE 11— U2 _ n-1 ————————— Un
D1 == Dy

whereD; = (Q;,Ri,M;) for C; = (Qi, M;).

e replacingtherulesy, INSTR andCOMP by therulesp-Q, INSTR and COMP
givenin Figure5.2. Althoughthelattertwo rulesappeatdenticalto their earlier
counterpartsthey aredifferentasconfigurationsontainathird component.

e renamingWR andRD to WR-Q andRD-Q, respectrely, without changingheir
definition.
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Figure 5.2: Sequential execution with registers: dynamic semantics

e addingthefour new rulesRD-R, WR-R, p-R1 andp-R2 givenin Figure5.2.

139

Determinag of executionis preseredasPropositionl carriesover from Chapter3.

Proposition 20. If C L. DandC LEthenD =E.

Proof. TherulesRD-RandWR-R areeasilyseerto bedeterministicanddeterminag
of u-R1 and p-R2 follows similarly asthe onefor p (now called p-Q) in the proof
of Propositionl, and so do the claimsfor the rules CODE andthe INSTR andthe

subsequenihductiononthe structureof t.

O

In additionto deadlockslueto emptyoperandjueuesegxecutionalsostallsif aregister

is accessedor which no entry existsin theregisterbank. In contrastoperandqueue

mismatcheshave no correspondindailure scenariofor registerssince registersare

globally accessible.
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5.1.2 Static semantics

Similar to Section3.3, a type systemcaneliminateprogramswhich would otherwise
deadlock. For the samegrammarof typesas before,we treat productsmodulo the
identity

rer=r

for ary registerr. Thisis motivatedby thefactthatregisterscanberepeatedhqueried
for their content(includingzerotimes)but containonly onevalue. Commutatvity and
associatrity of @ remains.

FOrA=rn®...0rmq®...@q, wedefinerg(A) to betheregisterpartr1 ®...rm

andq(A) to be the operandqueuepartg; ® ... ® gn. The above identity yieldsA®

rg(A) = Aandrg(A) ®rg(A) = rg(rg(A)) =rg(A) for ary A.

The staticsemanticss givenby axioms

R-AX SCcod
[njcode: X @ Acode— X @ Beode® rg(Acode) A 9

whereside conditionsy(r) = fu arealwaysfulfilled and productsAcoge andBeoge are
asgivenin Table3.1. Programfragmentsarecombinedusingthe samecut rule CUT
asin Section3.3.

The usageof rg(Acode) to the right of — in R-AX preventsa register from being
deleted.For example,in the program

[1]1dc 2 r1 [2]dec r1 gy

thevaluein r; is still availableafterthe executionof the secondnstruction. Thisis
capturedn thederivation

[1]1dc2r1:1— r; [2]decriqi:r1—oT1®Qqs

[1]1dc 211 [2]decriqi:l—or1®qs
Thesameprogramcanalsobetypedif avalueis alreadypresenin r;

[1]ldc 2r1:r1—or1®r;

[l]ldCQIJ_ ‘r1—or [Q]dec riq1:r1— r1®q

[1]1dc 21y [2]decriqs i1 —T1®Qs
usingtheidentity r; ® r1 = r1. No typingis possiblewherethevaluein r; is deleted
asary r appearingo theleft of — alsoappeargo its right.
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Lemmabs. If t : A— BthenB=rg(A) @ B.

Proof. Inductionon the structureof t. For all basecasesthe rule R-AX guarantees
thatthereis an X suchthat A = Acpge® X andB = Bgoge® rg(Acode) @ X, SOrg(A) =
rd(Acode) @ rg(X) andthus

B®@rg(A) = Beode® rg(Acode) © X @ rg(Acode) @ rg(X) = Beode® rg(Acode) @ X.
S:A—oC t:C—oB

For ,C=C®rg(A) andB =B®rg(C) follow from theinduction
st:A—oB

hypothesis. Consequentlyrg(C) = rg(C) ® rg(rg(A)) = rg(C) @ rg(A), soB=B®

rg(C) =B@rg(C) @rg(A) = BRrg(A). O

For relatingstaticanddynamicsemanticsthe definition of shapéds adaptedo reflect
themodifiednotionof configurations.

Definition 16. Theshapeof a configuationC = (Q,R,M) is

shapgC) = ®quq|Q(q)| ® OredomRI -
We obtainsoundnesandcompleteneskr sequentiakxecutionasin Theoreml.
Theorem4. Lett beaninstructionsequence

1. If t : A— B andshap¢C) = A thenthere is a uniqueD sud that C L.p, and
shap¢D) = B holds.

2. 1f C LD thent : shapgC) —o shapéD).

Proof. 1. The proof proceedsimilarly to the proof of Theoreml. The sub-cases
for rulesWR-Q, RD-Q andp-Q transferdirectly. For rulesRD-R, WR-R, p-R1
andp-R2they areasfollows.

RD-R Claim 1: For arbitrarya, fu andr, thereareb andc with a M C

Furthermorea = b = c holds.

Proof Follows directly from the definitionof rule RD-R.

WR-R Claim 2: For arbitraryw, a andr thereis a b suchthatw m b.
Furthermorea = b holds.

Proof Follows directly from the definitionof rule WR-R.
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U-R1 Therearetwo claims.

Claim 3: If shapéC) = r @ X andfu arbitrary thenthereareuniqueD and
awith ¢ 2420 1y FurthermoreshapéD) = shapéC) holds.

Proof For C = (Q,R,M) and shapg¢C) =r ® X we have r € domR, so
R(r) = a holdsfor someuniquea. By claim 1, thereare b andc with
R(r) {readfr), ¢, anda= b= c holds.Hence,C {readf).2.0),
ablefor D = (Q,R[r — aJ,M) i.e.D = C by theuniquenessf D (Proposi-
tion 20). ConsequentlyshapgD) = shapgC) follows.

D is deriv-

Claim 4: If shap€C) =r ® X anda arbitrary thenthereis auniqueD with
c wrean FurthermoreshapéD) = shapé&C) holds.

Proof For C = (Q,R,M) andshapéC) = r ® X we have r € domR, so
R(r) = b for someuniqueb. Applying claim 2 yields a unique ¢ with
b (write,a,r) (write,a,r) (write,a,r) D
follow for D = (Q,R[r — a], M), anduniquenessf D follows from Propo-
sition 20.

FurthermoreshapgD) = shapéC) @r =r@ X ®r =r ® X = shapgC)
follows by applyingthe definitionof shapéD) andtheidentityr @r =r.

¢, andc = a holds, henceR(r) aandC

pu-R2 Claim 5: If prime(r,shapgC)) anda arbitrary thenthereis a uniqueD

with ¢ 120, b, FurthermoreshapéD) = r @ shapéC) holds.
Proof By Definition 16, prime(r,shap€C)) impliesr ¢ domR. Applying

claim2tow = ¢ yieldsauniqueb suchthate M b holds,with a=b.

Wite21), b for D — (Q,R[r — a,M)
whereC = (Q,R,M). Uniquenes®f D follows asin Proposition20, and

Consequentlyrule p-R2 yields C

Definition 16 impliesshapéD) = shapgC) @ r asrequired.

For therulesCODE, we prove thatif [n|code: A — B andshapgC) = A hold,
thenthereis a uniqueD with C Lp, andadditionallyshapéD) = B. We treat
thecasedec op; op, explicitly.

Casecode= dec op; op,. By the typing rule R-AX, thereis an X suchthat

shapéC) = A=op; ® X andB = op, ® X, andX is uniguemoduloiden-
titiesr @ r =r. For derving C e OPLOP2 1y for someD, we have to show
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thatthereareE anda suchthat

(read ALU),a,0p;) (write,a—1,0p,)
_— _

C E andE D.

In the caseof op; = g for someq, R-AX impliesy(q) = FU(dec) = ALU,
sothe claim for rule p-Q (claim 3 in the proof of Theoreml) impliesthe
[readALy).a.0p) andshapéE) = X

If op; =r for somer, the propertyA = op; ® X, togetherwith claim 3

(unique)existenceof E anda with C

above,impliesthesameexistenceof E anda, with shap&E) = shapgC) =

reX.

For shawing E writea—1.0p,),

D, we applyclaim 4 of the proof of Theorem
1in the caseof op, = ¢ for someq/, andapplythe above claims4 or 5 in
thecaseof op, = r’ for somer’, dependingonwhethemprime(r’, shap€E))
holdsof not. In theformercasewe obtainshapéD) = shapéE) @ d' = B,
andin thelattercasewe obtainshapé€D) = shap€E) @ r’ = B. Uniqueness

of D followsin bothcasedrom Propositiorn20.

Casescodes# dec op; 0p,. Similar.

Finally, the inductionon the structureof t proceedsxactly asin the proof of
Theoreml.

2. We performa structuralinductionsimilar to the proof of the secondpartof The-
orem1. The sub-case$or rulesWR-Q, RD-Q and p-Q transferdirectly. For
rulesRD-R, WR-R, p-R1 andp-R2 they areasfollows.

(readfu),a,r)
_ 5

RD-R Claim 1: If w vthenw=v=a.

Proof Follows directly from the definitionof rule RD-R.

(write,a,r)
_—

WR-R Claim 2: If w vthenv=a.

Proof Follows directly from the definition of rule WR-R.

(readfu),a,r)
_

p-R1andp-R2 Claim 3: If C D thenshapgC) =r @ shapgD).

Proof If the lastrule in the dervationof C /2421,

D = (Q,R[r — b],M) musthold for someb with R(r)

D wasp-R1, then

(readfu),a,r) b and
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C=(Q,R,M), sor € domR. By claim1, R(r) = b = a follows, andthe
definition of shapeimplies

r©shapéD) = 1®®qed YV ® Orcomrirbil’
= I® ®q€Qq|Q(q)| ® ®r’edomer
= ®®qgeQ q|Q(q)\ ® Qredomr!’ = shapéC)

If thelastrule in the derivation for C (readi).an), D wasp-R2, thenr ¢

{read a0, b andD = (Q,R[r — b], M) musthold for some

b whereC = (Q,R,M). By claim 1, however, the secondconditioncannot
(readfu),a,r)
_

domR, thene

befulfilled, sothelastrule for deriving C D cannothave been

H-R2.

In particular prime(r,shap€C)) implies that thereareno D and a with
(read(fu),ar)

C —D.

Claim 4: If ¢ ™21,y thenshapgD) = r @ shapgC).

Proof No matterwhich of the two ruleswasused,a derivationwith final
{wrtean) o whereC = (Q,R,M) forcesD = (Q,R[r — b],M)
for someb, sothedefinitionof shapeimplies

sequentC

shapg¢D) = ®®qeq Q‘Q(q” @ @r cdomR[r—b] r’
= 8qced ¥V @1 ® Grrcdomr!’
= I'®geQ q|Q(q)| ® Qrredomrl’ = r @ shapéC).

For the rules CODE, we prove that C <% p implies [n|code: shapgC) —
shapégD). Again, we treatonly onecaseexplicitly .

Casecode= dec op; op,. For C decOPOP2 1y g hold, theremustbe E anda

with

(read/ALU),a,0p;) (write,a—1,0p,)
_ _

C E andE D

If op; = q, theclaim for rule p-Q (claim 3 in the proof of Theorem1) im-
pliesshapgC) = shap€E) ® q = shap&E) @ op; andy(op;) = y(q) = ALU.
If op, =r, claim 3 above impliesshapéC) = r @ shapgE) = shap€E) ®
opy, andy(op;) = y(r) = ALU is vacuouslytrue.
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Furthermorefor op, = ¢, the claim for write andrule p-Q (claim4 in the
proof of Theoreml) impliesshapéD) = shap€éE) @ = shap€&E)  op,,
andfor op, = r’, the above claim 4 implies shapéD) = shapéE) @1’ =
shap€E) ® ops,.

With X = shap€E), thetypingaxiomR-AX indeedderives[n]dec op, op, :
opL ® X —o 0P, ® X, i.e. [n]dec op; 0P, : shapgC) — shapé&D).

Casescodes# dec op; op,. Similar.

Theinductiononthe structureof t now proceedexactly asin the proof of The-
oreml1 (secondpart).
0]

Consequentlywell-typedprogramscannotrun into deadlockgoperandjueuestana-
tion or empty registers)or operandqueuemismatch. In particular every registeris
guaranteedo beinitialisedwhenit is accessetbr thefirst time.
Similarto Section3.4,thetype systemadmitsthedervedrule
t:A—oB
t:ARX —-B®X
andhasprincipaltypings. Thesecanbe obtainedby thetyping rules

R-WK

P-R-AX SQcod
[njcode:: Acode— Beode® rd(Acode) Q(cods

and A B C D
S.:A—o t::C—o
P-R-CUT st AU oV ®D B/C_V/U

wherea modifieddefinitionof cancellatiorensureghattheidentityr @ r = r doesnot

introduceadditionalproducts.

Definition 17. Thepair (V,U) is called the cancellationof A and B, written A/B =
V/U, if prime(V,U) and prime(rg(V),rg(B)) hold and also prime(rg(U ),rg(A)) and
UA=V®B.

Thedefinitionof principaltypestransferditerally from Chapter3.

Definition 18. A typingt : A—o Biis principalif for everytypingt : C — D thereis an
X suhthatC=A® X andD =B® X.
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Example. For [1]1dc 4 r; and[2]add r1 rp r3, rule P-R-AX yields
1] :1—orjand[2]ir1®r) —or1Rry®rs3.
Wehaver;/(r1®r2) =1/rp, hence
[1)[2] ;i1 —r1®r2®@r3.

If the conditionprime(rg(U),rg(A)) wasdroppedin Definition 17, the identity r1 =
r1 ® r1 wouldyield thealternatve cancellationr; /(r1 ® r2) = 1/r1 ® r2 andthusthe
typing [1][2] :: r2®r1 — r1 ® r2®@r3. While thisis indeedavalid typing for [1] [2], it
is notthe principaltyping. &

Proposition21. t :: A— Biiff t : A— B is theprincipal typingfor t.
Proof. Therearethreeparts.

t:: A— Bimpliest: A— B. Structuralinductionont. For single instructions,the
claimis trivial asthewealeningX = 1 canbeusedin theaxiomsfort : A — B.
For the cut rule wheres:: A— B, t::C — D andst :: AQU —V ® D with
B/C =V /U,wehaves: A—o Bandt : C — D by inductionhypothesisandthe
wealeningruleimpliess: A@U — B®U. Thedefinitionof cancellatioryields
B®U =V ®C, andby applyingthe wealeningV to thetyping for t we obtain
t:V®C—V®D. Applying thecutruleyieldsst : AU — V ®@D.

t:: A— Bimpliest: A— Bis principal typing for t. We shaw thatfort:: A—B
andt : C — D thereis an X suchthatC = A® X andD = B® X, againby
structuralinductionont.

For asingleinstruction,A = AcodeaNdB = Bcode® rg(Acode) hold, andthetyping
rulefort : C —o D impliesC = Acoge® Z andD = Beoge® rg(Acode) @ Z for some
Z Take X =Z.
For st :: A— B andst : C — D thereareby thetyping rulesproductssuchthat
s:E—oF t:G—oH
st:E®QU -V®H

F/G=V/U
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and
sS:C—ol t:l—oD

st:C—D
whereA=E ®U andB=V ®H. Sincesis partof st ands:: E — F holds,the

inductionhypothesigguaranteethats: E — F is the principaltyping for s, so

for s: C —o | thereis aZ with
E®Z=CandF®Z=I.

Likewise,t : G — H is principal,sofort : 1 — D thereisaY with
G®Y=landH®Y =D.

ConsequentlyF ® Z =1 = G®Y andby the definition of cancellationF /G =
V /U thereis anM suchthatU ® M = Z andV @ M =Y. Therefore,

C=E®RZ=EQUM=AM
and
D=H®Y=H®Ve&M=BRM.
Take X = M.
t : A— B principal typing for t impliest:: A— B. If t is a singleinstruction,then

A= Acode@NndB = Beode® rg(Acode) @ndthetypingt :: Acode—o Beode® rd(Acode)
is dervable.

For st : A— B principal, thelastrule wasCUT, sothereisaC with s: A— C
andt:C — B. Lets: F — G andt : H — | betheprincipaltypingsfor s andt,
respectrely. Sincesandt occurinsidest we canapplytheinductionhypothesis,
sos::F —oGandt::H — . By theprincipalityof s: F —o Gandt : H — |
thereareZ andY with

A=F®ZGRZ=C=HYandB=1®Y.
Hencefor G/H =V /U we obtainboth

st FU ol ®V
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andU @ L =Z andV ®L =Y for someL.

We have to shov F @ U = A andl @V = B. By the first part of this proof,
st:F®U —ol®V impliesst: F®U — | ®V, sotheprincipalityof st: A— B
guaranteethatthereis anX suchthat

ARX=F®U andBX=I1®V.
Ontheotherhand,
A=FZ=FULandB=IY=1@V®L
holds.By combiningthe equationsyve have

A = LOFQU=LRABX
B = IaVeL=L&®B®X

so X andL cannotcontainary operandqueuenamesasfactors,i.e. it it X =
rg(X) andL =rg(L). Hence

FOU = A@X=LoA®X®rgX)=LoARX=A
|V = BeX=LeBaXorg(X)=LoBaX =B

asclaimed.

5.1.3 Program execution

Similarly to Section3.5, executionof programswith registersandjump instructions
is definedin termsof basicblocks. A programP = (N,A) consistsof a partial map
N : N — Iseq togethemith anassociatiolt C domN x domN suchthat

¢ thelabellingof instructionss unique
e thefirstinstructionof N(n) haslabel[n]
e atmostthelastinstructionof N(n) is ajumpinstruction

e A containsexactly thosepairs(n, m) wherethe opcodeof lastinstructionin N(n)
is either jmp mor if opny np with me {ng, n2}.
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(Q, R, I\/I) (readBU),0,0p) (P, s, N)

(Q,R,M,nil) 2212 p g N ny)

R-IF-T

(readBU),a,0p)
_

(Q,R,M) (P,S,N)
(Q,R,M,nil) 2™ p g N )

R-IF-F a0

R-JMR —
(Q,R,M,nil) === (Q,R,M,n)

(Q,R,M) 2% (p 5 N)

R-INJ ode
(Qa RaMaﬁ) — (vavN’ﬁ)

FU(code # BU

code s t
RINSTR =D r-comp- —E_E—D
C [njcode D C=D
. N(n) Y, w
R,M, nil) =% D E EXD
r-execute M) —= R-COMPOSE———_E—
(Q,R,M;n) =D CcC—D

Figure 5.3: Sequential dynamic semantics including jumps and registers

5.1.3.1 Dynamic semantics

The dynamic semanticgs obtainedby similar rules asin Section3.5, modulo the
updatedhotion of configurationg Q, R, M, n) (seeFigure5.3) andthe additionalrules
RD-R,WR-R, p-R1andp-R2. Consequentlydeterminisnof executionmaybeproven
in asimilarway asin Propositiord.

5.1.3.2 Static semantics

Instantiatingthe axiomR-AX with thedatain Table3.2yieldsthetypingrules

R-AX-IF op) =BU
[njif opm nz : X®@0p— X®@rg(op) viop)
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and

R-AX-JMP
Njjmpm: X — X

whereary sideconditiony(r) = BU is consideredrue.
Therule for composingbasicblocksis generalisedo
2 = Unedomn{N: An — Bn}
(n,m) € Aimplies3X s.t.B, = Apn® X andBn @ X = By,
ZH(N,A):o

suchthatN(n) deliversat leastall registercarriedoperandsieededy (possiblyweak-

R-PROG

ened)N(m), andadditionalregistersmustbeamongsthosepromisedby By, to its suc-
cessorsln particular theadditionalitemsX fulfil X =rg(X) andoccurin rg(By,). For
operandqueuesthe rule agreeswith the rule from Section3.5.2,but registerswritten
to in N(m) mayor may not containvaluesbeforeN(m) is called. For example,

N(1) = [11dc7qy [2]jmp3
N(3) = [3]1dc9r1[4]add q1 r1qy [5]jmp 3

canbetypedin context ¥ = [1+— 1—q;, 3+ q1 — r1® qy|, wherethe arrow
(N(1),N(3)) usesX = 1 andthearrow (N(3),N(3)) usesX = ry. Theearlierrule

Z = Unedomn{n : An — B}
(n,m) € A impliesB, = An,
SH(N,A):o0
would have requiredto wealenthetypingsto

S = [1|—>r1—or1®q1, 3—r1®aq —0r1®<l1]7

forcing aninitial configurationto containanelementin r;.

As before the A; andB; areobtainedfrom typingsof thebodiesby wealenings.
Proposition5 carriesover from Chapter3 with similar modificationsregardingthe
shape®f configurationsasin the previoussection:

Proposition22. Let> P : o, andfor C = (Q,R,M,n) letn: A—o B betheentryfor n
in X. LetshapgC) = A® X with B& X = B for someX. Thenthereis a uniqueD suc
that C 5D, and shapgD) = B holds. Furthermoe, if D = (P,S,L,m), m+ nil and
m:C —o D istheentryfor min Z, thenthereisaY sudithatB=C®Y andD®Y =D.
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Proof. The definitionof Z impliesN(n) : A — B, sothewealeningrule yieldsN(n) :
A® X — B® X, hencelN(n) : shapg¢C) — B. By Theorem4, thereis thusa unique
D suchthat(Q, R, M, nil) M), D, andshapéD) = B holds. By rule R-EXECUTE,we
thusobtainC --D.

If D hastheform (P,S, L, m) with m= nil, thenN(n) containsaninstructionjmp mor
if opmy mp with me {my, mp}. By thedefinitionof basicblocksthereis at mostone
suchinstructionin N(n), andit mustbethelastinstruction,so(n,m) € A holds.By the
definitionof programP andcontext %, thereis auniqueentrym: C — D in £, andthe
typing rule for 2+ P : o impliesshapéD) = B=C®Y for someY withDRY =D

dueto (n,m) € A. O

5.1.3.3 Type inference

Typeinferencefor programswith registersaimsatfinding wealeningsX; suchthatthe
conditionin thetypingrulefor ZF P : o isfulfilled. Similarly to Section3.5.3,thetask
canbe seemasaunificationproblem.

Definition 19. LetN : N — Isegbea partial map,domN = {ny, ... ,ng}, A C domN x
domN andfor i < k let N(n;) : Aj — B;. Atuple X = (Xg,...,X¢) unifiesN for A if
(ni,nj) € AimpliesB; @ X = Aj @ X; ® Z! for somez! with Bj @ X; ® Z! = Bj @ X;j.

Theequialentto Propositiong is thefollowing.

Proposition23. 1. If Z = UpedomuN(Ni) : Ai @ X —o B ® X andX is a unifier for
N andA thenXt (N,A) : o.

2. If S+ (N,A) : 0 andZ = Up cdomyN(M;) : Al — Bj then1 unifies for A.

Proof. 1. ForZ = Upcdomul(N) : A @ Xi — B ®@ X and(n;,nj) € Atake X = Zij.
ThenBi @ X = Aj@X;©Z) = Aj@X; @ X andBj @ X; © X = Bj@ X;® Z} =
B ® X; sinceX unifiesN for A. Consequentlyall conditionsin the rule for
>+ (N,A) : o arefulfilled.

2. Therulefor ZF (N,4) : o impliesX = Up,cdomuN(Ni) : Aj — Bj, andB; = A; ® X
holdsfor someX with B; ® X = Bj wheneer (nj,nj) € A. Consequentlyor
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X =Xj=1andZ =X,B@X =B =Aj@X=Aj©Z = AjoX;®Z and
Bj ®Z] = Bj @ X = B follow.
0

Again, minimalunifiersareof particularinterest.

Definition 20. A unifier X for N andA is minimalif for anyunifierY for N and A there
isaZ suhthatX @Z =Y.

In particular theregisterpartof the minimal unifier X occursin ary unifierY, i.e.Y; ®
rg(X) =Y holdsin every component.

In contrastto the casefor operandgqueuesa unificationis alwayspossible basedon
the following iterative approach. For easeof notation,we concentrateon exclusive
registerusagej.e. requirethatall typingst : A—o B fulfil A=rg(A) andB = rg(B).

Theorem 5. LetX betheminimalunifier for N and A, andfor all n € domN let N(n) :
An — B with Ay =rg(An) andBp =rg(Bp). Letm,n € N anda= (m,n) £ A. Define

S={l|(I,m ea*}andT = {l|(n,]) € A"}

andlet (Xm®Bm)/(An®Xy) =V/U andV /B, =W/Y. For eac factorr of U let S
betheleastsubsebf Swith

e MeS

e ifke S, (I,k) € Aandprime(r,B, ® X)) thenl € S

o ifke S, (k)€ Aandprimer,B @ X)) thenl € §
andfor eac factorr of W let T; betheleastsubsebf T with

e NcT

o ifke T, (I,k) € Aandprime(r,By ® X)) thenl € T;

e ifke T, (k)€ Aandprimer,B @ X)) thenl € T;

ThenforY] =X @ ®jesl @ ®jeT. I, thevectorY is theminimalunifierfor N andAuU {a}.
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Proof. Shaw that Y is unifier for Nand AU {a}. Let (i, ]) € AU {a}. We show that
thereisaZ suchthatBi @Y =Aj®Yj®Z andBj®Y; ® Z = Bj ®Y;.

Case(i, ) =a= (m,n) and n# m. By the definitionsin the theoremm e S
holdsfor eachfactorr of U andn € T, holdsfor eachfactorr of W. There-
fore,

Ym = Xm®@U oW andY, = X, @W U’
holdsfor somefactorsU’ = ®@pesr of U andW’ = @met.r of W.
Wefirst shav W’ = 1. Eachfactorr of W’ fulfils me T;, soby n# m, there
mustbeak € T, suchthatprime(r,Bn® Xyn) and(k,m) € A or (mk) € A.
Ontheotherhand,sincer is afactorof W/, r is afactorof W, thusof V and
thenof By, ® Xm. ContradictionsoW’ hasnofactorsr, henceYm = Xm®U.

Similarly, eachfactorr of U’ fulfils n € S, sotheremustbeak € § with
(k,n) € Aor(n,k) € A andprime(r, Bh® X,). Ontheotherhandr is afactor
of U’, henceof U. SinceU occursin A, ® X, andA,, in B, by Lemmas, r
occursin B, ®X,. ContradictionsoU’ hasnofactorsr, hencey, = Xq, @W.

Let Z bethecommonpartofV andBy, i.e.V /B, =z W/Y. Then
Bn@®Ym=Bm@XmOU =A@ XhnQV =A@ XnQZOW =A@ YZ®Z

andobservingZ = rg(Z) asZ occursin By, yieldsBr @ Yy = Bh@ Yha® Z.

Case(i, j) =a= (m,n) and n=m. SinceX, = Xy, occursbothin X, ® By and
Xn @ An andA, = rg(An) occursin rg(Bp) = rg(Bm) Lemmas impliesU =
1. ForthesamereasonV is afactorof By, hencéeV = 1 andY, = Yy = X,.
Consequently

Bn®@Ym=Bm@Xm=Bm@XnQU =A@ Xn @V =A@ Yh®V

sowetakeZ =V. ThenBn®Yn®Z =Bn@Ym®V =Bn®YnasV =rg(V)
occursin By,

Casen= j #i # m. With thesameargumentasin thefist caselJ’ = 1 follows,
soY, = X, @W. SinceX unifiesN for A and(i, j) # awehave

Bi@Y =Bi ®X ® Qicsl @ Qict,l =Aj @Xj RZQ Riesl @ QjeT, T
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whereBj ® Xj ® Z = Bj ® X;.
Forary r with i € S, prime(r, B ® X;) holdsdueto m= i. Also suchanr
is afactorof U, soof An @ Xj = Aj ® X, hence

Aj @ X @ Qiesl = Aj®Xj.

Any r with i € T; is afactorof W andi # j = nimpliesprime(r, B ® X;),
soW canbewritten asW = W, @ W, where

W, = ®ieT, r factorofwl andWp, = QigT, r factorof W -

A factorr of W with i € T, occursin B; @ X; sincen € T; and(i, j) € A holds
duetoi £ m. Hence
Bi ® Xi = Bj @ Xj @ W,.

Combiningthe equationsandtakingZ = Z we obtain
Bi®Y = Bi®XQQicsl @Qiect,I =B @ X Q@ Qjegr @Wy
= Bi@XoW® Qicsr @Wa=A;@XjQZOW ® Rics !
= Aj®Xj®Z®W:Aj®Yj®Z
= Aj®Y;®Z
andBj®Y;®Z=B;®XjdW®Z=B;®X; W =B; ;.
Casei = j. ForB @ X = A; @ X; ®Z with B; ® X; ® Z = B; ® X; we obtain
B®Y = B®X®Qicsl @®ict,l =A] X ®ZRjes I ® QjeT."
= Aj®X[®ZQjes I®Qjer,r =A;QY;®Z
sotakeZ =Z. Then
BiQYi®Z = Bj®@Xj®QjesI QeI QZ
= Bj@Xj®®jesI ®@Qjet,I = BjXY;

Casei # j #n. Any r with j € T, fulfils

e 1 is afactorof W
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o prime(r, Bj ® Xj) sincej # n, henceprime(r, Aj  X;)

e i €T, orr afactorof B; ® X; since(i, j) € A.
andary i € T; fulfils

e j €T, orr afactorof B; ® X; and

e 1 occursin W.
Consequentlyary r with i € T; but j £ T; occursin Bj ® Xj andary r with
j € T, buti ¢ T, occursin B; ® X;.

Hence,

Bi®Xj = Bj®Xj® QicT,,jgmr (5.3)
B@Xi = B3XQ®jetignl (5.4)

Similarly, any r with i € § occursin U andeitherfulfils j € § or occurs
in Bj ® Xj andary r with j € § isin U andeitherfulfils i € S oroccursin
Bi ® X;. Hence,

Bi@X = B X ®WRjes,igsl (5.5)
BjoXj = Bj®Xj®ies,jgsr (5.6)

Hencefor Bi ® Xi = A; ® Xj ® Z andB;j ® X; ® Z = B; ® X; we obtain

Bi®Y = Bi®X ®Qiesl @Qijer I
= Bi®X Q®ics,jest ® Qics,jgs! @ Qict,jeT ® Qict,jeTl
= BidX®®jes.igs! @ Qics,jes! @ Qies,jgs !
® RieT,,jeT, I @ Qiet, ,jgT, "
= Bi®XQQjet.ignl ®Qjes.igsl @ Dies.jes O Qies,jgsl
® RieT,,jeT, I @ Qiet, ,jgT, "
= Aj®X|RZQjet ign I @ ®jes.igs T
® Qies,jes I ® Qjes,jgs N © Qiet,jeT N © jcT, jeT '
= Aj®Xj®Z®®jeﬂr®®jeg(r®®ies,j¢sr®®ien,j¢ﬂr
= A QY| ®ZR Qics,jes! @ ®icT,,jenl
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wherethe third equality holds by (5.5), the fourth by (5.4) andthe other
equalitiesresultfrom reorderingindicesandapplyingthe definitionsof Y;,
Yj andZ. For Z = Z® ®ijcs,jgs’ @ QicT,.jgT, We consequenthyobtain
BeY=A®Y®Zand

BioYj®Z = Bj®@Xj@QjcT,I ®Qjesl Z® Qjes,jes '
@ QieT,jeT '
= Bj®X|®QjeT,r ®Qjesr®Z
= Bj@Xj@®jenl ®®jesl
= Bj®Y,

wherethe seconcequalityholdsdueto (5.3) and(5.6) andthe otherequal-
ities follow from thedefinitionof Y; andZ.

Shaw that Y is minimal. We shaw thatfor theminimal unifier Z of AU {a} theequa-
tion
Zorg(Y)=2

holds,i.e. thatall | fulfil Z @ rg(Y;) = Z,. Theclaim follows from proving that
eachfactorr of Y| occursin Z, soletr occurin Y. By the definitionof Y, r
occursin X orl € § orl € T, holds.

In thefirst casewe know thatZ unifiesN alsofor A, but X is the minimal unifier
for N andA, soZ @ rg(X) = Z andr consequentlyccursin Z,.

Theothertwo casesareproveninductively, accordingo the definitionof S and
Tr.

Claim 1: Let | € S andr occurinY,. Thenr isafactor of Z. The basecase
ism=1I1. Forme S, r is afactorof U, henceof Ay ® X,, andthe def-
inition of cancellation(Definition 17) implies prime(r, By ® Xm). As Z
unifiesAU{a},

Bn®Zm=A®Zn®Z for someZ with Bh,®Z,® Z = Ba® Z,
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holds. SinceZ unifies A, Zy® rg(Xm) = Zm and Z, @ rg(X,) = Z, hold,
hence

Bm®Zm®@rg(Xm) = An® Zy @rg(Xn) ® Z.

Sincer is afactorof A, ® Xy, r is alsoa factorof By ® Zm ® rg(Xm), SO
prime(r, Bmh® Xn) impliesthatr occursin Zy,.

Anyl #mwith| € § dueto (I,k) € Afor somek € § andprime(r,B ® X))
fulfils

B ®7Z = Ac®Zx®Z for someZ with By ® Zy ® Z = B ® Zk

sinceZ unifiesN for AU {a}. The definitionof Y impliesthatr occursin
Yk sincek € §. By inductionhypothesisy is thusa factorof Z, henceof
B ® Z. Now prime(r, By @ X ) impliesprime(r, B;), sor mustoccurin Z;.
Any | #£m, | € § dueto (k1) € A for somek € § andprime(r,B; ® X)
fulfils

BkZx=A ®7Z ®ZforsomeZwithBi®Z,®Z =B, ® Z

sinceZ unifiesN for AU {a}. Again,Z = Z ®rg(X|) holdsasZ unifiesa,
andz, = Zx ® rg(Yx) holdsby inductionhypothesisandk € S impliesthat
r occursin rg(Yk) by thedefinitionof Y. Thus,r is afactorof

Bk@Z@rg(Ya) =Bk®@Z=ARZRZ=AZ org(X)®Z

Ontheotherhand,r cannotoccurin Ay ® X asB; = B; @ rg(A) holdsby
Lemmab andprime(r, B} ® X;). Sor mustbeafactorof Z® Z andhence
of Z; asB| ® Zy ® Z = B ® Z; holdsandprime(r,B;).

Claim 2: Let | € T, andr occurin Y. Thenr is afactor of Z;. The basecase
isn=1. Forne T, r is afactorof W, henceof V and By, ® X, and
the definitionof cancellation(Definition 17) implies prime(r, A, ® X,) and
prime(r, By,). As Z unifiesA U {a},
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holds. SinceZ unifiesA, Zm® rg(Xm) = Zm andZ, @ rg(X,) = Z, follow,
hence

Bm® Zm @rg(Xm) = An® Zn @rg(Xn) ® Z.

Sincer is afactorof B, ® Xm, r is thusa factorof Ay ® Zn @ rg(X,) ® Z.
Now prime(r, By,) andprime(r, A ® Xn) imply thatr mustoccurin Z, @ Z
andhencein Z, sinceB, ® Z, ® Z = B, ® Z, andprime(r, By).

Thetwo stepcasesareprovensimilarly to thefirst claim.

O

Typeinferencefor programsnvolving registersandoperandqueuegproceedsy com-
biningtheapproachedescribedn Theoremg and5. First, typeinferences attempted
with respecto the operandqueuesbut mightfail. In caseof successtypeinferences
carriedout for theregistercomponentsandwill alwayssucceed.

5.2 Distrib uted execution

5.2.1 Dynamic semantics

The computationamodelfor distributedexecutioninvolving registersmirrorsthe ap-
proachdescribedn Chapterd. Executionin the processois highly unsuperviseénd
a type systemensuregieterministicexecution. Distributed programsit are parallelly
composedsequentiaprograms,and the operationalmodel is definedas interleaved
executionby embeddinghe sequentiatulesfrom the previous sectionvia therules

[ncode s t
c == C2wE E-xD
R-FUy ————— FU(cods = fu RFU—— - — ™
C [n]co efu D C %D
t ™ ™
C 1w D
R-DIS; — rRDIS S — & E—D
cAD c 22D

As before,instructionsareinsertednto instructionqueuesaccordingto the functional
unitthey executein. Consequentlytherelationshipbetweersequentiaanddistributed
executionis asfollows.

Proposition24. 1. If C LD thenC =% D.
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2. 1f C D thentheris at sud thatg = tandC L.D.

3. 1f C % D, t =ins...ins, andins = [n]code then (& ;Acoge) ® ShapgD) =
(®1Bcode) ® shapgC).

Proof. The first two partsare proven exactly as thoseof Proposition7. The third
part proceedssimilarly to the proof of Proposition7, too, but in the basecaseof the
induction (rule INSTR), ins; : shapg¢C) — shapéD) holdsby Theorem4, andrule
R-AX yieldsshapgC) = Acodg ® X andshapgD) = Bcodg @ X @ rg(Acodg ) for some
X. We obtain

Acodg ®ShapgD) = Acodg ® Beodg ® X @ r9(Acods )
= Acode_ ® Bcode_ ®@X = Bcode_ ® shapéC)

asclaimed,usingtheidentityr @ r = r. The stepcase(rule COMP)is againprovenas
before. 0

Likewise,soundnessf the sequentiaktaticsemanticsvith respecto distributedexe-
cutionfollows asin Chapter4.

Proposition 25. If t : A—o B andshapéC) = Athenthereis a D sudthatC -5 D and
shapéD) = B.

Proof. Exactlyastheproofof Proposition8. O

Again, completenesss lost, with additionalnon-determinismesultingfrom registers.
In fact,thefollowing threetypesof raceconditionsmayoccurfor instructiongn|code
and[m|code, if [n] occursbefore[m] in t but FU(codg,) # FU(codey).

output dependence:also known underthe namewrite-afterwrite, this conflict oc-
cursif [n] and [m] competefor writing to the samelocation. In additionto
the analysisin Chapter4 we now have to include registers, as the program
tyaw = [1]inc q; r1 [2Jmul g5 q3 r1 Shows.

true dependence:(read-afterwrite) occursif [m] might readfrom a locationbefore
[n] haswritten the intendedoperando thatlocation. For example,the program
traw = [1]1dc 2 11 [2]inc r1 r1 [3]mul r1 r1 g1 containsaraceconditionbetween
thesecondandthethird instruction.
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anti-dependence: (write-afterread occursif [m| mightwrite to alocationbefore|n|
hasreadthe previouscontent.In tysg = [1]1dc 2 r1[2]inc r1 q1 [3]1dc 3 rq for
example,araceoccursinvolving the secondandthethird instruction.

The fourth possibility where [n] and [m] read from the sameregister in the order
[m] before [n] is uncritical asthey accesshe samevalue. Remembethat suchread-
after-read conflicts cannotoccur for operandqueuesdue to the sequentialorder of
instructionsn instructionqueues.

All exampleprogramsarewell-typed,with principaltypes

tyaw © Q1 ®Qa®qz —o 11
thaw © l—or1®0q2

tyan ¢ 1—or1®Qq2

Again, hardware solutionscanbe introducedfor discovering racehazardsat runtime
anddelaythe executionof particularinstructions.In fact, modernprocessorsichiere
similar tasksby registerrenamingandregisterlocking [HP96].

Definition 21. A distributedprogramtis deterministicif C =D and C - E implies
D=E.

With the samemotivation asbefore,we first explore the sourcesof non-determinism
beforechoosinga solutionfor eliminatingracehazards.

5.2.2 Determinism, safety and completeness

For the samedefinitionsof determinism safetyandcompletenessf programg, the
resultsof Section4.2 transferliterally. In the proofs,the referenceso Propositions/
andTheoreml arereplacedyy invoking Proposition24 andTheorenm¥ respectrely.

5.2.3 A static semantics for determinism

Non-determinisnmay be dealtwith by variousmeans similarly to the discussionn
Chapter4. We againoutline how the staticsemanticxanbe extendedto detectrace
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conditions,extendingthe approacHrom Section4.3. We equipjudgements : A— B
with contexts
r=rW,rR)

and sequentialityconstraints<. Both componentf I containentriesof the form
op: (I,k), wherethel andk € N denote(respectiely) thefirst andlastwriter to opin
caseof 'V andthe first andlastreaderfrom op in caseof I'R. For 'R it sufiicesto
consideronly entriesfor op of theformr. As before,< is apartialorderoverN.
Thetyping axiomandthe cutrule aremodifiedto

ins:A— B

R-AX< .

(Mc)Fs:A—B
(A <)Ft:B—C
(MT#A, <) st:A—C
where# is definedby applying# from Section4.3.1in both componentandlis =

R-CUT=

(T rR ) and< aregivenby

NS’ " INs
Micode = {0P: (n,1)|3B. Booge=0p© B}
r[Fﬁl]code = {r:(n,n)|rg(Acode) = @ rg(Acode) }
< = (CU<

U{(k,g)|op: (I,k) € T, op: (g,h) e AW}
U{(k,g)|op: (I,k) € T, op: (g ,h) e AR}
U{(k.g)|op: (I,k) € TR, 0p: (g,h) e AV})*

In thedefinitionof < eachof thethreesetscorrespond# onetypeof conflictinvolving
registersandthefirst setcontainsadditionallythe constraintdor operandjueues.
We obtainsimilar resultsasin Section4.3.1.

Lemma6. 1.t:A— Bholdsexactlyif therearel" and < sudh that (I', <) Ft:
A — B.

2. If (M<)Ft:A—Band(A,<)Ft:C— Dthenl =Aand<=<.
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3.1 ((MY,rR), <) Ft:A— B, then

e all labelsn occuringin I = (T, 'R) or < are labelsof instructionsin t.

e if n < mthent canbewritten as s[n|code,r [m|code,u, there a common
factor op of both Beodg, @ rd(Acode,) @Nd Beode, @ r9(Acode,)-

e op: (n,_) € T (Ryiff [n] is thefirstinstruction[m]codein t for which op
is a factor of Beoge (r9(Acode))-

e op: (,n) € T (TR iff [n] is thelast instruction[m|codein t for which op
is a factor of Beoge (r9(Acode))-

e op: (n,n) € MW (TR iff [n] is theonly instruction[m|codein t for which op
is a factor of Beoge (r9(Acode))-

4. If (I, <) Ft: A— B,t hastheforms|n|codq r [mcodeu andopis afactor of

[ ] Bcodq and Bcon or

e Bcodg andrg(Acode)
thenn < mholds.

Proof. Proceedsimilarly to the Proofof Lemmag3 by aninductionont, proving all
four claimssimultaneously O
Lemma7. Let (I, <)Ft:A— B, shapgC) = A, andu = insu’ an interleavingof t
and A. Lett be sequentialfor C and A, let < be containedin , andlet C " p,
andt =t insty. Thenthere are A and < sud thatfor C = shap€D;) ands=t;t; the

derivation '
(Tins,0) Fins:A—C (A, <)Fs:C—B

(FingtQ, <) Finss: A— B
exists.In particular, < is containedn <.

Proof. Sinceuisaninterleavingfort andA, t is sequentiafor — andA andshapgC) =
Aholds,thereis a (unique)D suchthatC " p, LN} Theoremd impliesins: A— C,
hence

(FCins,0) Fins: A— C
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holdsby therule R-AX <.
By Lemmas6, (I', <)+t : A— Bimpliest : A — B, sothereis by Theorem4 aunique
E with C L5E, andshap€E) = B holds. Thetypingt : A — B alsoimpliesthatthere
areD andE suchthat

t1:A—D ins:D—oE

t1ins:A— E toh:E—B
t:A—B

is avalid derivation. Sinceins: D — E holds,we know thatthereis an X with

D = Acode® X andE = Beoge® rg(Acode) @ X

whereA¢ode andBeoge arethosefrom Table3.1,andins = [njcode Ontheotherhand,
ins: A— CimpliesA = Acoge®Y andC = Bgoge® rg(Acode) @ Y for someY, hence

t1: Acode® Y —o Acode® X andtz : Beode® rg(Acode) ® X —o B.

Sinceinsis the headinstructionof its pipeline,instructionsn t; don't acces®lements
in thequeuecomponendf Acode SOG(Acode) IS Usedasawealeningin thetypingof ty,
i.e.wehavet; : rg(Acode) @Y — X @1g(Acode)- By applyingthealternatve wealening
Bcode We Obtain
t1 1Y ® Beode® rd(Acode) — X @ Beode® r9(Acode)
11:C—oE th:E—B
s:C—B
so(A,C) - s:C —o B for someA andC by Lemma6. Consequently(Iins#A, <) F

inss: A — B for

< = (c U{(n,m)|opfactorof Beoge 0p: (M,_) € AV}
U {(n,m)|r factorof Beoge  : (M,_) € AR}

U {(n,m)|r factorof Acoger : (m,_) € AV})*

Instructionsequences andt arebothinterleavingsfor t andA — u by assumptiorand
t dueto ¢ = 1% andt : A — B. Sincet is sequentiafor = andA, u andt thusboth
respectC, andtheclaim follows from the minimality of [n] with respecto  asin the
proofof Lemma4. O
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Proposition26. Let(I', <) -t : A— B and < becontainedn . If t is sequentiafor
C andAthent is deterministicfor A.

Proof. Theproofproceedsimilarly totheoneof Propositionl1. In thecaseFU (uz) #
FU(t1), theinstructionsu; andt; with the principal typingsty :: A, — By, anduy
Ay, — By, arenotcompletelyindependenibut prime(rg(Ay, ), Bt, ), prime(By,, rg(Ay;))
andprime(By, , By, ) hold: for supposery of theseclaimsis violated,thent; < u; holds
by Lemma6(part(4)) (ast; is thefirstinstructionof t), in contradictionto thefactthat
urespects<.

Any joint factorof A,, andAy, is aregisterr (becausef FU(uy) # FU(t1)), andthe
valuesin r in configuration®; andE; agree .Formally, suchanr occursin shapgD;)
andshap€E;) asBy, = By, @ rg(A, ) andBy, = By, ®rg(Ay, ) hold. Henceexecutability
of up in D1 andt; in E; is presered, and prime(By,, By, ) implies the existenceof a
uniqueCy suchthatD; &, C1 andE; U, C1. O

The increasechumberof racehazardsesultingfrom the introductionof registersis
not matchedby the existenceof additionaltoolsfor dischaging constraints Pipeline-
dependenciestill resultin serialisationandsodo data-dependencidsr valueswhich
arecommunicatedhroughoperandqueues.No serialisationis achieved by register
communicatedalues,exemplifiedby the existenceof RAW hazards.

5.2.4 Program execution

Thedistributeddynamicsemantic®f programswith registersandjumpscombineghe
SOSsystemdfor distributed programexecution(Section4.4.1) and programexecu-
tion involving registers(Section5.1.3.1). Configurationsareequippedwith aregister
componenandreductionis definedby therulesin Figure5.4.

Likewise, the staticsemanticss givenby composinghe approaches Sectionst.4.2
and5.1.3.2.Instructionsif and jmp aretypedaccordingto therules

[njif opniny: A— B and
(Fifopnyny,0) F [Njif opninp:A—B (0,0) F [n]jmpm: X — X

At boundariesof basicblocks,additionalconstraintsareintroducedaccordingto the
threeraceconditions. Judgements$l,, <p) F n: A — B areinsertedinto X provided
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ins= [n|code
FU(code = fu

Ins

ins
4FU1C_>7D

cLyD

cxD

4DI1S;

165

CwE ELyD

4FU,
C it>l‘u D

cC®E ERD
c 2 p

4DIS,

LOAD

N(n)=t

(Q,R,M,n, ) 5 (Q,R, M, nil, 7%

(Q,R,M,R) = (P,S, L, M)
(Qa R, Maﬁv an[Z) L(Pa Sa I—a ma T[Z)
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compose=—E_E—D

C—D

Figure 5.4: Dynamic semantics for programs involving registers

thatfor thetyping (Mn, <n) F N(n) : A— B holds,andconstraintsl]| <
wheneer oneof thefollowing threeconditionsholdswheren, ...

[g] areinserted
,m arerelatedby a
pathin A

e op: (k) e op:(g,h)erW

r:(kl)

r:(k)erWr:(gherR

erRr:(gherW

Again, it sufficesto consideldoop-freepathswhereat mostthe endpointareequaland

nointermediateéblock mentionsop. As before,constraintgn| < [n] in therule

> = Unedomn{(Fn,<n) F N: Ay — Bp}

(n,m) € Aimplies3X s.t.B, = Apn® X andB, @ X = By,
SANn,op,m),op: (k,1) €M op: (g,h) € I implies[l] < [g]
SAn,op,m),op: (k,1) € MY, op: (g,h) € IR implies[l] < [g]
SRn,op,m),0p: (k,I) € I, 0p: (g,h) €

(Z,<)FW,4):0

MWVimplies(l] < [g]

R-DisPROG
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areinterpretednoduloloop instantiationsConsequentlysimilar propertieshold asin
Sectiord.4.2.

Proposition27. Let (£,<) P : O and (ny,...,ns) bea pathin A. Thenthere are
I and < sud that (I', <) F N(ng) ... N(ng) : Ay, — By, holdsand < is containedin
{<n|(rn,<n)|_nAn—OBnEZ}U<

Proof. Similar to the proof of Propositionl5. In thecasek > 1, B; = Aj11 ® X; holds
for someX; with Bj; 1 ® X; = Bj11 andall 1 <i < k, and< hastheform

< = CU <1 U{(mg)lop: (I,m) e AY andop: (g.h) € M}, ,}
u{(m,g)|r:(I,m eAYandr:(gh) €} ;}
u{(mag)|r:(I,m) € ARandr: (g,h) e MY},

Proposition28. Let(Z,<)FP: 0, ne domNand(n, <n) FN(N) : Ay — B € %
1. If (Q,R,M,n) % (P,S,L,M) then(Q,R,M,n,T¢) - (P,S,L, M, TE).

2. Let C = (Q,R,M,n,T), shapéC) = A, and C = (P,S,L,M T,). LetC be
a partial order containing < and for all SRN(n;),op,N(n;)) let the instruc-
tion sequenceN(N.) N(Nj) DAy —o Bn, be sequentialfor C and A. Then
(Q,R,M,n) — (PSLm)

Proof. Similar to the proof of Propositionl6, using configurationsextendedby the
registerbankandthe modifiedruleseEXEC, LOAD, EXECUTEandCOMPOSE. [

5.3 Discussion

This sectiongave dynamicandstaticsemanticgor thefull languageALEF, againfor
sequentiahswell asdistributedexecution.Most propertiesvereobtainedby transfer
ring andcombiningtheresultsfrom earlierchaptersandthe easewith which thiswas
possibledemonstrateshe robustnessof our approach.In the type system,registers
weremodelledasproductsfulfilling theaxiomr @r = r which turnstheminto expo-
nentialsin the settingof linearlogic [Gir86]. Indeed,accessin@ registercorresponds
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to thefamiliar axiom!r —o r®!r, andfor A= op; ® ... ® op,, our notationrg(A) rep-
resentshe wealestformulaA? suchthatA® A? =!A holds,where! A= op; @ ...op},

Ir ifop=r
andop = " op _
op otherwise

Our approactemploys only a tiny fragmentof linearlogic astypesare (non-curried)
first-order no connectvesotherthan® and— appeamlndthe exponentialis only ap-

pliedto atomsop. We have notinvestigatedurtherconnectiongo linear prooftheory

but doingsomight be usefulfor modellingmorecomplec forwardingbehaiour.

5.3.1 AQM’s and compounding

The staticanddynamicsemanticgpresentedn this chapterallows usto examinethe
compoundingpproachmoreclosely Thedescriptiongivenin Chapter2 suggestshat
communicatiorwithin a compoundshouldcoincidewith operandqueueusagewhile

inte-compoundcommunicatiorshouldcorrespondo registerusage. This motivates
usto requirethatcompoundsave typerg(A) — rg(B) for someA andB. However,

this propertydoesnot characteriseompoundsiniquely Theprogram

[1)dup1™ 11 q1 g2 [2]dec q1 g3 [3]add qa gz T2 T — 1T

is nota compoundn the senseof [Mul01] astherearetwo forwardingpathsbetween
[1] and[3]. ALEF notationhighlightsthe differencebetweenrlinear chainsof instruc-
tionsin theinstructiondependencgraphanda chainof data-dependencies.

A secondssueconcerngheunderlyingdynamicsemanticsTheresultsof this chapter
show thatdifferencesn thedynamicsemanticenfluencewhatnotionsof compounding
shouldbe admitted. The following examplesdemonstratehe problemsarising from
definingcompoundsasunits of forwarding but understandingndusingthemalsoas
unitsof scheduling The program

t = [1]1dc 5q; [2]dup1™ q; g2 r1 [3]dec r1 o [4]mul go Tp T3 (5.7)

consistsof two compoundsCy = [1][2] [4] andC; = [3]. Both scheduleC; C, and
C,C; executedeterministicallyfor aninitial configurationof shapel underthe dis-
tributedmodelof execution,resultingin the samefinal configuration.In fact,

TC ., = Th = Ticpcy = (3] | [4] 1| [1] ] [2]
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holds and any issueorder of the instructionsof t leadsto this distributed program.
However, underthe sequentiaimodel, both schedulesieadlock. The orderC;C, re-
sultsin theinterleaving [1] [2] [4] [3] anddeadlocksafterexecuting[2]. TheorderC,Cy
resultsin theinterleaving [3] [1] [2] [4] anddeadlocksmmediately On the otherhand,
thein-order executionof t succeedsThe above compoundingvas perfectlyfine for
distributedexecutionbut not for sequentiabne.

For sequentiakxecution,additionalconstraintson the formationof compound$ave
beenproposed.For example,acyclic compoundingsequirethe graphof compounds
andandinter-compounddependenciet be loop-free. This eliminatesprogram(5.7)
whereC, andC; aremutuallydependenbn eachother Of coursethis requirements
consenrative astherearecyclic compoundingsvhich may be admitted. On the other
hand,for a distributedunderlyingsemanticsn the senseof this Chapterevenagyclic
compoundingloesnot guaranteeleterminismFor example,the program

t = [1]ldc 5q; [2]dupl®™ q; r1 12 [3]dupl™ ro s go (5.8)

[4]1d q2 T3 [5|1d r1 q3 [6]dec q3 T5 [7]add r5 T4 T3

is compoundedagyclicly, with C; = [1][2], C; = [3][4], C3 = [5][6] andC4 = [7].
The two schedulegespectingthe inter-compounddependencieare C;C,C3C4 and
C1C3C,C4. Forinitial configurationsof shapel, both schedulegxecutesuccessfully
underthe sequentiaimodel of execution,and indeedleadto the sameresult. How-
ever, for distributed executiononly the scheduleC;C,C3Cy is deterministic,while
C1C3C2C4 shaws a racecondition betweeninstructions[4] and [7]. In contrastthe
original programt is deterministicfor 1 asary interleaving of & = [2] [6] [7] || [3] ||
[1][4][5] || € agreeswith the sequentiabxecution.Thetypingof t is

(M4 <[Th)Ft:1l—-or1®ro®r3®@ris®rs,

andthe constraint[4] < [7] may be dischagedusingthe q3-carrieddata-dependence
between[5] and[6] andthe pipeline-dependencigg] < [5] and [6] < [7]. Thanksto
the SOS-andtype-basedormalism, we discover that the racehazardis introduced
throughunderstandingompoundssunitsof scheduling.Type-checkingheschedule
C1C3C,Cy failsastheconstraini4] < [7] cannotbefulfilled any longer: [4] < [5] does
nothold.
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We hencearguethat AQM’s arewell suitedfor reasoningaboutcompoundingssthey
capturetheinteractionbetweerforwarding,modelof executionandscheduling:learly.

5.3.2 Conclusion and outlook

The precedingchaptergpresentec programmingdanguagebasedanalysisof forward-
ing. We introducedAQM'’s asa novel machinemodel, realisedasan assemblylan-
guagen which operandjueuenameshave the samestatusasregisters.Explicitnessof
forwardingwasshown to be beneficiafor definingprocessobehaiour atvariouslev-
elsof abstractionrangingfrom ISA-style sequentiakxecutionwith operandjueueof
unboundedengthandexclusive forwardingof operandgo distributedexecutionwith
registersandoperandqueueof boundedength.We discussedhow AQM’sandALEF
relateto three previous modelsof operandcommunication(SCALP, compounding,
andTomasulos algorithm),demonstratinghat AQM’s unify variousconcreterealisa-
tions of forwarding. The benefitsof our approachbecameapparentasthe dynamic
semanticavere complementedby static semanticeliminating characteristicuntime
hazardsThecoreof thesetype systemgemainedstaticaswe proceededrom simple
towardsmorecomplex models,demonstratinghe robustnesf the formalisms. The
separationnto the derivationof serialisatiorconstraintandtheir dischage wasintro-
ducedin Chapter4, but could be reusedfor AQM’s with registersand might alsobe
transferrabléo otherdynamicsemanticof ALEF.

This completesthe first part of this thesis. Startingwith the following chapter we
substantiatéhe secondadwocatedbenefitof a programminganguagebasedapproach
aswe link forwardingin ALEF to intermediatgprogramanalysisandcompilation.






Chapter 6
Intermediate program analysis

This chaptertogetherwith Chapter7 presentshe core of a compilerbaclkend with
target languageALEF. As operandsn ALEF may eitherbe forwardedor be passed
throughregisters,compilationneedgo decidewhich mechanismo usefor eachinter-
mediateresult,respectinghe fundamentapropertiesof operandqueues:

1. avaluein anoperandqueuecanbe consumeanly once

2. theorderin which valuesareinsertednto anoperandqueuemustagreewith the
orderin which they areconsumed

In this chapterwe concentraten thefirst propertyandanalysehow intermediateval-
uesareusedby a program. Our methodconsistsof a dataflav analysisfor aninter-
mediatelanguage- variablesfor which the analysiscan prove that eachassignment
correspondso asinglefutureusagearecandidategor forwardingwhile variableswith
differentusagepatternanustbe communicatedhroughregisters.
Thesecondropertyrestrictstheallocationof operandjueuedo thosevariableswhich
are forwardable,and will be dealtwith in Chapter7. Together thesetwo chapters
provide a translationfrom the intermediatdanguagento ALEF wherethe allocation
of operandqueuesandregistersis basedn solutionsto the dataflav equations.

Both the analysisandthe translationare proven correctwith respecto staticanddy-
namicsemanticsln caseof the dataflav equationsye show thatvariablesidentified
asbeingusedlinearly may indeedbe deletedduring their first usage. This resultis

171
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obtainedby defininga non-standardemanticsvhichis soundwith respecto the stan-
dard semanticaand alsorelatedto the dataflav solutions. In caseof the translation,
we prove functional correctnes®f the resulting ALEF programwith respectto the
original programin the intermediatdanguageandwell-typednessvith respecto the
calculusof Chapters, wherethetypesrelateto the dataflav solutions.

Synopsis of Chapter 6 Ourintermediatdanguagas a subsebf language$oundin
moderncompilersfor imperative or object-orienteghrogrammindanguage$App98a].
It containsassignments = e wherex is a variableande a simple expression condi-
tionalandunconditionajumps,andpseudo-assignment$ theform x = ®(xy, ... , Xn)
for expressingorogramsn static singleassignmen{SSA)orm. We provide the pro-
gramanalysisnecessaryor corverting SSAandnon-SSAprogramsnto ALEF code,
basedn ausageanalysisfor IL variables.

We startby aninformal introductionto the SSAdisciplinein Section6.1. Section6.2
thendefinesthe syntaxanddynamicsemanticof IL programsandformalisestheim-
plicit corventionsof SSA. We alsosummarisénow non-SSAprogramsmay be trans-
formedinto SSAform anddefinemorerestrictve SSAdisciplines.Subsequentlythe
analysisof the dynamicnumberof accesseto a variableusingdataflav equationds
presentedn Section6.3. As usageanalysisarisesasa generalisatiomf livenessanal-
ysis,ourdiscussiorstartswith a brief summaryonthedataflav equationgor liveness,
beforeintroducingusageanalysisfor non-SSAand SSA programs. Finally, Section
6.4 shows the soundnessf the analysisby first defininga non-standaradlynamicse-
manticswherethe numberof readoperationgor avariablemay berestrictedandthen
proving thatrestrictionsarisingfrom solutionsto the equationsexecutesuccessfully

6.1 Static single assignment

Staticsingleassignmen{SSA) is a compilerintermediateprogramrepresentatiom-
troducedin [AWZ88] for detectingequality of variables. By restrictingthe way in
whichvariablesarenamed SSAforcesall readingaccesset avariableto referto the
sameassigningnstruction. Consequentlythe structureof a programis moreexplic-
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itly available,with benefitsfor variousprogramanalysistechniquesin the past,SSA
andits generalisation§JP93][Ana99] have successfullysened asa commonrepre-
sentatiorfor deadcodeelimination,constanpropagatiofSWG94], valuenumbering
[BCS97 andpartialredundang elimination[KCL *99].

Themainprincipleof SSArequireshateachvariablex hasonly onepointof definition
i.e. thata programcanhave at mostoneinstructionassigningto x. For straight-line
code thisis achiezedby introducinga new variablex; wheneer apreviously assigned
variablex is assignedo again. The uses(occurrence®f x in the right handside of
an assignmenbr in a conditionalbranch)are renamedsuchthat they always refer
to the mostrecentlyintroducedcopy of x. For example,in code6.1 (left), the two
assignmentso x may berenamedo x1 andx2 andthethreeassignmentso y to y1,

y2 andy3.
[lly=5 [yt =
2lx=7 [2]x1 =
Bly=x+y [3]y2_x1+y1 (6.1)
[4]x =x+y [4]x2 =x1+7y2
[Bly =xx*y [5]y3 = x2xy2

Updatingtheusesof x andy accordinglyresultsin code6.1(right). Data-dependencies
betweennstructionsareexplicit andeachsite of userefersto the correctassignment.
Furthermorethelife spanof variablesx; resultingfrom avariablex do notoverlap:for
example,y1 is deadafterinstruction|3] asit will never be usedagain.

At pointswherecontrol flow pathsmemge, the requirementhat eachvariablehave a
uniquestaticdefininginstructionis maintainedoy pseudo-instructions

X=®D(X1,...,X%n)

wherel, ... nis anarbitrarybut fixed enumeratiorof the incomingcontrol flow ar
rows. Similar to otherassignmentsa ®-instructionx = ®(xy,...,X,) representa
point of definition for variablex anda point of usefor the x;. Semanticallythe exe-
cutionof X = d(x, ... ,Xn) assignghevaluex; to x wheneer the the d-instructionis
reachedsia controlflow arrov numbered. If a programis treatedasa graphof basic
blocks, ®-instructionsneedonly occurat the beginning of blocksanda group of ®-
instructionsis assumedo be executedconcurrentlyi.e. asa singleinstructionwhich
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first extractsthe correctvaluesfrom the tupleson theright-handsideandthenassigns
thematomicallyto thevariableson the left-handside. As anexample,consider

[1)ifv25 [1]ifv25

[2]lx=5 [2]x1 =

[B8ly=6 8yt =

4 jup 8 4 jup 8

[Blx=2 [5]x2 =2

6]y =94V 6]ly2=9+v (6.2)

(7] jmp 8 [7] jmp 8a

[8lz==xx*y [8a]x3 =P(x1,x2)

Qlz=z+v [8b]y3 =P(y1,y2)
[8]z1 = x3x*y3
9]z2 =z1+4v

the program6.2 (left) where(dependingon the valueof v) instruction[8] is reached
eitherthroughthe controlflow edge[4| — [8] or throughtheedge[7| — [8]. Whenthe
blocks|[2]..[4] and[5]..[7] aretransformednto SSA, differentnamesare usedfor the
assignment$o x andy in orderto ensurethateachvariablehasa singlepoint of def-
inition. Inserting®-instructions|8a] and[8b] guaranteeshatinstruction|[8] accesses
the correctvaluesno matterwhich pathwas used. In the code6.2 (right), the first
componentn both ®-instructionsis implicitly associatedvith the control flow arrov
[4] — [8] andthesecondcomponentvith thearrow [7] — [8]. Theorderof instructions
[8a] and|[8b] is semanticallyirrelevant. No ®-instructionis neededor v sinceneither
of thetwo branchesssigndo v andthe earliervalueis still valid atpoint [8].

6.2 An intermediate language IL

This sectionintroducesan imperative intermediatdanguagdlL asa formal basisfor
the translationof programsinto ALEF. The languageis similar to quadruple-based
intermediatdanguage$App98a], but additionallycontainsb-instructions.It canthus
expressgenerali.e. non-SSA)programsaswell asprogramsn SSAform.
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bope BinOp = +|—|x
ec Expr = a|x|xbopa]|xbopx
X1
x(k) € Var® =
Xk
ny
n(mye N =
Nm
X11 ... Xim
M (k,m) € Vark<m =
X1 -+ Xkm
asse Assignment ::= [njx=e
@e d-Blok = [n]x(k) =M (k,m)n(m)
jumpe Jdump = [n]if xml | [n]jmp m

Figure 6.1: Intermediate language IL: syntax

We first give the syntaxof IL and collect somebasicdefinitionsregardingthe us-
ageof variablesin programs.We thensummarisean approachHrom the literaturefor

transforminglL programsnto SSAform anda morerestrictve form callededge-split
SSA. Finally, we definethe dynamicsemanticsof IL, including the executionof ®-

instructions.

6.2.1 Syntax and regular programs

ForasetVar = {x,y,...} of programvariablesandvaluesa € Val andnumbers € N
asbefore,the syntaxof IL is givenby thegrammaiin Figure6.1. We let | rangeover
the setlnstrs of instructions(assignmentsp-blocksandjumps)andi over sequences
of instructions.In accordancevith thegeneraldefinitionsin Chapter2, thelengthn of
' =11...1his denotedoy |I], andfor n > 0 we write fst(I) for 11 andIst(I) for I,
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For simplicity, IL doesnot containmemoryoperations.Thesecanhowever be added
without further complicationsat the cost of extendingthe operationalmodelsby a
memorycomponent.

Example. The abstractsyntaxfor ®-Blocks ensureghatall pseudo-assignments=
®(xy,...,X) in a P-Block areof the samearity and usethe samenumberingof in-
comingcontrol flow arronvs. For example,the basicblock [8a][8b][8][9] in program

6.2 (right) takestheform
x3 x1 x2 4
y3 yl y2 7

[8]z1 = x3x*y3
Qlz2=2z1+v

The operationabehaiour (to be definedshortly) assigns1 to x3 andy1 to y3 if the
control flow reached8a] throughinstruction[4] while entering[8a] throughthe path
[7] — [8a] resultsin theassignmentg3 = x2 andy3 = y2. In bothcasestherespectie
pair of assignmentss carriedout atomically &

Definition 22. For instruction| the setsdefgl) andusesl) of variablesdefinedand
usedin | are givenby

usesa) = 0
usesx) = {x}
usegxbopa) = {x}
usegxbopy) = {xy}
X11 ... Xim
uses ; ) = {x%j|1<i<kl<j<m}
Xkl --- Xkm
useg[njx=e) = usesge)
useg[nNx=Mn) = usegM)

useg[njif xml) = {x}
)

useg[n|jmp m



6.2. An intermediate language IL 177

and

X1
def§| : |) = {x|1<i<k}

Xk
def§[nx=e) = {x}
defg[njx=Mn) = defgx)
defg[nif xml) = 0
defg[n|jmpm) = 0

Definition 23. A basicblockis an instructionsequenc§: l1...1hn wheen > 0holds,
at mostl, is a jumpinstructionandat mostl; is a ®-block. We denotethe setof basic
blocksby Blodks,andlet B range over this set.

Definition 24. A program P = (N, A, succ,entry) consistsof a partial functionN :
N — Blodks,arelationA C domN x domN, a partial functionsucc : Instrs— 2(Instrs)
anda labelentry € domN sud that

¢ thelabelling of instructionsis unique
e for all ne domn, |N(n)| > 0 holdsandfst(N(n)) hasthelabel [n]

¢ therelationA is givenby

A={(n,m)} |Ist(N(n)) € {[]jmp m,[]if xmI,[]if x| m}}

¢ thefunctionsucc is givenby

succ(l) = {J]|3Inedomns.t.N(n)=KIJL}
U{fst(N(m)) | (n,m) € A, =Ist(N(n))}

A partial maptt: N — Instrsp with 11(i + 1) € succ(m(i)) is called an infinite
pathin P if domtt= N holds,andis calleda finite path (of lengthn) if domm=
{1,...,n}. In thelatter casewealsowrite Ttas (1(1),...,1(n)) andsaythat 1t
is a pathfromi(1) to 1(n)
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e for x € usegly), a path (I1,...,Iy) in P with |1 = fst(N(entry)), and I, & ®-
Blodk, thereis ani < n sudh thatx € defgl;) holds

whete the (finite) setsof instructions,variablesand labelsusedby P are denotedby
Instrsp, Varp C Var andNp C N, respectivelyandthe setof instructionsequencesf
suc thatthereis a B € codN with B = I'J by Blocksy.

Definition 25. ProgramP = (N, A, succ, entry) is regularif nobasicblodk B € codN
hastheform oI

6.2.2 Programs in Static Single Assignment form

The informal discussionof SSA in the previous sectionis impreciseas no syntac-
tic conditionson SSA programsare given. For example, the requirementthat all
d-functionsof a block have distinct variableson the left-handsideis necessaryor
proving propertiesof SSA code,but follows only implicitly from the semantics all
d-functionsof a block areexecutedconcurently. Treatment®f SSAin theliterature
often leave mary propertiesimplicit or considerSSA programsresultingfrom par
ticular algorithms. In orderto avoid later complications the following definition of
SSAprogramgapturesyntacticallythoseconditionswhich werequire. It is basedn
the dominancenotion which stipulatesthat eachuseof a variablebe precededy an
executionof its (unique)defininginstruction.

Definition 26. For |,J € Instrsp, | dominates] if eac pathfromfst(N(entry)) to J
in P containsl.

Definition 27. ProgramP = (N, A, succ, entry) is an (SSA) programif

o fst(N(entry)) ¢ ®-Block

e for eat x € Varp there is at mostonel € Instrsp with x € defgl). We denote
thisinstructionby Iy.

e for eadh = [I]x(k) = M (k,m)n(m) in P, the following conditionsare fulfilled

— forall 1 < j <m,n; =nholdsiff thereis an| sud that € succ(l) andn
is thelabel of |
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— 1<i# j <mimpliesn; # n;
— 1<i# j <kimpliesx; # X;

— if njisthelabelof I, @ € succ(l) andx;j in occuisin M thenly; dominates
I

Informally,thelastitem captureghe following properties.

e Eachcontrolflow edgel — @ correspondso exactly oneentryin n (andconse-
quentlyonecolumnof M).

¢ All variableson the LHS of a ¢-block are distinct (necessaryfor concurrent
executionof theassignments).

¢ All variablesusedin arow j arewell-definedwhenthe control flow entersthe
@-block throughthe arron associatedo n;.

6.2.2.1 Translation into SSA form

In orderto transforma non-SSAprograminto an SSA program,variableshave to

be renamedsuitably and ®-instructionshave to be insertedat appropriatepoints. In

orderto avoid unnecessarg-instructions severalalgorithmswith varyingcompleity

have beenproposed[CFR"91], [JP93],[BP96]). Our summaryfollows one of the
original algorithms[CFR*91] basedon the dominancerelation (seealso[App98a)).

This relationis mostoftenrepresenteth form of the dominatortreewith instructions
asnodesyootfst(N(entry)) andimmediatedominanceelationsasarrows.

Definition 28. | is theimmediatedominatorof J if | dominates], | # J andfor all
K # | which dominatel, | doesnotdominateK. | strictly dominates) if | dominates
Jandl # J.

It canbeshavnthatimmediatedominatorsaareuniqueandLengaueandTarjanshoved
how to computethem efficiently using a depth-firsttraversal of the programgraph
[LT79.

Thedominancdrontier of | consistf instructions] which arenot strictly dominated
by | themseles,but oneof their predecessoris:
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Definition 29. Thedominancdrontierof | is givenby

DF(I) = {J|! doesnotstrictly dominateJ}
N{J| IK.J € succ(K) andl dominateK }.

An instructionJ in DF () thusrepresents point of convergencej.e. acommonend-
point of otherwisedisjoint paths(l,...,J) and(K,...,J). Hence,a ®-instructionis
neededust beforeJ for eachvariablex which fulfils x € defgl) andis usedin J or
a successoof J. One canshaw that iterating this dominancefrontier criterion by
includingthe defsarisingfrom ®-instructionsinsertedin thei-th stepduring theiter-
ationi + 1 leadsto the insertionof the fewestnumberof ®-instructionsnecessaryor
satisfyingthe propertythatary useof a variablebe dominatedoy its definition.

After all ®-Blocks have beeninserted the programis transformednto SSAform by
traversingthe programgraphor the dominatortree andrenamingvariablessuchthat
for eachx thereis only onel with x € defg|).

6.2.2.2 Restricted SSA forms

The translationin Chapter7 requiresSSA programsto fulfil additionalconstraints.
Thefirst constraintis known underthe nameedge-split SSA.

Definition 30. An SSAprogramP = (N, A, succ,entry) is in edge-splitform if @ €
succ(l) impliesl # [n]if xml.

The secondconstraintconcernghe orderof ®-instructionsin a block. As the trans-
lation needsto fix a particularorderof theseinstructions,functionalcorrectnesgan
only beensuredf programsadhereo thefollowing policy.

Definition 31. A programis in standardedge-splitformif it is in edge-splitform and
for all @ of theform [n)x = Mn x; # x; holdsfor all j andi andall | > i.

Ordinary SSA programsmay be transformedinto edge-splitform in a semantics-
preservingway by insertingextra basicblocks wheneer the conditionin Definition
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30is notfulfilled. For example,program6.3 (left)

N(1) = [tlu= N(1) = [tlu=
[2]lv= [2]lv=
[3]lw = [3]lw =
[4]if u58 [4]if u5a 8a
N(5a) = [5a]jmp5
X X 4 w ox\ (4
o= ()00 om0 Ces
Blz=x—1 Blz=x—1
[7]lifz85 [7]if z 8a ba
N(8a) = [8a|jmp 8
s v 4 s v 4
o= (=)0 o= m()-L )0
[9]... [9]...

is transformednto edge-splitftorm by introducingtwo new basicblocks, containing

instructions|5a] and|[8a], respectiely.

In mostcasesstandad edge-spliform may be obtainedfrom edge-splitform by re-

orderingthe ®-instructionsin eachbasicblock — program6.3 (right) showvs the effect

of swappingthe ®-instructionsfor x andy. If cyclic dependenciesxist betweervari-

ablesin a®-Block, additionalvariablesneedto beinserted.For example the ®-Block

may betransformedo

a5 2)C)

[2]lz==xxy

wy [y x1 5
16)=62)6)
[2a]x =w

[2]z==xxy

where[2a] is afreshlabelandw afreshvariable.We expectthatin SSAprogramge-

sultingfrom applicationprogramdew additionalvariablesareneeded- ®-instructions
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managedifferentcopiesx; of a programvariablex andthe situationshown in the ex-
ampleshouldnot arise.However, our programanalysistreatsSSA programsrrespec-
tively of how they were obtained. Consequentlya syntacticrestrictionis necessary
for the developmentn this thesis.An embeddingof our analysisin a compilerwhich
generate$SSA internally may replacethe above transformationwith a formal proof
thatthetranslationinto SSA satisfieghe conditionof standarcedge-splitSSA.

For thedevelopmenin thischapterordinarySSAdisciplinesuffices.In theremainder
of this chapter we will thus alwaysassumehat programspP are eitherregular (and
not treatcasedor ®-instructions)or in SSAform (andinclude ®-instructionsin our
analysis).

6.2.3 Dynamic semantics
The dynamicsemantic®f an IL-programP is givenby the transitionrelationS — T
betweerternaryconfigurationf the form
(o,n,B) € (Varp — Val) x Np x Blocksp.

Thecomponentsreinterpretedasfollows.

¢ thepartialmapo representshe stateby mappingvariableso their content

e nis thelabelof theinstructionfrom which the control flow wastransferredo

thecurrentinstruction,andis usedfor executing®-blocks
¢ B representsheremaininginstructionsof the currentbasicblock.

Theupdateoperationo|x — a] is definedaccordingo thegeneralefinitionin Chapter
2 andis generalisedo

0[x1+—>a1,...,anan]:o[leal]...[anan]

providedthatthexy, ... , X, aredistinct.
Theevaluationof expressionss definedby therelationo, el a
o,x| a1
g,alla o,xbopa | BOP(ay,a)

X € domo oxla oyla
oxlo(x)  o,xbopyl BOP(ay,a)
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whereBOPis the semantimperationcorrespondingo the syntacticoperatorhop
For aprogramp, the (standardgdynamicsemantics— is givenby therules

MRG0, [5mp m) — (o, k,N(m))
o,x|0

It (0,0, [KIif x My mp) — (0, K, N(my))

o,xla

IH-f (0,n, [K]1f XMy mp) — (0, k, N(my))

a#0
(6.4)
o,ella
(o,n,[Kx=el) — (o[x— a],n,T)

ASS

@= [1x(k) =M (m,k)n(m)

Vi.o,xij g n—n.
=i

Phi
(o,n,@l) — (d,n,T)

0’ = 0[X + a

As usual,we denotethe transitive closureof — by —* andthe reflexive transitve
closureby —*.

Definition 32. For programP = (N, A, succ, entry), theinitial configuationis Sp =
([], entry,N(entry)).

Somebasicpropertiesof — arecollectedin thefollowing lemmasandpropositions.
Lemma8. Let(o,n,B) — (¢’,n',B').

1. If |B/| > O thenfst(B') € succ(fst(B)).

2. If |B'| = 0thensucc(fst(B)) = 0.
In bothcasesdomo C domao’ holds,andx € defgfst(B)) impliesx € doma’.

Proof. Inductionontherulesfor (a,n,B) — (o’,n’,B')

1. Both fst(B") and fst(B) are well-definedas |B/| > 0 holds and no reduction
(o,n,B) — (d’,n’,B) existsfor |B| = 0.



184

Lemma9. LetSq —* (o,n,l

Chapter 6. Intermediate program analysis

CaseJmp. By the definition of the rule, 0 = ¢’ holdsandthereis an m with
B = [n]jmp m and B’ = N(m). For the k with Ist(N)(k) = [n'] jmp m we
obtain (k,m) € A by Definition 24, hencefst(N(m)) € succ(Ist(N)(k)) as
claimed.Also, domo C doma holds.

Casedf-t andIf-f. Similarto thecaseIJmp.

CaseAss. By thedefinitionof therule,we have B= [klx=eB’,n=n"ando’ =
o[x— a] for 0,e |} a. Thedefinitionof o[x+— a] impliesdomo C doma’.
As {B,B'} C Blocks, holds, thereis anm € domN suchthatN(m) = B
for somel, sofst(B') € succ(fst(B)) asclaimed. Furthermorewe have
defgfst(B)) = {x}, andx € doma’ holds.

CasePhi. By the definition of the rule, we have n = n’ = n; for somej, B =
[11x(k) = M (k,m)n(m) B’ ando’ = o[x; — &] whereao,x;; || & for all 1 <
i <k. Thedefinitionof o[x — &] impliesdomo c domad’, andsinceB €
Blockss holds,thereis anh € domN suchthatN(h) = B by thedefinitionof
basicblocks. Hence fst(B') € succ(fst(B)) asclaimed. Furthermorewe
have defgfst(B)) = {x |1 <i < k}, andx; € doma’ holdsfor all i.

. For |B'| =0 and(a,n,B) — (d’,n’,B'), |B| > 0 holds by the definition of —,

hencefst(B) is well-defined. Suppose] € succ(fst(B)). Thenthereis ak
dom suchthatN (k) = K fst(B) L andeitherd = fst(N(m)) where(k,m) € A and
fst(B) = Ist(N(k)) (i.e. |L| = 0) or N(k) = Kfst(B)JM (i.e. L = JM). In thefirst
casefst(B) € {[_jmp m,[]if xml, []if xI m}, {m,1} € domN, [N(m)| >0 (and
IN(I)| > 0) hold by Definition 24, sotherulesJmp,If-t andlf-f imply |B'| > 0, in
contradictionto |B'| = 0. In the secondcasest(B) is notthelastinstructionof
its basicblock, henceit is eithera ®-block or anassignmenandrulesPhiand
Assimply B = JM, in contradictionto |B'| = 0. The claimsregardingdoma’
follows asin part(1).

I—»

)

1. If | ¢ ®-Blodk thenx € usegl) impliesx € doma.
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2. If I hasthe form [I|x(k) = M (k,m)n(m) and n = (ny,...,ny) thenthere is a
uniquej sudthatn = nj. Furthermoe, x; € doma holdsfor all i.

Proof. 1. If (o,n,1T) = Sg thenusegl) = 0 becaus¢helastconditionin Definition
24 requiresfor eachx € usegl) the existenceof anJ # | on the trivial path
(fst(N(entry))) = (1) with x € defgJ).

For (o,n,IT) # Sg andSg — ... — Sy = (o,n, 1 1) andS; = (o, n;, Bj), Lemma8
impliesfst(Bj1) € succ(fst(B;)) for 0 <i < |. Consequentlythelastcondition
in Definition 24 guaranteeshatfor eachx € usegl ) thereis a j < | suchthat
x € defgfst(B;)). By Lemma8 x € domaj 1 holdsandby inductionon| — j we
obtainx € doma’.

2. For | = @, P cannotbe a regular programsinceno ®-Blocks occurin regular
programs.

For an SSAprogramP andl = @, Sp # (0, n,1T) holdsbecausé I = N(entry)
andDefinition 27 requiresfst(N(entry)) # ¢@. Hencethereareh > 0 andS;,_;
suchthatSy —* Sp_1 — Sp = (o,n,1T). We write S,_; = (d’,1’,B). Sincel is
of theform [I|x = Mn, the stepS,,_1 —* (a,n,| T) musthave beena Jmp, If-t
or If-f step,asthe form of componenB on the LHS in the rules Ass and Phi
impliesthatthe componenB in the RHS of the samerule doesnot startwith a
®-block. In thethreerulesdmp,If-t andIf-f, thevaluein the seconccomponent
of theresultingconfigurationequalghelabelof thejumpinstruction,soLemma
8 yields| € succ(fst(B)). By Definition 27 thereis thusa j suchthatn; = n,
and j is uniquesinceall component®f n aredistinctby Definition 27. By the
last clauseof that definition, Iy;; dominatesst(B), sox;j € domo followsin a
similarway asin part(1).

0]

Proposition 29. (Determinacyof —) If S — T andS — RthenT =R,

Proof. Followsby inductionontherulesfor —, usingthedeterminag of |} ando[x+—
a), andin rule Phithedistinctnes®f the componentsf x (Definition 27). O
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Proposition 30. If So —* (o,n,B) and |B| > 0 thenthere is a unique T sud that
(o,n,B) —T.

Proof. For B=I1 andl # @ Lemma9 impliesthatusegl) c doma, sofor all rules
the conditionsao, e || a succeedsincein all rulesall variablesin the expressione are
containedin usesgl). Also, evaluationo, e a is deterministic. In the rulesfor (un-
conditionaland conditional)jumps, | € {[k]jmp(m), [k]if x mI, [k]if x| m} implies
m € domN by Definition 24, sothe branchtargetN(m) is guaranteedo exist.

If I hastheform [I]x(k) = M (k, m)n(m) thenLemma9 impliesthatthereis aunique]
suchthatn = n; andx;j € doma for all 1 <i < k. Again, thisimpliesthatao, x;j || &; is
well-definedandfor eachi auniquesucha; exists,sothedefinitionof ¢’ in rule Phiis
unique. O

In particulay targetsof a conditionalor unconditionajump arealwaysin the domain
of N andthe correspondingulesJmp,lf-t andlf-t arewell-defined.

6.3 Analysis of variable usage

This sectionpresentshe programanalysisonwhichthetranslatiorfrom IL into ALEF
is basedandwe treatbothregularand SSA programs.The analysisconsistof deter
mining the usagepatternfor eachvariable. In generala variablewhosevalueis ac-
cessedaxactly oncemay be suitablefor forwardingwhereasa variablewhosecontent
is accessedepeatedijhasto be communicatedhrougharegister

The usageanalysiswe areinterestedn concernghe dynamicnumberof readingac-
cessesatherthanthestaticnumberof accessingnstructions.For example,in program

N(1) = [1jv=... N(6) = [6lu==x%x2

2lx=2 [7]jmp 8

[3]ifv4 6 (6.5)
N(4) = [4u=x+3 N8 = [8lv=u+4

(5] jmp &

the variablex is alwaysaccesse@xactly oncealthoughtherearetwo (static)instruc-
tionsreadingfrom x. Also u is accesseéxactly once,althoughthe valuesmight stem
from differentassigningnstructions.
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The oppositesituationmay alsooccur: a variablemay be dynamicallyaccessednul-
tiple timesdespitethe existenceof only oneaccessingnstruction. For example,the
numberof accesset y in code

N(1) = [i]v=... N(4) = [Alu=y+3 N7) = [7]lv=7
2ly=2 [Blv=v—1 (6.6)
[38]ifv47 [6]if v4 7

depend®ntheinitial valueof v.

Othervariablesareaccessednunknovn numberof timesbut eachaccessorresponds
to oneexecutionof anassignmento thatvariable. Thisis for examplethecasefor both
w andz in program

N(1) = [i]v= N(4) = [4z=wx2 N(8) = [8lv=w+1
[2]lw = [Blw=2z+3 6.7)
[3]lif v4 8 [6lv=v—1
[7]ifv48

Eachexecutionof anassignmento w or z corresponds$o exactly onereadingaccess,
independentlfrom theinitial valueof v.

A completeanalysiswould detectall situationswherethe numberof dynamicassign-
mentsequalsthe numberof dynamicaccessem all executions.However, this taskis
in generahot computableasis shovn by program

N(1) = [1jv=0 N(6) = [6]y3=ylxyl

2yt = (7] jmp 8

[3]lifv46 (6.8)
N(4) = [4]y2=y1+3 N(@8) = [8lv=7

(5] jmp 8

wherey1 is dynamicallyassignedo exactly once,andis alsoaccesse@xactly once
providedthattheleft branchis taken. Indeedtheassignment = 0 ensureghatthisis
thecase However, thegenerataskto detectwhatpaththecontrolflow takesatruntime
is undecidable.Thus,ary usageanalysisis necessarilyconserative in the sensethat
someopportunitiedor forwardingarenot detected.The analysiswe presentdoesnot
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involve techniguedor analysingthe valuesof variablesor the control flow andwill
hencemarkvariabley1 in asbeingnon-fornardable.On the otherhand,our analysis
is powerful enoughto detectthelinearusageof variabless, x andz in programg6.5)
and(6.7)andto separatet from the possiblynon-linearusageof y in program(6.6).
Our methodconsistof a dataflav analysissimilar to the taskof determiningthelive-
nessof a variable. We thereforebriefly review livenessanalysisbeforeadaptingit to
usageanalysis.Our summaryfollows the expositionsin [App98a]and[NNH99], and
themoreinterestedeaderis referredto thesesourcedor morein-depthdescriptions.

6.3.1 Dataflow analysis for liveness

Livenessanalysisaimsat detectingwhetherthe valueof a variableis neededeyonda
particularpointin a program.

Definition 33. Variable x € Varp is called live at instruction| € Instrp if there is a
J € Instrp with x € use$J) anda pathfrom| to J in P which doesnot containany K
with x € defgK).

Like otherdataflav problems,livenesscan be calculatedfrom the setsof variables
definedandusedin instructionsasfollows.

To eachinstructionl, two setsof variablediveln(l) andliveOut(l ) areassociatedon-
taining (approximationgo) the setof variabledive beforeandafterthe executionof I,

respectrely. Formally, this correspondso definingtwo functions

liveln, liveOut: Instrp — P(Varp)

andwe denotethefunctionspacdnstrp — P(Varp) by FSR,. A variablex s live-out
atl if it is neededn ary of thesuccessorsf I. It is live-inatl if it is eitherlive-out
but notassignedo in | orit is usedin the RHS of |. This motivatesusto requirethat
thefunctionsfulfil the pointwiseconstraints

liveOut(l)
liveln(l)

UJEsucc(I) IiveIn(J)

. (6.9)
(liveOut(l) \ defgl)) Uusesl)

v v

Any pair (f,g) of functionsmappinginstructionsto subsetof Varp which fulfils the
above inclusionsfor eachl (i.e. canbe substitutedor liveOutandliveln) givessome
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livenessnformation. However, thelargerthe subsetgrow, thelessusefulinformation
they corvey —in particularthetrivial pair (Al .Varp,Al.Varp) corveys no information
atall — it stateghatall variablesare (potentially)alwayslive. Thefollowing approach
resultsin non-trivial solutionswhich areassmallaspossible.

Theendofunction
update: (FSRy x FSRy) — (FSRy x FSRy)

correspondingo the above constraintsdefinedby

updat f,g) = (Al Usesucc(1) 9(3), Al.(f(1) \ defgl)) Uusegl))

is monotonen both agumentswherethe partial orderover functionsin FSB,, is de-
finedby

f Cgiff VI € Instrp.f(I) Cg(l)

andAl.0 is theleastelement. The codomainof FSR, is a finite lattice, consistingof

thesubset®f Varp orderedby setinclusion,with L. =0andT = Varp. Consequently
updatehasa (unique)leastfixed point (f'™ ¢°) by the theoremof KnastefTarski

[Tar55]: thereis auniquepair (', ) whichfulfils theconstraintg6.9)with equality
andis minimal with respecto thatproperty

Theabove motivationsuggestshatthe leastfixed point representshe preferredsolu-

tion to thelivenessonstraintsasit resultsin the smallestsetsof live variablesateach
programpoint. The calculationof thefixed-pointsolutionproceed®y initialising

liveln(l) = liveOut(l) =0

for all | anditeratingthe updateoperation— terminationis guaranteed.Rapid con-
vergencecanbe achiezed by work-list algorithmsandtraversingthe nodesin reverse
postordeiin eachupdateiteration,i.e. by updatingthe setsfor successorsf | prior to

visiting . Sinceliveln(1) is definedin termsof liveOut(l ), theflow of informationisin

the oppositedirectionof the program(execution)flow, andlivenessanalysisis called
abadkwardsdataflav problem.
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N(1) = [1]x=7 N4) = [Ax=x+1 N7) = [lly=x+y
2]y =2 Blz=x+y [8]jmp1  (6.10)
[Blify 47 6] jmp 1

the constraintg6.9) expandto

liveln([1]) 2 (liveOut([1])\ {x})U0
liveOut([1]) 2 liveIn([2]) D (liveOut([2])\ {y}) UD = liveOut([2]) \ {y}
liveOut([2]) 2 liveIn([3]) D (liveOut([3])\ 0) U{y} = liveOut([3]) U{y}
liveOut([3]) 2 liveIn([4]) Uliveln(]7])
2 ((liveOut([4]) \ {x}) U {x}) U ((liveOut[7]) \ {y}) U{x,y})
= (liveOut([4]) U{x}) U (liveOut[7]) U{x,y}) (6.11)
liveOut([4]) 2 liveln([5]) 2 (liveOut[5])\ {z}) U{x,7}
liveOut([5]) 2 liveln([6]) 2 (liveOut([6]) \ 0) UD = liveOut[6])
liveOut([6]) 2 liveln([1])
liveOut([7]) 2 liveln([8]) 2 (liveOut[8]) \ 0) UD = liveOut([8])
liveOut([8]) O liveln([1])

resultingin therecursve relation

liveOut([1]) liveOut([2]) \ {y}

v 1y Iy

liveOut([4]) UliveOut([7]) U {x}) \ {y}

U

U

= (liveOut([1]) U{x})\ {y}

liveOut([3]) U{y}) \ {y} = liveOut([3) \ {y}
(liveOut([4]) U {x}) U (liveOut[7]) U {x,y})) \ {y}

(
(
(
((liveOut([s]) \ {z}) U {x,y} UliveOut([8]) U{x})\ {y}
((liveOut([s]) \ {z}) UliveOut([8]) U {x}) \ {y}
((liveOut([1]) \ {x,z}) U (liveOut([1]) \ {x}) U{x}) \ {y}

Its leastfixed point is liveOut([1]) = {x}, and substitutingthis into the constraints

(6.11)yieldsthe (againminimal) sets
liveOut([2]) = liveOut([3]) = liveOut([4])
liveOut([5]) = liveOut([6]) = liveOut([7]) = liveOut([8])

= {Xv y}
= 0.



6.3. Analysis of variable usage 191

Any solutioncontainsthe minimal solution,hencethe analysisshovs thatx andy are

jointly live-outat instructions|2], [3] and[4]. During registerallocation,this liveness
informationis usedfor deducingthatx andy mustbe mappedto differentregisters.
In contrastto non-minimalsolutionssuchasliveOut= Al .{x,y,z} theabove solution

allows z to sharearegisterwith eitherx or y. &

Anotherapplicationof livenessanalysisis the elimination of uselessvariables. Any
variablex for which x € defgl) implies x ¢ liveOut(l) may be eliminatedfrom the
program.For example,the above minimal solutionfor program(6.10)indicatesthatz
is uselessasit is not live-outat its defininginstruction. In general deletingdefining
instructionsof a uselessvariablesopensfurther opportunitiesfor optimisation. Not
only may othervariablesbecomeuselesgshemseles,but alsorepeatinghe liveness-
analysismayreducethe numberof conflictsbetweervariablesfor registerallocation.

For proving soundnesgsolutionsto) the dataflav equationseedto berelatedto the
dynamicsemantics.[NNH99] presentan elegantindirect approach:they prove that
the valueto which a variablex is mappedis irrelevant at programpoints wherex is
notlive. A correspondingquialencerelationequatestateswhich only differ in the
contentof non-live variablesandis shavn to be preseredby the dynamicsemantics.

6.3.2 Usage analysis for regular programs

Usageanalysisarisesfrom livenessanalysisby replacingthe questionrwhetheravari-

ableis usedby the questionhow oftenit is accessedln this sectionwe aim to detect
variableswith exactly oneusefor eachexecutionof anassigningnstruction. The di-

rection of the flow of information agreeswith that of liveness:oncewe know how

often a variableis usedin the part of the programfollowing aninstructionl we can
deducehenumberof timesit is usedin the partincluding| by inspectingthe form of

I. In addition,usageanalysisfor variablex canberestrictedo the partof the program
in which xis live—andalgorithmsmaythuswork backwardsfrom thelivenesdrontier
to theinstructionsdefiningx.

The two piecesof informationassociatedvith eachinstructionneedto be modified.
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Insteadof assigningsetsof variablegto instructionsvia functions
liveln, liveOut: Instrsp — P(Varp)

or equivalently functionsliveln, liveOut: Instrsp — Varp — ‘B from variablesto the
lattice of booleanswe employ functions

fwdIn, fwdOut: Instrsp — Varp — L

whereL is thelattice
/ T\
0 1
1
The bottomelementrepresentsinknonvn information,whereasT indicatescontradic-
tory usagen differentbranchesr existenceof morethanoneusage.Element<) and

1 represenexactly noneandexactly oneusagerespectiely.
We definethe operation® over L by

- = o &
=4 = = H|F
4 = o F|Oo
— 4 |
= 4 4 |

andusel! to denotdeastupperboundsof elementsn £, with LI0 = L.
Theoperation® is commutatve andassociatre andfulfils thefollowing properties.

Lemma 10. Leta,b,... € £. Thena® b C 0 holdsexactlyif aC 0 andb C 0. Fur-
thermoe, @ is pointwisemonotoneif aC candb C d thena® b C chd.

Proof. Inspectionof thetabledefinings® andthestructureof L. O
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Ontheotherhand,® is notincreasingasa C ad b doesnotholdin general.
We definefunctionsuses Expr — Varp — £ anduses Instrsp — Varp — L by

usesa)(y) = O
usesx)(y) = {

usegxbope)(y) = uses$x)(y)® usese)(y) (6.12)
useg[nx=e)(y) = usege)(y)
(
(

1 ifx=y
0 otherwise

y) = usegx)(y)

)
useg[n|if xny ny)
useg[n]jmp m)(y) = 0

generalisinghe usespredicateof livenessanalysis. The functionsfwdin and fwdOut
aregivenby the mutuallyrecursve equations

fwdou(l)(x) — {0 if succ(l)=0
Ujesuce(nfwdIn(J)(x)  otherwise (6.13)

fwdin(1)(x) = {“se$')<x> it xedefgl)
usesl)(x) @ fwdOufl)(x) otherwise

The updatefunctioncorrespondingo equationg6.13)is

updatéf,g) = (Al.AX if succ(l) = 0then0 else Ujcgucer) 9(J) (%),
ALAX. if x € defgl) thenusesl )(x) elseusesl ) (x) &f(1)(x))

wheref andg areof functionality
FSPwg = Instrp — (Varp — L).

Thelatticestructureof L is inheritedby thefunctionspacevarp — £ wherefunctions
F,G: Varp — L areorderedpointwiseby

F C Giff Yx € Varp.F(x) C G(x)
andminimalandmaximalelementsareAx. L andAx. T. For f,g: FSPs,g With

f Cgiff vVl elnstrp.f(I) C g(l)
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thefunction

update: (FSPwg X FSPwd) — (FSPwd X FSPwq)
is thusmonotonen botharguments:f C f/ implies by definition f (1) C /(1) for all
| andthus f(1)(x) C f'(1)(x) for all I andx, sol & f(I)(x) | & f'(1)(x) holds (by
Lemmal0)for all I, xandl € £, hence

updaté f,g) = (AL.AX if succ(l) = 0then0 elseljcgucc(1)9(I)(X),
ALAX. if x € defgl) thenusesl )(x) elseuses! ) (x) &f(1)(x))
C  (ALAX if succ(l) = 0 thenO else Ujegucc(1) 9(3) (%),
ALAX. if x € defgl) thenusegl )(x) elseusesl ) (x) Df'(1)(x))
= updatéf’ g)

andsimilarly oneobtainsupdate f, g) C update f,g’) for g C g’. Consequentlyfixed
pointsexist by thetheorenof KnasterTarski. In accordancevith the generabbsena-
tion of [NNH99] ontherelationof fixed pointsto thedirectionof thelattice operation
LI we obsene thatthe leastfixed point to the equationg6.13)representshe preferred
solutionto the usageanalysisproblemasit detectghe mostlinearly usedvariables.
The resultof the forwardability analysisis representedn the fwdOutcomponenibf
fixedpoints:wewill provein Section6.4thatthevalueassignedo x in instructionl is
accesseedxactly onceif fwdOufl)(x) = 1 holds.

Example. Thestructureof thelattice £ may be motivatedusingthetwo programs

N(1) = [1x=2 N(1)= [tx=2
[2ly=3 [2]jmp 3
[3]jmp 4 N(3)= [Bly=x+1 (6.14)
N4)= [4ly=y+x [4]ifx35
[5]jmp 4 NGS)= [Blz=y+2

In the programon theleft, usesanddefsaregivenby

uses[4])(x) = usesg[4])(y) = Landusesl )(x) = usesl )(y) = Ofor | # [4]

and

defg[1]) = {x},defg[2]) = defg[4]) = {y} anddefs[3]) = defg[5]) =
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Thedefinition of fwdin andfwdOutresultsin therecursve equations
fwdOu([4])(x) = 0@ 1@ fwdOut[4])(x)

fwdou([4])(y) = 0@1

(%)
(¥)
(%)
(¥)
(x)
(¥)

fwdOu([2])(x) = 0 1&fwdOoul[4])(x)

fwdou([2])(y) = 0@1

fwdou([1])(x) = 0®0®1afwdoul[4))(x)
)

fwdou([1])(y) = O.

We aim at ananalysiswhich detectghatx is possiblyusedinfinitely often but allows
y to beforwarded:eachvaluewhichis assignedo y is subsequentlpccessedxactly
once.By theabove correspondendeetweerfwdOufl ) (x) andx € defgl ) we thusaim
atafixedpointwith

fwdou([1))(x) = T
fwdOu([2])(y) = fwdOuf([4])(y) =1

andthelastconditionmotivatesusto define
0pl1=1.

Monotonicityl® L. C 14 0vyields1¢ L C 1, but definingl® L = | would leadto
theleastfixedpointfor fwdOut[4])(x) being L, henceto fwdOuf[1])(x) = L # T,in
contradictionto our requirementWe thereforestipulate

1L +# 1.
For the programon theright, the interestingequationsare

fwdout[3])(y) = fwdin([4])(y) = 0a (fwdin([s]) (y) Lifwdin([3]) (y))
fwdIn([5])(y) = 140
fwdin(3])(y) = O

which simplify to

fwdOu{[3])(y) =04 ((1&0)LI0) =0 (1L10).
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Theintendedvalueis fwdOu{[3])(y) = T sincey cannotbeforwarded- it is notused
insidetheloop. This motivatesusto requirel /0= T whichyieldsthediamondshape
of L.

For defining @, the entriesfor T &1 andthe valueson the diagonalare clearly mo-

tivated by the purposeof the analysis. We obsened 04 1 = 1 above, and noted
1 #1& 1 C1,sotheonly optionleft is to set

11 =1.
Finally, theonly choicefor | ®0is
1p0=_1

sinceall otherchoicesviolate monotonicity— considerl ¢ 0 = 1 for the alternatve
valuesODand T and0O® 0= 0for 1. O

Example. The analysisfor the exampleprogramg(6.5) to (6.8) is asfollows. Table
6.1 shavsthe setsdefgl) andthe pointwisefunctionsusesl ) for all instructions.For
example,{z} = defg[4]) holdsin program(6.7) anduseg[6])(y1) = T in program
(6.8).

Applying equationg6.13)to program(6.5) yields Table6.2 from which

fwdin([6])(x) = 14 fwdOut[6])(x)
and
fwdOu([3])(u) = fwdIn([4])(u) LI fwdIn([6]) (u)

canbe deduced.The datain Table 6.2 simplifiesto Table6.3. We candiscover the
linear usageof x by observingthat fwdOu{[2])(x) = 1 holdswhere|[2] is the only
instructionl with x € defgl). Likewise,bothassignments u areusedlinearly asfor
| € {[4],[6]} we haveu € defgl) andfwdOu{l)(u) = 1.

Similarly, Table 6.4 shaws the resultof applyingequationg6.13) to program(6.6).
For thevariabley we obtain

fwdOu([2])(y) =...= fwdin([4])(y) UfwdIn([7])(y)

fwdIn([4])(y) =...= 1@ (fwdin([4])(y) L fwdIn([7])(y))
fwdin([7])(y) =...= O
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I (6.5) (6.6) (6.7) (6.8)
defs| uses |defs| uses |defs| uses | defs uses

X u v y u v W oz Vv yl y2 y3 v
[1] | {v} |0 O O|{v}|O O O|{v}|O O O|{v}|O O O O
2] | {x} {0 0 O|{y} |0 O O|{w}|O O O|{yt1}| O O O O
B8]l © {0 01| 60 |OO0O 121 0 (OO 15 0 0O 0 0 1
4] | {u} |2 0 O|{u} |21 O O|{z}|1 O O|{y2}|1 O O O
]| © |0 O O|{v}|0O O 21|{w}|O0O 1 O O 0O 0 O O
6] | {u} |2 0 O] 0 |O O 2|{v}|O O 1|{y3}| T O O O
7171 © |0 O O|{v}|O O O] O (O O 1| © 0O 0 O O
8| {v}|{0 1 0] — |- — —=|{v}|1 O O|{v}|O O O O

Table 6.1: Dataflow information for programs (6.5) to (6.8).

Sincethe leastfixedpointof | =1 (I 10) is T, this equationyields fwdIn([4])(y) =
T, hencefwdOu{[2])(y) = T, andwe discover the non-linearusageof y dueto y

defg([2]).

For program(6.7) we similarly obtainthe equations

fwdOut[2])(w) = fwdin([4])(w) LfwdIn([8])(w)
fwdOu([5])(w) = fwdin([4 ])(w)ufwdln([s])(w)
fwdin([4])(w) = fwdIn([g])(w) =

fwdOut(4])(z) = 1@ (fwdin(4])(z )ufwdln([8])( )
fwdin([4])(z) = fwdIn([g])(z) =

fwdOu([1])(v) = 1@ (fwdin([4])(v)LfwdIn([8])(v))
fwdin([4])(v) = 1

fwdin([8])(v) = O

andthuscorrectlyidentify z andw asbeingusediinearly andv asbeingnon-linear
Finally, in program(6.8),use$[6])(y1) = T yieldsfwdOu{[2])(y1) = T, andwe cor
rectly identify y1 asbeingusednon-linearly <&
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I fwdin
1] fwdOu([1]) fwdOu([1]) 0
2] 0 fwdOu([2]) fwdOut([2])
3] fwdOu([3]) fwdOu([3]) 1 @ fwdOu([3])
[4] | 1@ fwdOui([4]) 0 fwdOut([4])
5] fwdOu([5]) fwdOu([5]) fwdOut([5])
6] | 1@ fwdOu(([6]) 0 fwdOut[6])
7] fwdOu([7]) fwdOu([7]) fwdOut([7])
8] fwdOu([8]) 1 ¢ fwdOu([8]) fwdOut([8])
fwdOut

[1] fwdin([2])

2] fwdin([3])

(3] | fwdIn([4]) LI fwdIn([6])

[4] fwdin([s])

5] fwdin([8])

[6] fwdIn([7])

[7] fwdin([8])

8] 0

Table 6.2: Equations (6.13) applied to program (6.5).
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I fwdin | fwdOut
[1]{0 O 0|0 O 1
2|0 O 1|1 0 1
3]{1 0 1|1 0 O
4112 0 0|0 1 O
5]{0 1 0|0 1 O
6|1 0 0|0 1 O
7710 1 0|0 1 O
8|0 1 0|0 O O
Table 6.3: Simplification of Table 6.2
fwdin fwdOut
y u v y u v
1] fwdOu{[1]) fwdOuf[1]) 0 fwdIn([2])
2] 0 fwdOut[2]) fwdOut[2]) fwdIn([3])
3] fwdOu([3]) fwdOut[3]) 1@ fwdOut([3]) | fwdIn([4]) U fwdIn([7])
[4] | 1@ fwdOu([4]) 0 fwdOut([4]) fwdIn([5])
(5] fwdOu{[5]) fwdOut[5]) 1 fwdIn([6])
6] fwdOu([6]) fwdOut[6]) 1@ fwdOut([6]) | fwdIn([4]) L fwdIn([7])
7] fwdOu([7]) fwdOu{[7]) 0 0

Table 6.4: Equations (6.13) applied to program (6.6).
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6.3.3 Usage analysis for SSA

In thepresencef ®-functions,we usemodifieddefinitionsof uses fwdinandfwdOut
As motivation, considera block B = @I with @ of the form [k](x3) = (xl xz) <n>
m

andincomingcontrolflow arrows from instructiondst(B;) andlst(By) labelledn and
m, respectrely, suchthat eachB; containsan assignmento x;. When calculating
fwdIn(@), only theusageof x; shouldbe promotedupwardsto B (it is notavailablein

B>) andonly theusageof x, to B;.

By providing the controlflow successothroughanadditionalargumentthefunction-
alitiesof uses fwdln andfwdOutaregeneralisedo

uses Instrsp — Np — Varp — L

(6.15)
fwdIn, fwdOut: Instrsp — Np — Varp — L
For @ of theform [I]x(k) = M (k,m)n(m), we define
@K  usesxi)(y) if n=n; for somej
usesg)(n)(y) = { CiUSER) =y (6.16)
0 if V1< j<mn#n;

andfor non-Phiinstructionswe define

uses! )(n)(y) = uses(1)(y) (6.17)

whereuse$ is the definition of usesin the previous section.For all instructionforms,
functionsfwdIn andfwdOutaredefinedby

fwdin(l)(n)(y) — usesl)(n)(y) if y € defgl) (6.18)
usesl)(n)(y) @ fwdOutl)(n)(y) otherwise '
and
B 0 if succ(l)=0
wdou(h(m() = { Uesnce(yfwdIn(2) (K)(x) if succ(l) # 0 (6.19)

wherek is thelabelof I.
Similarly to the previous subsectionwe obtain solutionsto the dataflav equations
by calculatingthe (least)fixed point. Functionsin Np — Varp — L may be ordered
pointwiseby

¢ CWiff Vne Np.¢(n) C W(n)
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where¢(n) C W(n) is the partial orderover Varp — L definedabore. Consequently
thefunctionspace
FSPssa= Instrsp — Np — Varp — L

is orderedby
f C giff VI € Instrsp.f(I) C g(I)

whereAl.(An.(Ax.L)) is theleastelementHence,
update: (FSPssax FSPssp — (FSPssax FSPssa

definedby

updatéf,g) = ( AlLLAnAX if succ(l) = 0thenO
elseletk = label(l) in Ujegucc(1) 9(3) (K) (%),
ALANAX.  if x € defgl) thenusegl ) (n)(X)

elseusesl)(n)(x) & f(1)(n)(x))

is monotone: f C f’ implies by definition f(I) C f’(I) for all | € Instrsp, hence
f(1)(n) C f/(1)(n) for all I € Instrsp andn € Np and f(1)(n)(x) C f'(1)(n)(x) for
all | € Instrsp, n € Np andx € Varp, thusl @ f(1)(n)(x) C 1@ f'(1)(n)(x) for all
| € Instrsp, n € Np, X € Varp andl € £ andtherefore

updatéf,g) = (Al.AN.AX. if succ(l) = 0thenO
elseletk =label(l) in Ljcgucc(r) 9(3)(K)(X),
ALANAX. if x € defgl) thenusesl)(n)(x)
elseusesl ) (n)(x) f(1)(n)(x))
C  (ALANAX if succ(l) = 0then0
elseletk =label(l) in Ljcgucc(r) 9(3)(K)(X),
ALANAX. if x € defgl) thenusesl)(n)(x)
elseusesl )(n)(x) & f'(1)(n)(x))
= updatéf’ g)
Similarly, onemay shaov updaté f,g) C updaté f,g’) for g C ', hencethefiniteness

of the lattice FSPssa and the theoremof KnasterTarski guaranteehe existenceof
(least)fixedpoints.
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Example. Considerthefollowing programp =

N(1) = [tlv=7
[2]if v36

N(8) = [3]y1=3
[4]z1 =2
[6]jmp 9

Thedefinitionof usesyields

useg[2])(m)(v)
useg[9])(5)(y1)
useg[9])(8)(y2)
1(m)(y)

uses$[10])(m)(y

andusesl )(m)(x) =
fwdOut([10])(m)(x) = O

fwdin([10])(m)(x) = {

useg[10])(m)(x)
use$[10])(m)(x) & fwdOu([10])(m)(x) otherwise

Chapter 6. Intermediate program analysis

0 elsavhere.We consequentlybtain

(N,A, succ,1)
N(6) = [6]ly2=7
[7T]z2 =y2*2
8] jmp 9 DN (6.20)
_ yy_ (YL ¥
o - o) (2 2) )
[10lw=2z+y
uses[7])(m)(y2) = 1forallm
useg[9])(5)(z1) =
useg[9])(8)(z2) =
uses$[10])(m)(z) = 1for allm
if x=w

_ {1 if xe{z,y}

0 otherwise

fwdout[9])(m)(x) = ﬁNdlnqio])([gD(x):{

fwdin([9])(m)(x) = {

useg[9])(m) (w)
use$[9])(m)(w) & fwdOu([9])(m)(w) otherwise

1 ifxe{zy}
0 otherwise

if xe {y,z}

1 ifxe{zl,y1} andm=5

= 1 if xe{z2,y2} andm=8
0 otherwise
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fwdOu([8])(m)(x) = fwdIn([9])([8])(x)
_ {1 if xe {z2,y2}

0 otherwise
fwdIn([8])(m)(x) = useg[8])(m)(x) & fwdOut([8])(m)(X)

_ {l if xe {z2,y2}

0 otherwise

1 if xe {z2,y2}

fwdout[7])(m) (x) = ﬁNdlnasJ)(m)(x):{

0 otherwise
w7~ | USeSTDmK fxe {z2)
useg[7])(m)(x) & fwdOu([7])(m)(x) otherwise
[T ifxe{y2)
B 0 otherwise
fwdout[6])(m)(x) = fwdln([?])([e])(x):{ T ifxeiy2}
0 otherwise
fwdin([6]) (M)(x) = useg[6])(m)(x) if xe {y2}
useg|[6])(m)(x) @ fwdOut[6])(m)(x) otherwise
— 0

fwdOu([s])(m)(x) = fwdIn([9])([5])(x)
_ {1 if xe {z1,y1}

0 otherwise
fwdIn([5])(m)(x) = useg[5])(m)(x) & fwdOut([5])(m)(x)

- {1 if xe {z1,y1}

0 otherwise
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1 if xe{z1,y1}
0 otherwise

fwdOuy[4))(m)(x) = fwdln([S])(H])(X)z{

wding[a])(m) (x) {use$[4])(m)(><) e fz1)
useg[4]) (m) (x) @ fwdOu([4])(m)(x) otherwise
B 1 if xe{y1}
a 0 otherwise
fwdout[3])(m)(x) = fwdln([4])([3])(x):{; fxe {ri)
otherwise
fwding[3]) (M) (x) {use$[3])(m)(><) e fy1)
useg(3]) (m) (x) @ fwdOu([3])(m)(x) otherwise
=0

fwdOut([2])(m)(x) = fwdin([3])([2])(x) L fwdIn([6])([2])(x) =0
fwdin([2])(m)(x) = useg[2])(m)(x) & fwdOu[2])(m)(x)
_ {1 if x € {v}

0 otherwise

1 ifxe{v}
0 otherwise

fwdOut[1])(m)(x) = fwdln<[2]><[11><x>={

fwdlin([1))(m) (x) = useg[1])(m)(x) if xe {v}
uses[1])(m)(x) & fwdOu([1])(m)(x) otherwise

=0

Notethatfor all I, x andmy, mp, fwdOuf(l ) (M) (X) = fwdOui(l ) (mp)(x) holdswhen-
ever x € defgl). The non-linearusagesf y2 andw can be detectedby observing
thatfwdOut[6]) (m)(y2) = T andfwdOu{[10])(m)(w) = 0 hold, where[6] = Iy, and
[10] = Iy,. For all otherpairs(l,x) with x € defgl), fwdOufl)(m)(x) = 1 holdsand
thesevariablesareindeedusedexactly once. &
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6.4 Soundness of usage analysis

For proving the soundnessf the dataflav analysiswe definea morefine-grainedop-
erationalmodel=-. This non-standara@lynamicsemanticseflectsour understanding
of limited readingaccessEachtime avariableis assignedo, the semanticassociates
a tag with the value sayinghow mary timesthe value may be accessedor reading.
We distinguishbetweerunlimitedreadingcapability singlereadingcapabilityandno
readingcapability Variablesof thelattercateyory maynotbeaccesseébr readingbut
may be assignedo. Variableswhosetagis of the 'read-onceform may be accessed
for readingbut not be assignedo, andthe first readingoperationchangeghe tag to
'no-reads’.Variablescarryingan’unlimited’ tagmaybereadarbitrarily oftenandmay
alsobereassignedo.

We shawv that the dynamicsemanticancluding tagsis soundwith respecto the se-
mantics— of IL: ary =--executionabstract$o a —-execution.Onthe otherhand,=
is relative completefor — in the sensahatfor any —-executionthereis anannotation
for the variablesfor which = mirrors —. Finally, we shav thatthe dataflav analysis
is soundfor =, i.e. thatannotationsesultingfrom thedataflav analysisgguarante¢hat
aprogramdoesnot getstuckby performingtoo mary readingaccesset a variableor
by reassignindoo early.

6.4.1 Non-standar d dynamic semantics

The capabilitiesconsistof elementof thelattice £: the unlimited capabilityis T and
the 'read-onceand’no-read’ capabilitiesaregivenby 1 and0 respectrely. Capabil-
ities areincorporatednto the operationaimodelby extendingthe codomainof states
to L x Val, and extendedstatesare rangedover by mappingsX : Varp — (£ x Val).

The updateoperations[x — (l,a)] andZ[x; — (I1,a1),... , X — (In,an)] = Z[x1 —

(I1,a1)]...[Xn — (In,an)] (for distinctx;) aregiven by the generalnotionsdefinedin

Chapter2.

Theevaluationrelation|} modifiesthe capabilitiesasdescribedabove

2, x| 21,a
>alXa >, xbopb |} Z;,BOF(a,b)
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xedomz Z(x)=(l,a) 131 Z;=3x— (ol a)]
va‘uzlva

ZaXU’ Zlva Zlayu ZZab
3, xbopy || 22,BOP(a, b)

wherewe define
hol=uf{l|lel,=I11}.

In particular the condition! I 1 in the rule for Z,x |} Z1,a forbids readingfrom a
variabletaggedwith 0. The complementaryvrite permissions denotedy |.

Definition 34. For X : Varp — (L x Val) andx € Varp, wewrite Z | xif Z(x) = (l,a)
impliesl 0.

Thedefinitionof & maybeexpandedusingLi0 = L, whichyieldsthetable

=4 » o O
— = F ok
-4 » O |O
4 o = H|r
= = = |-

andthefollowing properties.

Lemmall. Leta,b,ce L. Then
l.acado
2. (adb)ebIa
3. (leadb)cadl
4. (acb)cc=ac (b®dc)forb,c# L.
5.adb# | impliesaccdbsec.

Proof. Inspectionof thetablesdefininge® ando. O
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The dynamicsemanticdor extendedconfigurationds given by therelationS =4 T
which is parametridn an associatiorfunction a. This function assigngo eachpair
(I,x) suchthatl € Instrsp andx € usegl ) anelementx(l,x) € L, representinghetag
to beassociateavith x duringanassignment.

JMP

(Z, n, [k]Jmp m) =a (Z, ka N(m))

2, x{ 21,0

=T (Z,n, [KIif xmy mp) =4 (Z1,k,N(my))

2, x| 21,a

- S Kt xm M) = Gk () 27 °
(6.21)
ASS i} >,ellX,a _ { ass= [k|lx=-e
(Z,n,asd) =¢ (Z1[x— (a(assx),a)|,n,I) 21| X

(

¢=[I]x(k) = M (m K)n(m)
v:l-élgkzlvxljuzl-l-lval n:nj

(Z1,m,01) =4 (Z,n,T) V1<i<kZi1l X
| 2= 21X = (@), )]

In orderto justify the occurrenceof lattice elementsin the dynamicsemanticswe
obsenethatanentry>(x) = (I,a) admits

e no readingaccessf | = 0 sinceZ,x Jf Z1,b for all Z; andb becausehe side
conditionl I 1 is violated

e exactlyonereadingaccessf | = 1, sinceZ,x || 3, bimpliesb =aandX;(x) =
(161,a)=(0,a).

¢ arbitrarily mary readingaccessegéncludingzero)if | = T asZ,x |} Z1,bimplies
b=aandX;=>dueto Tol=T

e awriting acces®xactly if | 2 0 holds,dueto the sideconditionX | x in rules
ASSandPHI
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Initialising annotationd for variablex during eachassignmento x thus determines
how oftenthe assignedralue can be read,but alsohow oftenit mustbe readprior to
a subsequersaissignmentln particular a valuewith | = 1 mustbe readexactly once
beforeit canbe assignedo again,but alsocan be readfrom only once. Valueswith

| = 1 arethuscandidategor forwarding.

By incorporatingthelattice elementsnto the operationamodel,the dataflav analysis
may be provensoundin a differentapproactthan[NNH99]. Configurationsarenatu-
rally relatedto the functionsfwdIn/fwdOutusingthe tags,andthe duality betweens
and® embodieghedirectionalrelationshipbetweenforward) programexecutionand
(backward)dataflav analysis.

Beforeproving soundnessye relate=- to —.

Definition 35. Thetag-freestatef : Varp — Val correspondingo % : Varp — (L x
Val) is givenpointwiseby

2(x) = aiff 3.2(x) = (1,a).
For S = (Z,n,B) wealsowrite S for the configuation (i, n,B).
Proposition 31. (Soundnessf = w.r.t. —)
S=qT implies§ T
Proof. Inductionontherule usedfor (Z,n,B) =q (¥',n/,B).

CaseJMP. For B = [k]jmp m, the definition of rule JIMP impliesZ = %', ' =n and
B’ = N(m). Thus,S = ¥ holdsandtheclaim holdstrivially by rule JImp.

CaselF-T. For B = [k]if x ml, thedefinitionof rule IF-T impliesZ = Z;, " =k and
B’ = N(m) whereZ, x|} Z1,0. For Z,x |} £1,0to hold, we musthave Z(x) = (I,0)
with 1C | ands; = Z[x+— (I ©1,0)]. Consequently>(x) = 0 andZ = 51, S0
theclaimfollows by rule If-t.

CaselF-F. Similarto thepreviouscase.
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CaseASS. For B = asd andass= [K|x = e, the definition of rule ASSimplies ¥’ =
Y1[x— (a(assx),a],n” =nandB =T whereZ, el Z1,a. Consequentl,ﬁ, ella,
i\l — 5 and
S = 51X (F(a\ssx),a)] =1[x— a] = 2[x+— a

hold sotheclaim follows from the definitionof rule Ass.

CasePHI. For B = ¢l and@= [I]x(k) = M (k,m)n(m), the definition of rule PHI im-
plies

n=njforal<j<m,

Zi,Xij | Ziy1,q forsomeX =Z,..., 21 andall 1 <i <Kk,

Sl xforall1<i<k

o ' =n,B =TandY = I, 1[x — (a(@,x),a)]

By the definition of |, f. = ZAl and fi,xi | g hold for all 1 <i <k. Also,
Z/k:1 = ZAl andx’ = ﬂ[xi — &, andtheclaimfollows from thedefinitionof rule
Phi.

O

By combiningPropositions31 and29 we obtainthat T = R holdswheneer S =q T
andS =g R, for ary a andf. As a, || and| aredeterministiconemayalsoshaw that
T =R holdsif S =4 T andS = R by adaptingthe proof of Proposition29to = .

Definition 36. For programP and configuiation S = (o,n, B), theannotation(o),, of
o accoding to annotationfunctiona : (Instrsp x Varp) — L is givenby

(0)q (%) = (Uxedetgna(l,X),a) iff a(x) = a.
andthe a-annotatecconfiguation (S), by ((0)4,n,B).

Consequently

(o)a =0
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and
(2)q () = (Lixedergna(l,x),a) iff £(x) = (1,a)

hold. For SSA programspDefinition 36 simplifiesto

(0)q(x) = (a(lx,x),a) iff o(x) = a

andhence
(2)g(X) = (a(lx,x),a) iff £(x) = (1,a).

Proposition 32. (Completenesslhere is an annotationfunctiona sud that

S — T implies(S), = (T)

a-

Proof. Take a(l,x) = T wheneerx € defgl) andobsene thatfor thisa, ,ell 21,a
andX = (0), impliesZ = X1 sinceT ©1=T holds. O

Consequentlyany —-executioncanbe matchedby a =--executionfor thetrivial a =

AX.T. This givesunlimited read/writecapabilitiesto all variablesandcorresponds$o
communicatingall variablesthroughregisters. The resultof Proposition32 is thus
not satiskctoryfor reasoningaboutforwardability - it doesnot relate executionsto

solutionsfor thedataflav equationsin the next subsectionwe will provethedataflav

equationssoundby shaving that associatiorfunctionsa originatingfrom a solution
for theequationgespect—.

In thefollowing, we let Sy alsodenotethe initial statewith respecto =-. Confusion
with theinitial statewith respecto — mayalwaysberesolhedbasednthecontext in

which the notationis used.

Lemma12. If S =% S,S=(Z,n,11) andl # @, thenx € usegl ) impliesx € domX.

Proof. ForSp =¢ S, PropositiorB1impliesSy —* S sofor x € usesgl) Lemma9 (first
part)yieldsx € domz. Now applydomf =domzZ. O

Definition 37. ForS= (Z,n,B) and f : Varp — L wewrite f C S if for all x € domz,
Z(x) = (I,a) impliesf(x) C I.
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6.4.2 Soundness for regular programs

We prove theequationg6.13)soundby showving thatfor any associatior originating
from a solution,=q is implied by —.

Definition 38. Let P be a regular program. A pair of functionsin,Out: Instrsp —
Varp — L is called a solutionfor P if equations(6.13) are valid for the substitution
In/fwdIn, Out/fwdOut

In the remainderof this subsectionlet P = (N, A, succ,entry) be aregular program
andin/Outasolutionfor P.

Proposition 33. If x € Varp, | € Instrsp andJ € succ(l) thenOut(l)(x) 2 In(J)(X).
Proof. FromJ € succ(l) we obtainsucc(l) # 0, hence
OUt1) (%) = Ukeauee(IN(K)(X) I 1n(3)(¥
follows from equationg6.13)for ary solutionin/Out O
Definition 39. Theassociatiorfunctionaoyt is givenby
dout(l,X) = Out(l)(X)

for all pairs(I,x) sudthatl € Instrsp andx € defgl ). For associatiorfunctionsa and
B wewrite a JBif a(l,x) J B(l,x) for all (I,x) sudthatl € Instrsp andx € defg]l).

The following propositionrepresentshe heartof the soundnesgroof. It guarantees
that an executionsequencestartingin Sg whosecapabilitiesare (at leastasgenerous
as)givenby asolutionto thedataflav equationcanalwaysproceed Furthermorethe
resultingconfigurationis relatedto the dataflav equations.

Proposition 34. (Progress)LetS = (,n,11) andIn(l) C S. Leta 2 apy andSo =5
S. Thenthereis a (unique)T sud thatS =4 T. Furthermoe, T fulfils Out(l) C T.

Proof Casedistinctiononthestructureof |.
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Casex=a. 2,all Z,aholdsby thedefinitionof ||.
In orderto shaw X | x, let 2(x) = (I, b). Sinceln(l) C S impliesIn(l)(x) C I, In
fulfils equationg6.13),andx € defg1) holds,we obtain

I 2JIn(l)(x) = usesl )(x) = usesga)(x) = 0.

For T = (Z1,n,T) whereZ; = Z[x+— (a(l,x),a)]) wethushave S =4 T.

For shaving Out(1) C T, lety € dom=; with 21 (y) = (I,4). Therearetwo cases.

1. If x=Yy, thenl = a(l,x) 3 dou(l,X) = Out(l)(x) follows.

2. If x £ ythenZ(y) = (I,4) follows from the definitionof =1, soIn(1) C S
yieldsIn(1)(y) C 1. Fromy ¢ defg1) we thusobtain

I'2In(1)(y) = usesl)(y) ® Out(l)(y) = Out(1)(y)-
In bothcasesPut(l)(y) C I is fulfilled.
Casex=X. SinceSg =4 S andx € usegl) hold, Lemmal2impliesx € domX , so

2(x) = (I,a) for somel anda, andby assumptiorin(l)(x) C 1.

ForZ; = Z[x— (I&1,a)], Z,x | Z1,a holds: In fulfils equationg6.13),sol 3
In(1)(x) = usesl)(x) = usesx)(x) = 1.

Also, Z; | x holds,becaus&;(x) = (I’,d) yieldsa =aandl’=15130.
FortheuniqueT = (Z2,n, 1) with =, = 31 [x+— (a(l,x),a)] wethushaveS =4 T.

For shaving Out(l) C T, lety € domZ andZz(y) = (I,a). Therearetwo cases.

1. If x=ythenl = a(l,x) 3 aou(l,X) = Out(l)(x) follows.

2. If x£ythens(y) = =1 (y) = =2(y) = (I,) followsfrom thedefinitionof 2,
andZX;. In particular x € domZ holds,sothe assumptiorin(l) C S yields
In(1)(y) C 1. Sinceln fulfils equationg6.13),we obtain

I'2In(1)(y) = usesl)(y) & Out(l)(y) = 0& Out(l)(y).

In bothcasesOut(1)(y) C I is fulfilled.



6.4. Soundness of usage analysis 213

Casex=zwhere z# x. SinceSy =4 S andz € usegl) hold, Lemmal2impliesz €
domZ, soX(z) = (l,a) for somel anda, andby assumptionin(l)(z) C 1.

For%; =%z (I61,a)], £,z 21,aholds:In fulfils equationg6.13),s0

| Z1In(l)(z) = usesl)(z) ®Out(l)(z) = 1& Out(l)(z) 3 1. (6.22)

Also, Z; | x holds,because;(x) = (I',&) impliesZ(x) = (I’,&) by the defini-
tion of ;. By theassumptiorin(l) C S, 0= usesl )(x) = In(1)(x) C |’ follows.

For theuniqueT = (Z,n, 1) with =, = Z1[x— (a(l,x),a)] wethushave S =4 T.

Forshaving Out(l) C T, lety € domZ; andZ,(y) = (I~, a). Therearethreecases.

1. If x=ythenl = a(l,x) 3 aou(l,x) = Out(l)(x) follows.

2. Ify= zthenl =1 &1 follows from z+# xand
T2 =Zi[x e (a(l,x),8)] = Z[z— (16 L.a)][x— (a(l,X),a)].

By property(6.22),1 C | holds,hence € {1, T}.
If | = 1thenl =& 1 = 0 holds,andproperty(6.22)implies

1=121a0ut()(2) = 1@ Oout(l)(y).

Consequentlyout(l)(y) € {0, L} andOut(l)(y) C .
If | =T thenl =15 1= T, soOut(l)(y) C I is trivially fulfilled.

3. If x#y+ zthenZ(y) = (I,a) holdsdueto
22 =21[x (a(l,x),a)] = Z[z— (o La)]x— (a(l,x),a)].

Theassumptiorin(l) C S impliesIn(1)(y) C I, andasIn fulfils the equa-
tions(6.13)andy ¢ defgl) holds,we obtain

I'2In(1)(y) = usesl)(y) ® Out(1)(y) = 0® Out(l)(y).

In all threecasesQut(1)(y) C I follows.
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Casex = xbopa For Sp = S andx € usegl), Lemmal2 implies x € domZ, so
Z(x) = (I,&) holdsfor somel and &, andthe assumptionin(l) C S yields
In(1)(x) Z 1.

ForZ; =Z[x— (& 1,d)] weobtainZ,x || Z1,&": In fulfils equationg6.13),s0

I JIn(l)(x) = usesl )(x) = usegxbopa)(x) = 1.

Also Z3,a |l Z1,aholds,andthusX xbopa |} Z1,b for b=BOPR&, a).

Furthermorey1(x) = (I,a) impliesl =1 &1 anda= &, andl J 1 yields| J 0
andthusj | x.

For theuniqueT = (Z2,n,1) where

z2 — zl[x'_)(a(lvx)vb)]
= Ix— (Io1,d)]|[x~ (a(l,x),b)]
= Z[x+— (a(l,x),b)]

wethusobtainS =4 T.

For shaving Out(l) C T, lety € domg andZz(y) = (I,a). Therearetwo cases.

1. If x=ythenl = a(l,x) 3 aou(l,X) = Out(l)(x) follows.

2. If x+#y then=(y) = (I,a) follows from the definition of =5, hencey €
domz. Theassumptiorin(l) C S yields In(1)(y) C I, andfrom equations
(6.13)andy ¢ defgl) we obtain

I'2In(1)(y) = usesl)(y) & Out(l)(y) = 0® Out(l)(y).

In bothcasesQut(1)(y) C | holds.

Remaining casesx = zbopa and x = zbopy Similar to the above cases. Consider
z= xandz # x for thevariousformsof y.

Casejmp m For theuniqueT = (Z,k,N(m)) wherek is thelabelof |, S = T holds.
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In orderto shov Out(l) C T, lety € domX andX(y) = (l,a). Theassumption
In(1) C S guaranteetn(1)(y) C |, andasin fulfils theequationg6.13),
| Jin(1)(y) = usegl)(y) ® Out(l)(y) = Out(l)(y)
follows asrequired.
Caseif xml. SinceSy =% S andx € usesl ) hold,Lemmal2impliesx € domZ, so
>(x) = (l,a) holdsfor somel anda, with (by assumption)n(l)(x) C I.

For¥; =3[x— (I&1,a)], Z,x|} Z1,aholds:In fulfils equationg6.13),s0

| T In(l)(x) = usesl)(x) @ Out(l)(x) =1 Out(l)(x) I 1.
If a=0,S =q T holdsfor theuniqueT = (Z1,k,N(m)) wherek is the label of
I, andfor a # 0 thesameholdsfor T = (21, k, N(I)).

For shaving Out(1) C T, lety € domz; andZ1(y) = (I,a). Therearetwo cases.
1. If x=ythenLemmall (items(2) and(5)) and1 Out(l)(x) # L yield
I'=1513 (1@ 0ut(1)(x)) &1 3 Out(l)(X).

2. If y+#xthenZ(y) = Z1(y) = (I,a), sol J In(1)(y) by assumptiors 3 In(1),
hence

I'2In(1)(y) = usesl)(y) @ Out(1)(y) = 0® Out(1)(y) = Out(1)(y).

In both casesywe obtainOut(1)(y) C I

O

As progressateachpointin acomputations ensuredsinglestepsS; =« Si+1 maybe
composedThe propertyOut(l) 2 In(J) for J € succ(l) guaranteesomposabilityas
it ensureshatthepreconditiorin(J) C S; 1 for stepi + 1 followsfrom theprecondition
In(1) C S; of stepi. As all associatiorfunctionsrespecthe (deterministic)standard

semantics— by Proposition31, we thusobtainsoundnesfor any associatiorfunction
a J dout-
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i I: s
To 0 i =L > L Tisg —*1 Tis2
= |2
= "g Prop29 Prop29 Prop29
=1l o
A lo A 11 li—1 A I A li+1 o
So S1 S Si+1 Si+2
T Prop31 T . T Prop31 T Prop31 T
lo 11 li—1 l li+1
So S1 S Si+1 Si+2
Ll ereese L] L
In(lp) ——>> Out(lp) Out(li_1) |
Prop34
2Ll Ll |
=8 (=%
E o
o a
In(l1) In(1;) % Out(l;)

™
1521
[=%
e|—||
o

In(lj4+1) ————>O0ut(lj+1)

Figure 6.2: Relationship between dataflow solutions, =y and —

Theorem 6. (Soundnesef dataflowequationgor regular programs) Leta 3 apyt. If
Sy —-terminatesn a configuation T thenSy = ¢-terminatesn a configuationS with
S=TandAx0LCS.

Proof. Let SAO =To— T1—...— Tyh=T bea—-reductionsequencauchthat for
Ti = (0i,n;, Bi), li =fst(B;) holdsfor 1 <i < nand|By| = 0. As |[N(entry)| > 0 holds,
we have n > 0. We show thatthereareSy,...,S, suchthat (seeFigure 6.2) for all

0<i<n
1. In(l)) ES;
2. Si =¢ Siy1 andOut(lj) C S41
3. S/i\Jrl:TiJrl
4. 50 =g S+1

Fori=0,Sp = (Zo, Np, Bo) impliesdomZy = domag = 0, soln(lg) C Sp holdstrivially.
Bo =N(entry) implies|Bp| > 0, soPropositior34 guaranteetheexistenceof aunique
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S1 with Sg =4 S1, andOut(lp) C S3. Finally, Proposition31 implies§) — §1 hence
§1 = T4 by Proposition29.

Fori+ 1 < n, theinductionhypothesismpliesOut(l;) C Sj;1. Also, |Bj;+1| > 0 holds,
soli;1 € succ(ly) follows by Lemma8, andProposition33yields

In(li+1) C Out(l;) C Si1.

As Sp =4 Si+1 holdsby inductionhypothesisProposition34 applies hencethereis a
uniques;, 2 with

Sit+1=a Sit2,

and
Out(li+1) C Sit2

hoIds.Theinductionhypothesisalsoguaranteesfi\ﬂ = Ti+1, SOProposition31yields
Ti41 — Siz2, resultingin

Sit2=Tis2
by Proposition29. Also, from So = Sit+1 andSj+1 =q Si+2, we obtain
SO :>Ekx Si+27

completingtheinductive proof.
Specialisingoi = n— 1yieldsanS = S with So = Sh =S,

S=Sy=Th=T
andOut(l,_1) £ S, =S. As |By| = 0 holds,Lemma8 impliessucc(ln—1) = 0, so
AX.0C Out(lp—1) ESp=S
follows from equation(6.13). O

Noticethatin Theoren, aswell asin Propositior34,theassociatioriunctiona is not
requiredto correspondo a solutionto the dataflav equations.This freedommay be
usedduringtheallocationphasan Chapter7 for assigningevenforwardablevariables
to registers.
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6.4.3 Soundness for SSA programs

Soundnesef thedataflav solutionsfor SSAprogramss provensimilarly to soundness
for regularprograms.

Definition 40. For an SSAprogramP, a pair of functionsin,Out: Instrsp — Np —
Varp — L is calleda solutionfor P if equationg6.18)and (6.19)are fulfilled for the
substitutionin /fwdIn, Out/fwdOut

In theremaindeof this subsectionletP = (N, A, succ, entry) beanSSAprogramand
In,Out: Instrsp — Np — Varp — L asolutionfor P.

Proposition 35. Letx € Varp, | € Instrsp, m,mg,mp € Np arbitrary andn € Np the
labelof I. Then

1. Out(l)(my)(x) = Out(l ) (M) (x)
2. J € succ(l) impliesOut(l)(m)(x) I In(J)(n)(x).
Proof. Both partsfollow by applyingequation(6.19).

1. If succ(l) =0 thenOut(l)(m)(x) = 0= Out(l)(m)(x) follows immediately
while succ(l) # 0 implies

Out(l) (M) (X) = Uk esucc(1) IN(K) (n) (x) = Out(l) (mg) (x).
2. Equation(6.19)impliesOut(1)(m)(X) = Lk casee(n)IN(K)(N) () I In(3)(N) ().
[
Definition 41. Theassociatiorfunctionaoyt is givenby
dout(l,X) = Umen, Out(l) (M) (x)
for all pairs (1,x) sudthat| € Instrsp andx € defg1).

Proposition 36. (Progress) LetS = (Z,n,1T) andIn(l)(g) C S for all g € Np. Let
a JaoytandSg =5 S. Thenthereis a (unique)T sud thatS =4 T. Furthermoe, T
fulfils Out(l)(h) C T for all h € Np.
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Proof. Theproofproceeddy casedistinctiononl.

Casel ¢ ®-Block Followsfrom Proposition34.

Casel = ¢. For @of theform x(k) = M (m,k)n(m), the soundnessf =- (Proposition
31)andSy =4 S imply §) —*§ s0 by Lemma9(part(2)) thereis a unique |
suchthatn = n;j, andx;j € dom3 = domz holdsfor all 1 < i < k. Consequently
for eachl <i <k, therearel; anda; suchthatZ(xj) = (li,a). Forall 1 <i <Kk
we have In(1)(n) C S by assumptionhenceln(l)(n;j)(xj) C l;. Furthermore,
In(1)(nj)(xij) 2 1 holdsfor all i, sincex;j € defgl) implies

IN(1)(n}) (%) = Sf_gusesiy) () = Lo @y usediy)) () 3 1
andx;j ¢ defgl) implies

In(1)(n)(xj) = (@'ﬁzluseféxuj)(m))690ut(|)(nj)(><ij)
= 1o (M usesgxy)(x;)) @ Out(l)(n;)(x;)
3 1.

The proof now proceedsn four steps.

1. Wefirst show thatthereare> = %4,... %y, 1 suchthatfor all 1 <i < kthe
following propertieshold.
o 2, X 2iy1,8
o forallv <k Zija(xj) = (v (&} usesxj) (X)), av)
e domZj,; =domZ
e if ye domZj;, andy # x,; holdsfor all 1 <v < kthenZi 1(y) = Z(y).
Fori=1 wedefineZ; = Z1[x1; — (Lo l,a1)] = Z[xqj — (l1© 1,a1)].
Then
o 1,x15 I 22, isfulfilled, because;j € dom; = domZ holdswith
Z1(X1j) = 2(Xj) = (l1,a1), wherely T In(1)(n;j)(x¢j) =2 1 (seeabove).
e for 1 <v <k, wehave

if Xj # Xqj: EBL:1USE$X\;J')(X|J]) = uses$xyj)(x1j) = 0, hence

Zo(%j) = Z(%j) = (lv,av) = (e (@L:1U59$XVI)(XHJ))76‘V)
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if Xj = Xqj: @Lzluse$x\,j)(xuj) = use$xyj)(X1j) = land(ly,a1) =
Z(X1j) = Z(xvj) = (Iv,ay), hence

Za(%j) = Z2(xaj) = (116 1,81) = (v © (B_yusesx ) (%)) &)

e domZ;, = {xgj} UdomZ; = {X;j} UdomX = domZ by the definition
of 2, andbecaus®f x;; € domX (seeabove).

e foryedomz,,y # xyj forall 1 <v < kimpliesy # xij, hence

Za(y) = Za[xaj = .. ](Y) = Zay) = Z(y).

For 1 < i <k, wefirst shav thatthereis a (necessarilyjunique)Z;, 1 such
thatZj, xij |} Zi+1,8. Theinductionhypothesigitem (2)) yields

Zi(j) = (v & (@, jusesx) (%)), &)

forall 1 <v <k, soin particularfor v =i we obtain
Zi(%)) = (i © (@,25usesxi) (X)), &).

Abbreviating | & (@, "juse$xij)(xy;)) by I, we thushave %i(x;j) = (I, a),

andwe needto shawv I~2 1. Therearetwo cases.
If x;; € defgl), then
i 2 In(1)(n)) (%)) = B use$x;) (%)
ki
= 1o (@M usesx,)) (%))

_ 1 if vpue{l,...,k}\{i}.use$x,)(xj) =0
| T if 3pe{d....k}\{i}.uses$x,)(x;) 21

holds,wherethefirst casej.e.lj = 1, implies
@, husesxi) (X)) = | jusedx;) (xij) = @,-50=0,

hencel = li©0=1; O 1, while the secondcase,i.e. l; = T, implies
I=lLe...=T d1directly.
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If xij ¢ defgl), then

(= |n(|)(nj)(>_<ij)=(@ﬁzluse$xuj)(xij))®Out(|)(nj)(><ij)
= 1e(e5] usesxy) (%)) & Out()(n)) (%)
1 if Out(l)(nj)(xj) C Oand

= e {L,... .k} \ {i}.usesxy) (%) =0
T otherwise

holds,sol J 1 followsin asimilarway asin thefirst case.

As bothcasegield 1 31,the preconditionfor |} is satisfied andfor

Siv1= i — (161,a)]

all four itemsrequiredof Z; 1 arefulfilled:
e Zi,Xj | Ziy1,q isfulfilled by thedefinitionof ||
o for1<v <Kk Ziji(xj)=(ve (@Lzluse$x\,j)(xuj)),a\,) holds:
if Xyj # Xij, thenusegx,j)(xj) = 0 holds, so the seconditem of the
inductionhypothesigyields

i) =Zi) = (ho (e jusesx;) (X)), a)
= (|v9(@L=1U59$XVI>(Xuj))vaV)-

if Xoj =x%j, then(ly,ay) = X(xj) = Z(xij) = (li,a) and

ol = (Ii@(@L;lluse$xij

) (%))
= lio((e)iusesx) (Xy)
= & (@)quse$x) (X))

) (%)

follow, hence

Zi1(X%j) = Ziy1(xij) = (ola)
= (lv9(@L=1U59$XVj)(Xuj))vaV)-
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e thedefinitionof ;1 impliesdomzi 1 = {x;j } UdomZ;, sotheclaim
follows usingtheinductionhypothesislomZ; = domZ andthe prop-
ertyxj € domZ whichwasshown atthevery beginning of the proof.

e forye domj i andy# xj for all 1 <v <k, theinductionhypothesis
yieldsZ;(y) = Z(y), hence

Sipa(y) = Zilxj — (10 1,a)](y) = Zi(y) = Z(y).

2. For1 <i <k, wenow shav thatXy. 1 | X holds,i.e.thatfor x; € domZy, 1
andXy,1(x) = (I,a),| J 0holds.Therearetwo cases.

Casedv < ksuchthat x; = Xyj. Thenx; = xyj € dom2y,1 = domz fol-
lows from part(1), andx,; = x; € defgl) holds,hence

v 2 In(H)(nj) (%))
= @qusesxy)) (X))
= 10 (@] usesxy) (%))
- {1 if forallpe {1,... k}\ {v},%, # X,j holds
T otherwise

and,by Lemmall (item (5))

| = o (B iusesx) (X))

16 (1 (9 "usesx,j) (%)) if Xy # X, holdsfor all

2 HE {1, K\ {v)
T o (e usedx) (xy)) otherwise

B 16(1e0) if xy # xj holdsforall pe {1,... k}\ {v}

B T otherwise

30

Casex; # xyj holdsfor all v < k. Forx; € domZy, 1, part(1) (forth item)
implies Z1(x) = 2(X), so the assumptionin(l)(n;) C S together
with x; € defgl) yields

| 3In(1)(n;) (%) = usesl)(n;) (%) = &y_qusesxy;)(x) =0
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wherethe lastequalityis valid asuse$x,;) () = O follows for eachp
from xj # X.
3. Consequentlyfor the (unique!) T = (¥/,n,

I—»

) where

¥ = (I,a), X0 (T aw)]

and
lll = G(| 7Xi)
we obtainS =4 T by therule PHI.
4. Finally, for proving Out(l)(h) C T for all h € Np, we shov thaty € domZ’
andX'(y) = (l,a) impliesOut(l)(h)(y) C |I. By Proposition35 (part (1)),
it sufiicesto shav Out(l)(n)(y) C |, solety € domZ’ andZ'(y) = (I,a).

Therearetwo cases.

Casey = x; for somel <i < k. By thedefinitionof SSAprogramgDefi-
nition 27) thereis atmostonei with y = x;. Thedefinitionof X’ implies
I =1{,so0

I = Il=a(l,x) 3 aou(l, %)
= Ugen, Out(l)(g)(xi) 2 Out(l)(n)(x) = Out(l)(n)(y)

Casey # X holdsfor all 1 <i < k. In this case,the definition of X’ im-
pliesy € domZy,; andZx;1(y) = Z'(y) = (I,a). Therearetwo sub-
cases.

If y=xyj for somel <v <k, thenpart(1) (secondtem),y ¢ defgl)
andtheassumptiorin(l)(n;j) C S guarantee

v 2 In()(n)(y)
= (@)qusesx) () © Out(l)(n)(y)
= 10 (@] usesx,;) (%)) © Out(1) (ny) (y)
1 if Out(l)(nj)(y) C Oandxyj # Xyj
= holdsforall pe {1,... ,k}\ {v}
T otherwise
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By Lemmall (item (5)) we obtain

| = o (Pl iusesy) (X))

[ 16 (1@ (@] usesy)(xy)) it Outll)(n)(y) £O
andxyj # xyj holdsforall pe {1,... ,k}\{v}

| To... otherwise

I

(0 if Out(l)(n;j)(y) C 0andxyj # xvjholdsfor all
- e 1.,k {v}

\ T otherwise
3 Out(l)(nj)(y).

If y# xyj holdsfor all 1 <v <k, thenpart (1) (forth item) implies
(I,a) = Zx11(y) = Z(y). Fromy # x; for all 1 <i <k, we obtain
y & defgl), hence

1 2In()(n)(y) = (Sfiqusedxy)(y)) @ Out(l)(n;)(y)
= (®}10) @ Out(1)(n))(y)
= out(l)(n;)(y)-
Both sub-casegield | J Out(l)(n)(y) asrequired.

O

Theorem 7. (Soundnesef dataflowequationgor SSAprograms) Leta 1 apy,. If §)
—-terminatesin a configuation T thenSy =-¢-terminatesin a configuation S with
S=TandAx0LCS.

Proof. Similar to the proof of Theorem6, using Propositions35 and 36 insteadof
Propositions33and34. O

6.4.4 Discussion

Our soundnesgproof doesnot directly follow the approachtakenin [NNH99]. In-
steadof incorporatingthe dataflav solutionsin the operationakemanticdy factoring
the configurationspacewith respectto an equivalencerelation,we incorporatethem
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directly usingannotatecconfigurations.We expectthat our approachalso appliesto
livenessanalysis,if the codomainof statesis extendedto pairs (B x Val). The non-
standardsemanticavas canonicallyconstructedrom the lattice usedin the dataflav
analysisusinge. This allowedusto relatethe fixed pointsof the dataflav equations
to the operationabehaiour basedon the progresdemma. Futurework is neededor
comparingthe two approaches moredepthandfor evaluatinghow they generalise
to otherdataflav problems.






Chapter 7

Translating intermediate programs

Into ALEF

Thischaptepresentsatranslatiorfrom IL into ALEF basednsolutionsto thedataflav
equations. Variableswhich have beenidentified as being linear with respectto all
pointsof definitionarecandidate$or forwarding. They canbepassedhroughoperand
gueuegprovidedthatall consumingnstructionsexecuteon the samefunctionalunit.
Remainingvariablesarecommunicatedhroughregisters.Thetranslations introduced
in severalstageswhichareshown to befunctionallycorrectandfaithful to the dataflav
solution. TheresultingALEF programis well-typedin the senseof Chapters.

The first stage(Section7.1) decideswhethera variable can be forwardedbasedon
the dataflav solutionandthe above restrictions.For programsn SSA form, the sec-
ond stage(Section7.2) eliminates®-blocksandinsertscompensatingnstructionse-
guences.Although the resultingprogramdoesnot fulfil the SSA requirementsary
longer it is functionallyequialentto the original program andforwardability of vari-
ablesis presered. Thetranslationinto ALEF is definedin Section7.3, andis para-
metricin anallocationfunctionp which assignsoperandqueuenamego forwardable
variablesandregister namesto non-forwardablevariables. In Section7.4, we show
that the resultingprogramis type-correctwith respecto the calculusin Section5.1
for ary p thatsatisfiessomemild compatibility conditionsregardingthe dataflav so-
lutions. Section7.5 describeow an allocationof queuescanbe obtainedbasedon

227
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colouringthe conflict graphsfor variables.Functionalcorrectnessf ary allocationp
which mapsadjacennodeso differentqueuesor registersis provenin Section?.6.

In orderto achiese the outlinedresults,the translationitself is kept ratherbasic,and
Section7.7 consequentlyliscusses numberof improvementsandextensions.

7.1 Deciding forwar dability

Basedon a solutionIn/Out to the the dataflav equationsandthe intendedtranslation
schemethefirst stepclassifiesachvariableasbeingforwardableor not. Beforegiving

theformal definition of forwardability, we briefly motivateits coreconditions.

In Section6.3.1,we obsenedthattheinformationwhethera variableis uselesganbe
readoff a solutionto the dataflav equationdor livenessy inspectingliveOut(l)(x)

wherel is anassignmento x. Similarly, we now obsene thatforwardabilityinforma-
tion for x is capturedn asolutionin/Out to equationg6.13),in componenDut(l )(x)

wherex € defgl). If Out(l)(x) = T holdsthenx is notforwardablesincethe dataflav

analysidailedto provelinearusage Variablesvith Out(1)(x) = 0 cannotbeforwarded
either becausehis appearancef x wasprovento be uselesgotheroccurrencesf x

mightstill beused,sowe cannotremove x completely).A linearly usedappearancef

x consistof aninstructionl with Out(l)(x) = 1, andis forwardableif all its usesare
in instructionsexecutingon the samefunctionalunit. In orderto mapvariablex to an
operandjueue fwo conditionsmustbe fulfilled:

e all instructiond with x € defgl) mustsatisfyOut(l )(x) = 1
e all usesof x arein instructionsexecutingon the samefunctionalunit

Thefirst conditionensureghatin a regular program,variableswith multiple sitesof
definitionaretranslatedcorrectly For example,variablex in program(7.1)

N(1) = [tlv=... N6) = [6]x=
[2]ifv36 Tly=x +1

N@3) = [38]x=3 [8]jmp 9 (7.1)
[4ly=5 NO) = [Fz=x=xy
[5]jmp 9 [10].
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mustbe communicatedhrougharegister Its definitionin instruction[6] is usednon-
linearly (indeed ary solutionto its dataflav equationdulfils Out([6])(x) = T), andthe
consumingnstruction[9] musthencebetranslatedo mul r op, op, for someregister
r. Consequentlythe assignmento x in instruction 3] mustalso be translatedo a
registerusagedespitethe linearuseof theassigned/alue.

The secondcondition arisesfrom the binding of operandqueuenamesto functional
unitsin ALEF. For example,the conditionrequiresvariablesx andy in program(7.2)

N(1) = [tjv=... N(55) = [Blz=x+y N6) = [6lz=xx*y
[2x= 5 (7.2)
Bly=7
[4]if v56

to be communicatedhroughregisters,despitetheir linear usage.For supposex or y

aremappedo operandjueuesy; andqs, respectrely, thenthetyping rulesfor ALEF

yieldy(q1) = ALU # MUL =y(q;) andy(q2) = ALU = MUL = y(q2) andtheresulting
programis ill-typed andfails to execute.

In contrastusesof xin IL-instructionsof theformy = x orin ®-blocksdonotconstrain
forwardabilityasthesenstructionswill betranslatedo instructionsid™ op, op, Which

exist for eachfunctionalunit fu.

For regular programswe requirethatall instructionsJ with x € use$J) be mapped
to the samefunctionalunit. This s slightly conserative asdisjoint sitesof definition

occasionallyreferto differentsetsof usinginstructions As explicitnessof thesestruc-
tural dependencieare the main reasonfor using SSA, our requirementepresents

trade-of for notusingSSA.Indeed SSAprogramsio not containconflictsof thekind

showvn in program(7.1) asonly onedefininginstructionexistsfor eachvariable.

In the following definition, we usethe notationOut(l )(x) for both regular and SSA
programsjustified by part(1) of Proposition35.

Definition 42. LetP bea regular or SSAprogramand In/Out a solutionfor P. Vari-
ablex € Varp is called forwardableto fu if

e Out(l)(x) & {L, T} holdsfor all | € Instrsp

e Out(l)(x) = 1 holdsfor all | € Instrsp with x € defg1)
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e for all | € Instrsp with x € usegl ), oneof thefollowing conditionsholds

— | € ®-Block

— | hastheform [n]y = x for somey

— | hastheform [nly=z + eor [nly=z — eandfu=ALU
— | hastheform [n]y = z « eandfu= MUL

— | hastheform [n]if xm| andfu = BU.

While the lasttwo conditionsaremotivatedby the above discussionthefirst oneis a
technicalconditionwhosesignificancewill becomeapparentn thelaterdevelopment.

Example. In the SSA program(6.20), the solutiondiscussedn Section6.3.3char

acterises/ariablesz andy asbeingforwardableto ALU while v is forwardableto BU.

Variablex 1, z2 andy1 areforwardableto any fu, while y2 andw arenot forwardable.
&

7.2 Eliminating ®-instructions

For SSA programs the secondstepconsistsof eliminating ®-instructions. For this
step,we assumehat input programsarein standardedge-splitform asdescribedn

Section6.2.2.2. In particular ®-blocks mustnot occuras successorsf conditional
jumpsandthe orderof ®-instructionsin each®-block mustbe suchthat a variable
assignedo in thei-th row doesnotoccurontheright-handsidein rows| > i.

We eliminateeach®-block by insertingcompensatingssignmentsto its controlflow
predecessorgrecedinghejumpinstructions.For example eliminatinginstruction[9]

from program(6.20)requirestheinsertionof y = y1; z = z1 betweerinstructions|4]

and[5] andof y = y2; z = z2 betweerinstructions|7| and|8].

Formally, for P = (N, A, succ, entry) andfst(N(l)) = ¢, we definea programpP, which
resultsfrom P by eliminatingtheinstructiong asfollows.
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e Any instruction[n]jmp | is prefixedwith thesequence

—

Ihn = X1 = X1j

Xk = Xkj
where@= [l]x(k) = M (k,m)n(m) andn = n;.
e @isdeletedrom N(I).
e [n]jmp| isreplaceddy [n]jmp I’ wherel’ is thelabelof the (unique)J € succ(q).

e N, A andsucc areupdatedo reflectthechanges.

Example. For program(6.20)we indeedobtain

5yyand8 y=7y

z=7z1 zZ=2z2

sothe programpyg, resultingfrom eliminatinginstruction|9] is

N(1) = [ilv=7 N(6) = [6]y2=
[2]ifv36 [7]z2 =y2%2
N(8) = [3]y1=3 [103]y = y2
[4]z1 =2 [104]z = 22 (7.3)
[101]y = y1 (8] jmp 10
[102]z = z1
[5]jmp 10 N(10) = [10lw==z+y

&

Repeatealiminationof @-blockstransformsanedge-splitSSA programinto aregular
program.Theedge-splitonditionguaranteethatat mostonecompensatiosequence
is insertednto eachblock, hencethe @-blocksmaybeeliminatedin anarbitraryorder
Forwardability of variablesis presered as solutionsto the dataflav-equationsafter
aneliminationstepcoincide(modulotherelabellingof instructions)with thoseof the
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original program.Eachuseof a variablex;j correspondso a usein a new instruction
Xi = Xj in a In with n = nj. Furthermore all compensatingnstructionsequences
containassignmentso all x; occuringin the LHS of a ¢-block. Consequentlyeach
variabley with y € defg@) fulfils y = x; for somel < i <k, and by Definition 27
this i is unique. Also for all | > i, xj # y holdsfor all j. Consequentlyfor n =
nj and In = l1...1x, instructionl; hasthe form y = Xij, and fdeuI(Ixij)(y) agrees
with fwdOut@)(y). LikewisefwdIn(l1)(y) = fwdIn(@)(n)(y), sincel;...li_1 contains
exactly theassignmentsorrespondingo positionn = nj,

®l_usesl)(n)(2) = &]_yusedx j)(2) = uses®)(n)(2)

where@ containgthefirsti linesof ¢, andy ¢ defg]l)) for | <.

Similarly, for variablesy not occurringin def§@), fwdOu{@)(n)(y) = fwdOuf(l)(y)

andfwdIn(g)(n)(y) = fwdIn(I1)(y) hold. Sincel, andg have the samesuccessorghe
immediatesuccessoof ¢) andpredecessorghebodyof n’sblock), thedataflav equa-
tionsagree.Consequentlyeachsolutionto theequationgor the programcontainingg
correspondso a solutionfor the programcontainingthe I, but not ¢.

Example. Thedataflav equationgor theabove (regular) programpg are

fwdOu(([1])(v)
fwdOu(([3])(y1) = fwdOuf[4])(z1)
fwdOuf[101])(y) = fwdOui[102])(z)
fwdOu(([6])(y2) (7.4)

fwdOu(([7])(z2)

fwdOu{[103])(y) = fwdOui[104])(z)

)

fwdOut([10))

e e I N S =

(z
(w) = O

w
Theleastfixed point correspondindo theseequationsyields the sameforwardability
asthe one for the original SSA program: y and z are forwardableto ALU because
fwdOutassignghevaluel to their defininginstructions[101]/[103] and[102]/[104].
Variablev is forwardableto BU, andvariablesz1, z2 andy1 areforwardableto ary fu.
Finally, y2 andw arenotforwardable. &

Furthermoregliminatinga ®-block respectghe functionalsemantics.The condition
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ontheshapeof thematrixM ensureshatthe sequentiaéxecutionof thecompensating
instructionsequencéeadsto the sameresultasthe concurrentassignmenturing the
executionof the original @-block. In particulay the sideconditionx; # x;; for all i and
all | > i in Definition 31 ensureshatthe correctvaluesarecopiedinto thex; variables,
asthe definition of I, respectghe orderof singleq-instructionsin a ®-block. Thisis
formally provenin Proposition37 usingthefollowing technicallemma.

Lemma13. If (Z,my, asd) =% (2, my, 1) then(Z,mp, ass)) =% (¥, mp,J) for any
mp € Np andJ.

Proof. Inductiononthelengthn of ass=assg ...ass.

Forn= 1, therule ASSguaranteethatassg is of theform [k|x = e, andthatX, e} ¥;,a
holdsfor someX; anda suchthatZ; | xand’ = Z;[x+— a(asg,X),a]. Consequently
thedervation

>.ela { asg = [kjlx=e
(Z,mp,as8J) = (Z1[x— (a(asg, x),a)], mp, J) >l x

is possible.
Forn>1,ass=asyg...ass, (I,m, asd) = (¥, my, 1) yields

(Z,my, asgass...assl) =7 (X1,my,ass...assl)
for someZ; with asg = [Kjx=¢,,ell 2,2, 2 | X, 1 = 2[x+— (a(asg,X),a)] and
(Z1,mg,as8%...asl) =5 (', my,1).

Thesepropertiesof £, x anda allow usto derive

selZa asg = klx=e
(Z,mp, asg ass...as$Jd) =7 (X1,Mp,ass...assJ) Tl x

andapplyingtheinductionhypothesisjields (31, mp,ass...ass,J) =7 (¥',mp,J) so
(Z,mp, ass)) =7 (=, mp,J) canbederived. O

The propositionshows thatprefixing the compensatiorcodeto the jump hasthe same
effectasexecutingthejump followedby the ¢-block.
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Proposition 37. LetS= (Z,1,[n]jmp h) andN(h) = @I whee @ hastheform [h]x(k) =
M (k,m)n(m). For n = n; letK denotethe codesequencé,, andlet

m /

S =a (Z,n, (pl) =a (Z

I—)

)

7n7

bean executionfor P. Then

—

(1, Knljmp h) = (X',n,T)
is an executionfor Py,.

Proof. Wewill shav that
I I

(Z,1,KT) =5 (Z,1,T)
holds.By Lemmal3, thiswill imply
(Z,1,K3) =% (Z,1,J)
for ary J. By choosingd = [n]jmp h we will thusobtain
(=1, R [n]jmp h) =5 (21, [n]jmp ),
from which the claim follows dueto N'(h) = I and

(21, In[jmp h) =q (Z',n,N'(h)).

I—)

In orderto shaw (Z,1,KT) =% (Z',1,T) obsene thatby the definition of rule PHI there
areX =%,,...,2x1 suchthatfor all 1 <i <Kk,

Zi,Xj 4 Zigr,a andXgi g | X

and

¥ =2 (Ina),. X0 (k&)
holds, wherel; = a(@,x). EachZj,xj | Ziy1,& implies Zj(xj) = (ﬂ,ai) for some
Il 3 1with 541 = %% — (1o 1,a)).
Thissequencef readoperationsor %, x;j || Zit1j, & is depictechorizontallyatthetop
in Figure7.1. Thesubsequenwrite operationguringtheassignment’ = 2, 1[X; —
(I,a1),...,x+— (Ix,ak)] areshawvn vertically ontheright handside. Theremaindeof
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T N,
! rd X q ; " rd X ; rd Xq j rd X i
— J 2, 3 K.j
Z_Z]_ alzb{zz a, Zg ag ay >Zk+1
wrxqaq wrxiaj
rdx2’j
T—5,> N3
Wr X585
rdX3,j
WgﬁAél "'Ak+1
Wr X a rXgadk
Teer = 2=

Figure 7.1: States 'j and A;.

this proof shavs that executingeachline of the ®-block separatelys possibledueto
theconditionsin rulesPHI andASS,andthatexecutingthecompensatingssignments
in the sameorderasthe entriesin @ leadsto the samefinal configurationY’. This s
achieved by defining intermediateconfigurationsd; and M wherell; representshe
configurationafterexecutingassignmentg, ... ,i — 1 andA;. 1 denoteghe configura-
tion afterexecutingassignmenty, ... ,i — 1 andthereadingoperationof assignmeni.
In particular we show thatthelattice annotation®btainedfor the sequencef assign-
mentscoincidewith the lattice annotationgor @ in rule PHI, andthatthe sameholds
for the valuesa; andb; readduringthe two executions.This propertyrestson there-
striction on the appearancef variablesin ¢ for SSA programsn standarcedge-split
form (Definition 31): asa variabley occurringasanx; on the left may not occurin a
subsequeritne ontheright, the sequentia(non-atomic)executionof the assignments
will never overwriteavariablewhichis neededater.

Formally, for 1 < v < k+ 1 we definestated1, by (seeFigure7.1)

My = 2

I_IV - Av [XV_]_ = (l\)_l,b\)_l)] fOI’ V> 1
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whereA, andby_1 follow from My_1(xv—1j) = (I,_3.by—1) with I, ; J1and

By definition, (14, 1) = M1 (x1j) = Z1(x1j) = (I1,a1) holds,hence;, =13 31, by = a
andA; =Mq[xj — (1161,b1)] = Z1[xqj — (16 1,a1)] = 5. By inductiononv > 2
we now shav I/, =1, 31, b, = a, and

Avi1=2yi1[Xa— (l,a1)] .. [Xo—1— (lv—1,8y-1)]. (7.5)
Forv = 2, Definition 31yieldsxpj # X1 andthus
(1, b2) = Ma(Xgj) = Da[xa — (11, b1)](Xz)) = Da(Xzj) = Za(Xej) = (I2,a2).
Consequentlyl;, = 1, 3J1,by, =a, and

Nz = Maxgj +— (1561,by])

= Do[xa— (I1,b1)][xj — (161, by

= Ngxpj > (1561, p)][xa > (I1,bs

= Zp[xj — (156 1,bp)][x1 +— (l1,bs
[
[

)]
)]
)]
= Zlxo) — (26 1,a)][x1 — (I1,a1)]

= X3[x1— (l1,a1)]

Forv > 2 we obtainl| , = Rfl J1andwy_1 = a,_1 by inductionhypothesis.Ap-
plying x; # xj for | > i from Definition 31 (andtheinductionhypothesisyields

(I5,by) = My(xj)
= AXy-1+— (lv—lab\)—l)](x\)j)
= A(xwj) =[x (l,ar)]. .. [v—2— (lv=2,av—2)] (%vj)

= Zy(xj) = (R,a\,)
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andthusl), = R 3 1andby = a,. Consequently

Dvi1r = Myxj— (l\l; ©1,by)]
= APy-1 (h-1,by-1)]poj = (I, ©1,by)]
= Apo-1 (bon,a-1)]xj — (vola)]
= 2y[x1— (l,a)]... [xv—2+— (lv_2,8y-2)]
-1 (v-1,a-1)][xj — (ve 1,a)]
= S (el a)x— (1,a0)]... -1~ (lv-1,8-1)]
= Zypixa— (lg,a1)]. .. [xv_1+— (lv_1,8-1)]
completingtheinduction.
By definition, K= l1...lx whereeachassignmenl; hastheform x; = x;j. By rule ASS
weobtain(M;, 1, 1. 1) =¢ (Miz1, 1, liz1. .. 1) for eachi, dueto
Mixij 4 Aivz, & Mi(xg) = (If,b) = (Ii,&) with I} 3 1 and Aipq = Mifxj — (I &
1,b)] =Nixj— (iela)]
Ait1 | x: Equation(7.5) implies Aiy1 = Zipa[x1 — (I1,a1)] ... Xi—1 — (li—1,&-1)],
andDefinition 27 impliesx; # x for | < i, hencefor x; € domA;; we obtain
Air1(%) = Zipa[xe— (Ig,a1)] ... [Xi—1 = (licg, @i-1) [ (%) = Ziga(Xi)-
Ontheotherhand thedefinitionof the X statesyields

sousingthepropertyx; ; # X; for all | > i from Definition 31 we obtain
Zir1(%) = ... = T (%)
andthus
Air1(%) = Zk1(Xi)-
Consequentlyyi 1 | X holdssinceXy, 1 | X holdsin rule PHI.
M1 =Air1[% — (a(li,x),a]: bydefinition,Mj;11 = Aj41[% — (Ij,b;)] holdsandwe
shaved by = g;. As the dataflav solutionsfor P andP’ agree,l; = a(@,x) =
a(li,x;) holdsandthe claim follows.
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Consequently(My,1,11... 1) =% (M, 1,1,T) holds,andtheclaim follows from My =
51=3K=lj...Ikand

Myt = D= (I, a)]
= Zgalxa— (Inan)] . M1 (e z,ae 1)) X (ko a)]
= 3.

O

Fromnow onwe assumehatall ®-blocksof a programhave beeneliminatedandthat
P isaregularprogram.

7.3 Translation

Thetranslation|[_|] of aregularIL programp into ALEF is definedby inductiononthe
structureof P. For eachinstructionform, acorrespondind\LEF instructionis defined,
andthetranslationof P = (N, A, succ, entry) resultsfrom translatingeachbasicblock
N(m). Thetranslationis parametridn the allocationof operandqueuesandregisters
to variables,which is representedby an allocationfunction p : Varp — OP. Type-
correctnes®f thetranslationis independenof the exactallocationchosermaslong as
thefollowing propertyis satisfied.

Definition 43. An allocation functionp : Varp — OP is called compatiblewith the
dataflav solutionin/Outif for all operandqueues,

p(x) = qimpliesx forwardableto y(q).

Thetranslation[[_] , is definedby Table 7.1 wherean extendedALEF instructionset
is usedwhich includesinstructionswith immediateoperands.The choiceto mapan
instruction[n]x = y with p(y) = r to id*¥ insteadof ary otherid™ is arbitrary and
one could in fact choosedifferent functional units eachtime suchan instructionis
translated.

Thetyping informationfor the new ALEF instructionss givenin Table7.2.



7.3. Translation

Table 7.1: Translation [[P]|, for IL program P = (N, A, succ,entry)

Nx=a
[Nx=y
[Nx=y-a
nNx=y+a
[Nx=yxa
Nx=y-z
Nx=y+z
Nx=yx*z
[njif xml
(] jmp m

B

P

[

=]

|]1dc ap(x)
[n]1d" g p(x
[N]id® r p(x

[a]o--[Irlp if B=11...Im
(Am.[N(m)]lp,A)

code FU(code Acode | Bcode
addi aop; op, ALU op; op,
sub op; Op, 0P ALU op, ®0op, | Ops
subi aop; op, ALU op; op,
muli aop; op, MUL op; op,

Table 7.2: Type system for extended instruction set

239
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Example. We continuethe example(7.3) from the previous section(programpg and
equationg7.4)). Take y(q1) = Y(q3) = ALU, y(q2) = MEM andy(q4) = BU, anddefinep
by

pP(v) = aa p(zl) = ai
P(y1) q1 p(z2) Q2
P(y2) 2 p(z) 93
P(y) = a pw) = 11

Thenp is compatiblewith theforwardabilityinformationresultingfrom theleastsolu-
tion to thedataflav equationsFor example,p(y) = q; holds,andy is indeedforward-
ableto y(q;) = ALU. Ontheotherhand,w is not forwardableto ary fu andis mapped
to aregister

TheresultingALEF program[[Pig|[lp = (N, A) is

N(L) = V(Do = (1140 7qs N(6) = [N(®)p = [6]1dc 7

[2]if q4 36 [7]muli 212 qo
NB3)=[N(E)Jp= [3]1dc3qs [103]1d"" r2 g1

[4]1dc 2 q1 [104]1d™ g5 g3
[101]1d*" g5 qs 8] jmp 10
102]id" g1 g3 N(10) = [N(10)Jp= [10]add g5 g1 T1
[5]jmp 10

andA = {(1,3),(1,6),(3,10),(6,10)}. &

NoticethatDefinition 43 doesnotforcethecompilerto actuallymapforwardablevari-
ablesto operandqueues.The compilermay thusoptimisethe schedulingof operand
communicatiorby exploring differentallocations.

Thefollowing two propertieswill beusedin thefollowing section.

Lemma 14. If p is an allocationfunctionfor P, | € Instrsp andx € defgl) thenp(x)
is a factor of BeggeWhee [[1]), = [njcodefor somen.

Proof. Inspectionof Tables7.1,3.1and7.2. O
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Lemma 15. Let p be an allocation functionfor regular P which is compatiblewith
a solutionIn/Out of the dataflowequationsfor P andlet p(x) = g. For | € Instrsp,
Out(l)(x) = 1 holdswheneerx € defg1) or Out(l)(x) I 1.

Proof. For p(x) = q, the definition of compatibility implies that x is forwardableto
y(q), so by Definition 42 Out(l)(x) # T holdsfor all | € Instrsp, and Out(l )(x) =
1 holdsfor all | with x € defgl). Thus, both x € defgl) and Out(l)(x) 2 1 imply
Out(l)(x) = 1. O

7.4 Type-correctness

In orderto shaw that the translationpreseres the forwarding structure,we relate
dataflav solutionsfor IL to ®-typesin ALEF. In the following discussion/et P =

(N, A, succ,entry) beafixedregularIlL programandin/Outbeafixed(notnecessar
ily least)solutionto its dataflav equations.

Any allocationfunction p whichis compatiblewith a dataflav solutionfor P leadsto

[P]lp beingwell-typedin the typing calculusfor sequentiakxecutionof ALEF pro-

gramsin Section5.1, wheretypesarisefrom In/Out asfollows.

Definition 44. For allocationfunctionp andl € Instrsp, let

p(x) if usesl)(x) 21
1 otherwise

use8(1)(x) = {

ouP(l)(x) = {1 if x ¢ defg1),Out(l)(x) COandp(x) = q

p(x) otherwise

InP(1)(x) = {use§(|)(x) if x € defgl)

use8(1)(x) @ Ouf’(1)(x) otherwise
Thenthetypesuse$(1), InP(1) andOut’(1) are givenby
use8(I) = ®xevar,used(l)(x)

Inp(l) = ®erarp|np(|)(X)
Ouf(l) = ®xevar,OUP(l)(x)



242 Chapter 7. Translating intermediate programs into ALEF

Example. ThelL program
[Jv=2[2w=v+5[3lifwil (7.6)
hasa solutionfulfilling
Out([1])(v) = Out([2])(w) = LandIn([2])(v) = In([3])(w) = 1.

This solutionis compatiblewith anallocationp(v) = q1, p(w) = g2 wherey(q; ) = ALU
andy(q2) = BU, andleadsto

[[1][2)[3]llp = [1]1dc 2q1 [2]addi 5q1 g2 [3]if g2 11:1—1

and
()W) =1 InP([])(w) =1
Ouf([t])(v)=q:  Ouf([t])(w)=1
InP([2))(v) =q1  In?([2])(w) =1
Ouf([2)(v)=1  Ouf([2])(w)=q2
PR =1 InP(3)(w) =g
Ouf([3))(v)=1  Ouf([3])(w)=1
In particular [[[1][2][3]]p : In°([1]) — Out([3]) holds. &

The translationof a single instructionmay be typed accordingto its componentin
In/Out

Proposition 38. Letp becompatiblewith In/Outand| € Instrsp. Then
1. [1]p:InP(l) — Out(l) and
2. for J € succ(l) theris afactorrg(Y) of rg(Out’(J)) with

Ouf(1) = InP(J) @rg(Y).

Proof. 1. Casedistinctionontheform of I.



7.4. Type-correctness 243

Case’[n]x =4a'. Thedefinitionof [_]], implies[l], = [n]1dc ap(x), hence
INP(1) = @yevar,INP(1)(Y) = 1® Ry (1@ Oul(l)(y))
Ouf(l) = ®yevar, OUP(I)(y) = p(X) @ @y.xOUP(1)(y)
andthetypingrule for 1dc succeed$or X = ®y..Out(I)(y).
Case’[n]x = Z where x# zand p(z) = . Thedefinitionof [[_], implies
(1o = n}16"¥ qp(x),
andequation(6.12)implies
1 ify=z
usesl =
") { 0 otherwise.
Hence,
INP(1) = 12p(2) @O0uf(1)(2) ® Bygixz (120U (1)(y))
= q® ®y7éxOUtp(| )(Y)
Ouf(l) = p(X) @ QysOuf(l)(y)
andthetypingrule for id succeedsvith X = ®y..,Out’(I)(y), becausehe
sideconditionSCreadsy(q) = y(q) andis trivially fulfilled.

Case’[n]x = Z where x# zand p(z) = r. Thedefinitionof [_], yields

o= 30 p(0),
and _
uses!) ) ={ o

holdsby equation(6.12).Hence,

0 otherwise

In(1) = 12p(2) @0uf(1)(2) ® Byg(xz (1@ OUuf(1)(y))
= 1 ® @y 0uf(l)(y)

Ouf(l) = p(X)®r® yg(xzOuf(l)(y)
= P(X) @@ @y 0uf(l)(y)

dueto Out(1)(z) =r andr ® r = r. Again, thetyping judgementor [[I],
follows for X = ®y..xOut(1)(y) becausehe sideconditionSCis void.
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Case’[n)x = x where p(x) = g. From the definition of [[_], we obtain[[I], =
[nid¥@ q g, hence

INP(1) = q® Ry (1@ O0uf(l)(y))
Ouf(l) = q®@yOuf(1)(y)

The claim follows for X = ®y..,Out’(1)(y) andthe side conditionis ful-
filled.

Case’[n)x = X where p(x) =r. Thedefinitionof [ ] yields[[I], = [n]id*Yrr,
hence

IP(1) = 1@ Ryu(10uf(l)(y))
Ouf(l) = r®@y.0uf(l)(y)

The claim follows for X = ®@y..,Out’(l)(y) andthe side conditionis ful-
filled.
Cases[n|x = zbopa and’[n)x = xbopa’. Similar to the cases[n]x = Z and
'In]x = X/, with fu = MUL for bope {*} andfu = ALU for bope {—,+}.
Case’[n]x = zbopV wherez# x # v. We treatthe casebope {x} andp(z) =
g1 # g2 = p(v) explicitly, all othercasedeingsimilar.

Thedefinitionof [[_]|, yields [I]|, = [njmul g1 g2 p(X), andequation(6.12)
implies

In?(1) = InP(H(x) @ I°(1)(2) @ INP(1) (V) ® Gyg(x23 INP(1)(Y)
= 1@ ®0uf(1)(2) @ g2 Ouf(l)(v)®
Rygxzv (1@ Ouf(1)(y))
= Q1 Q0® QyOuf(l)(y)
OUP(1) = OUP(1)(X) & @y 0UP(1)(y) = P(X) @ @y, 0UP(1)(y).

With X = ®y..,0ut(1)(y) thetyping judgemen{l o : X @ 1 @ o — X ®
p(x) is derivable. The side conditionreadsy(q;) = y(gz) = MUL andis
fulfilled becausehe compatibility of p with In/Out implies thatz andv



7.4. Type-correctness 245

areforwardableto y(q;) andy(qy), respectiely. By the syntacticform of
I, thesevariablesare only forwardableto fu = MUL by Definition 42, so

y(91) = y(g2) = MUL holds.

Other cases|[n)x=zbopV'. Similar.

Case’[n]if xml’. Thedefinitionof [_]|, yields [I], = [n]if p(x) ml, andthe
earlierdefinitionyield defg1) = {x}, usesl ) (x) = 1 anduses$l )(y) = 0 for
ally # x, hence

INP(1) = p(X)® Ryevar, (120U (1)(y))
Ouf(l) = ®yevar, OUP(1)(y)

The claim follows with X = ®ycvar, Out’(1)(y). The sideconditionreads
y(p(x)) = BU andis trivially fulfilled if p(x) = r, andis fulfilled by the
definitionof compatibilityandforwardabilityif p(x) = .

Case’[n]jmp m. Thedefinitionof [[_], yields 1], = [n] jmp m, andwe obtain
INP(1) = @yevar,use$ (1) (y) ® Out (1)(y) = @yevar, OUt (1) (y) = Out’(l)
sowith X = InP(l) thetyping rulefor jmp succeeds.

2. We shaw thatfor eachx € Varp thereis afactorrg(Yy) of rg(Out’(J)) suchthat
Ouf(1)(x) = InP(J)(x) @ rg(Yx) holds. Thenrg(Y) = ®xevar,rgd(Yx) is afactor
of rg(Out(J)) andtheclaim follows dueto

OUu(l) = @xevar, OUP(1)(X) = @xevar, (IN°(J)(x) @ 1g(Y)) = In°(J) @rg(Y).
We argueby casedistinctionon the valueof Out’(1)(x).

CaseOut(l)(x) = 1. Thedefinitionof Out’(1)(x) impliesx ¢ defgl), p(x) = q
andOut(1)(x) C 0. FromPropositior33we obtainin(J)(x) C Out(l )(x) C
0, henceuse$J)(x) C 0 and

use$§(J)(x) = 1.

Therearenow two casesdependingn whetherx € defgJ) holdsor not.
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If x € defgJ) thenInP(J)(x) = use8(J)(x) = 1 follows, sotheclaim holds
with Yy = 1.

If x ¢ defgJ) then0 I In(J)(x) = use$J)(X) & Out(J)(x) holds,henced I
Out(J)(x) andOut’(J)(x) = 1. Therefore,

INP(J)(x) = use$8(J)(x) @ Ouf(J)(x) =1

andtheclaim holdsfor Yy = 1.

In bothcasesrg(Yx) = lis trivially afactorof rg(Out’(J)).

CaseOut’(1)(x) = g. The definition of Out’(I)(x) forcesp(x) = g, andx €

defgl) or Out(l)(x) 2 1 hold. By Lemmal15, Out(l)(x) = 1 follows in
eithercase,andfrom Proposition33 we obtainIn(J)(x) C Out(l)(x) = 1,
henceln(J)(x) € {L,1}. Againtherearetwo cases.

If x € defgJd) then{_L,1} 5 In(J)(x) = uses$J)(x) € {0,1, T} holds,hence
1=1In(J)(x) = usesJ)(x) andIn®(J)(x) = use8(J)(x) = q. Take Yy = 1.

If x ¢ defgJ), then{L,1} > In(J)(x) = usesJ)(x) ® Out(J)(x) holds. In
the caseof use$J)(x) = 1, Out(J)(x) C 0 follows,soOut’(J)(x) = 1 and

IN°(3)(x) = use€(J)(x) ® OuP(J)(x) = p(x) ® 1 =g,
In the caseof usesJ)(x) = 0 andOut(J)(x) = 1,
use8(J)(x) = 1 andOuf(J)(x) = p(x) = q
follow, hence
In°(3)(x) = use8(J)(x) ® Ouf(J)(x) = q.

In both casestake Y4 = 1 which is a factorof rg(Out’(J)). The caseof
uses$J)(x) = 0 andOut(J)(x) = L cannotoccur: from p(x) = q andthe
definition of compatibility we know thatx is forwardableto y(q), i.e. that
Out(J)(x) € {L, T} holds.

CaseOut’(1)(x) =r. Thenp(x) = r follows, andtherearethreecases.
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CaseusesJ)(x) = 0and x € defgJ). Then
InP(J)(x) = use8(J)(x) =1

holds,andwe take Yy = r. By Lemmal4, p(x) =r = Y is a factor
of B3], henceYy® Z = Blap, holdsfor someZ. Thefirst partof this
propositionimplies Out’(J) = By, @ W for someW, soOut’(J) =
Yy ®Z W andrg(Yy) = r is afactorof rg(Out’(J)).

Caseuses$J)(x) 2 1and x € defgJ). ThenOut(J)(x) = r holds dueto
p(x) =r, andInP(J)(x) = use8(J)(x) =r. Wetake Yy = 1.

Casex ¢ defgJ). Again, Out’(J)(x) = r holdsdueto p(x) = r, andwe
haveuse8(J)(x) € {1,r}, soInP(J)(x) =r followsandwetake Yy = 1.

O

Thesituationin thecase’Out’(1)(x) = q" in the proof of part(2) motivatesthe condi-
tion Out(J)(x) # T for all | in thedefinitionof forwardability(Definition42). Consider
theprogramp,

N1 = [tjv=... NB) = [38x=2 N(5) = [5]ifv35
[2]if v35 [Aly=x+1

andits dataflav equationdor x

fwdin([1])(x) = 0 fwdOu([1])(x) = fwdIn([2])(x)
fwdin([2])(x) = 0@ fwdOul([2])(x) = fwdin([3])(x) L fwdIn([5])(x)
fwdin([3])(x) = O

fwdou([3))(x) = fwdin([4])(x) = 1@ fwdOut[4])(x)
fwdou([4])(x) = O

fwdin([s])(x) = 0 fwdOu([5])(x) = fwdin([3])(x) L fwdIn([5])(x)

In particular thelastequationsimplifiesto

fwdin([s])(x) = OLfwdIn([5])(x) (7.7)
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for which a (non-minimal)fixed pointis
fwdln([5])(x) = T.
A solutionin/Out basecbn this fixed pointfulfils
In([1]) (x) = Out([1]) (x) = In([2]) (x) = Out([2])(x) = T.

TheconditionOut(l)(x) # T in Definition 42 ensureghatfor this solutionvariablex
is not forwardable despitebeingusediinearly.

Supposehe conditionwasdropped.Then,anallocationp(x) = q would be possible
dueto fwdOu([3])(x) = 1, leadingto

(1) (x) = 1©0uf((1])(x)
In°([2)(x) = 100uf([2])(x) =
In°(8)(x) = 1

q
q

and Lemma15 and Proposition38 (part (2)) would be violated as [3] € succ([2])
holds. FurthermoreJn®([1])(x) = g meanghataninitial ALEF configurationwould
haveto provide avaluein g which resultsin functionallyincorrectbehaiour for v =0
asinstruction[[[4]]|, incrementshe headvalueof g.

On the other hand, Definition 42 doesallow x to be forwardedto ALU. For this,
however, a differentfixed point mustbe chosen. In particular the leastfixed point
fwdIn([5])(x) = O to equation(7.7)leadsto

In([1])(x) = Out([1])(x) = In([2]) (x) = Out([2])(x) = O.

Thissolutionfulfils theconditionin Definition42andalsoLemmal5,andfor p(x) =q
it yields

NP([1))(x) = ...=O0uf([2])(x)=1
InP([3)(x) = 1
In°([s])(x) = Ouf([s])(x) =L

Hence,Proposition38 (part(2)) is satisfiedandfunctionally correctbehaiour is ob-
sernedasaninitial configurationdoesnot needto provide avaluein q.
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For registers,a similar mismatchbetweenOut’(I) andInP(J) motivatesthe factorY
in Proposition38, andindeedrequiresmostregistersto be initialised at the startof an
ALEF execution.

Example. ConsiderthelL program
[llv=2[2lw=5[3]z=6 (7.8)

andtheallocationp with p(x) = ry for x € {v,w,z} andry # ry for x # y. We obtain

InP([1]) = re®rs [[lp = ldc2ry
InP([2]) = ry®r, and [[2]]p = 1ldc5ry
InP(3]) = rv@r, [[38llp = 1dcér,

andfor | € {[1],[2],[3]}, Ouf(l) =r, @ry @r, and[[l] : InP(I) — Out(l) follow,
hence

Ouf([1]) = InP([2)) @1y
Ouf([2]) = InP([3])@r,

and[[1] [2] [3]]p : InP([1]) — Out’([3]). %
Thedefinitionof InP andOut® yieldsthefollowing result.

Corollary 3. Letp becompatiblewith In/OutandB =1;...1, with [B| > 0. If rg(Y)
is a factor of rg(Out’(11)) then

[B]lp : InP(11) @rg(Y) — Out(In)
andOut’ (1) = rg(Out’(11)) ® X for someX.
Proof. Inductiononn.

Casen= 1. Applying Proposition38 (part(1)) yields [[I1], : InP(I1) — Out’(l1), so
by the resultsof Chapter5, [I1]lp : InP(I1) ® rg(Y) — Out(l1) holdsfor ary
factorrg(Y) of Out’(l;). Take X = Out’(1y).
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Casen > 1. ForB=Iil»...l, thebasecaseyields
[1a]lp : In®(11) @ rg(Y) — Ou(l1)
andProposition38 (part(2)) yields
Out(l1) = InP(l2) @ rg(Yz)

for somefactorrg(Y>) of rg(Out(l»)), i.e.

rg(Y2) @ W = rg(Out’(I2)) for somew.
Consequentlytheinductionhypothesicanbeappliedto I,... . 1,, resultingin

[12...In]lp : INP(12) @ rg(Yz) — Out(ly)
andby applyingthe cut rule we obtain

[1...1n]lp 1 INP(11) @ rg(Y) — Ou(lp)

asclaimed.Theinductionhypothesislsoresultsn Out’(l,,) = rg(Out(I2)) @V
for someV. Theidentity Out’(I2) @ rg(Yz) = Out’(l2) yields

Malp : INP(I2) — Out’(l3)
(2]l : InP(12) @ rg(Y2) — Out(l7)

andby applyingLemmab (in Chapter5) we obtain

OuP(l) = rg(In(ly) @rg(¥a)) & OUP(l;)
= rg(Ouf(l1)) @ Out(ly).

Consequentlyrg(Out’(12)) = rg(Out’(11)) @ rg(Out’(l,)) holdsandthus
Out’(I) = rg(Ouf’(I2)) @V = rg(Out(l1)) @ rg(Out(l2)) @V,

henceOut’ (1) = rg(Out(l1)) ® X for X = rg(Out(l2)) @ V.

We arethusableto showv well-typednes®f theresultof thetranslation.
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Theorem 8. If p is an allocationcompatiblewith a solutionin/Out of a regular pro-
gramP thenX I [[P]|, : o for somez.

Proof. For P = (N, A, succ,entry) andary m & domN, Corollary 3 with rg(Y) =1
yields
[N(mM)]lp : INP (fst(i(m))) — Out (Ist(N(m)))

and
Out (Ist(N(m))) = rg(Ouf (fst(i(m)))) @ Xm

for someXy,. For theabbraviations
Am=InP (fst(N(m))) and Bp= Out’ (Ist(N(m)))
therearethusALEF basicblocksN(m) = [N(m)]], suchthat
N(m) : A — Bm
andBm = rg(Out (fst(N(m)))) @ X Take
2 = UmedomyNm : Am — Bm.

Thegraphof basicblocksin ALEF containsexactlythesamearravsasthell program,
by Table7.1. Consequentlyfor (m, k) € AaLer We obtainfst(N(k)) € succ(Ist(N(m))),
andby Proposition38 (part (2)) thereis a factorrg(Ymk) of rg(Out(fst(N(k)))) such
that

Bm=Ac®r9(Ymk)
holds.Thus,

Bm = Ax @ rg(Ymi) andrg(Ymi) @rg(Z) = rg(Out(fst(N(k)))) = rg(By)

hold for someZ whenerer (m k) € AaLer, Sotheconditiononarronsin rule PROG-R
is fulfilled. 0

Theresultof Theorem8 may be usedto justify the conditionOut(J)(x) # L for all |
in the definition of forwardability (Definition 42).
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Example. Thedataflav equationdor variablew in program(7.9)

N(1) = [iv=17 NE) = [3w=2
[2]ifv36 [4]if vE6 (7.9)
N55) = [Blx=w N(6) = [6]jmp6
are
| In(1)(w) out(l)(w)
[1] | In([3])(w) L In([6]) (w) | In([3])(w) L In([6])(w)
[2] | In([3])(w) L In([6])(w) | In([3])(w) UIn([6])(w)
3] 0 In([5]) (w) L In([6]) (w)
[4] | In([8])(w) L In([6])(w) | In([5])(w) UIn([6])(w)
5] 1 0
[6] In([6]) (w) In([6]) (w)

Out([3])(w) = In([4]) (w) = Out([4])(w) = 1
)W) = L
In([1])(w) = Out([1])(w) = In([2])(w) = Out([2])(w) = O

If theconditionl.Out(J)(x) # L in Definition 42 wasdroppedw would beforward-
able,andwe could choosean allocationp which mapsw to operandqueueq, andv
andx to (say)r; andr,. However, this allocationfalsifiesProposition38(part(2)) as
it yields Out([4])(w) = q andInP([6])(w) = 1. More importantly Theorem8 is also
violatedasthetranslation[P 7.g)[|o is ill-typed. The principaltypings

Dl = 1—or 5] = a—rs
NB)p = r1—oq®r1 (N(B)]p = 1—1
of thetranslations

v(1)p = [1]1dc17ry @) = [3J1dc2q
[2]lif r1 36 [4]ifr1 56
MBI = [6lid"Y g [N(6)]p = [6]jmp6
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cannotbe unified. Indeed,all alternatve fixed pointsto In([6])(w) yield solutions
In/Outfor whichw is notforwardable. &

Similarto the situationfor the conditionOut(l ) (x) # T, therestrictionOut(l )(x) # L
may often be satisfiedwithout loosingforwardability, if a non-minimalfixed pointis
chosen.

Example. Thedataflav equationdor variablew for program

N(1) = [1]Jv=3 N(4) = [4]jmp4 N(B) = [Blx=w
[2lw=6 (7.10)
[38]if va5
are

I In(l)(w) Out(l)(w)

1] 0 0

2] 0 In([4]) (w) U In([5])(w)

[3] | In([4])(w) U In([8])(w) | In([4])(w) UIn([8])(w)

[4] In([4]) () In([4]) (w)

5] 1 0

TheleastsolutionIn/Out arisesfrom choosingin([4])(w) = L:

Out([2])(w) = In([3])(w) = Ou([3])(w) = 1

If the conditionV1.0Out(l)(x) # L wasdroppedw would be forwardablewith respect
to this solution. Again, choosingp(w) = q would violate Proposition38(part(2)) asit
wouldimply Out’([3])(w) = q andInP([4])(w) = 1. In contrasto thepreviousexample,
Theorem8 would still hold, but not for thetypesconstructedn its proof: theresulting
program[[P 7 1)[lp mayonly be unified afterwealeningthetyping of [N(4)]/, by g.
However, the solutionarisingfrom the alternatve fixed point In([4] ) (w) = 1 fulfils

Out([2]) (w) = In([3]) (w) = Out([3])(w) = In([4])(w) = Out([4])(w) = 1



254 Chapter 7. Translating intermediate programs into ALEF

andallows w to beforwarded.For the sameallocationasabore, we obtain

lnp(l)(w)z{ Liredihiy g Outp(l)(w):{ 1itt e[}

q otherwise q otherwise

Hence,Proposition38 is fulfilled, [P7.1q)]p is well-typedandits typing arisesfrom
In/Outasdescribedn the proof of Theorems.

For thesolutionsarisingfrom theremainingchoicedn([4])(w) = 0andIn([4])(w) =T,
variablew is notforwardable. <&

As the earlierexampleprogram(7.8) shaws, initial ALEF configurationshave to pro-
vide valuesin nearlyall registers,despitethe requirementhatary IL-variablebe as-
signedto prior to its first use. This propertyresultsfrom usingthe leastupperbound
operationin the definition of fwdOutin equationg6.13) andthe slack-lessequality
fwdIn(l)(x) = usesl ) (x) if x € defgl). While the conditionon variableassignments
ensureghatthis mismatchdoesnot leadto functionallyincorrectbehaiour, atighter
correspondencbetweenin and InP would be desirable. This may be possibleby a
seconddataflav analysisin forward-directionafter the decisionon forwardability has
beenmade. Sucha dual analysismight resemblethe effect of the operations (see
Section6.4), but a detailedstudyis left for future research An alternatve maybeto
employ translationg® whichrelated and® homomorphicallylike

() = pX %0 =
%1 = p(x) (L) =

with subsequendefinitions

) 1 ifxedefql)
dEfE{I)(X)_{ 0 otherwise
and
Tsefs(l) = ®xedefil)Tg(def§K|)(X)) Tf)n(l) = ®erarpT>e(|n(|)(X))

Tsedl) = @xeusesTh(Use$)(¥)  Tou(l) = @xevar, T (OUL(1)(X)).
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7.5 Allocating operand queues and register s

Operandqueuesand registersare assignedo variablesby defining the function p :
Varp — OP. For registerallocation,mary algorithmsexist in theliteraturewhich en-
surethatvariableswhich sharearegistercannotbein useat the sametime. Theseal-
gorithmsareoftenpresente@s(extensionf) graphcolouringproblemsw~yherenodes
representariablesand undirectedarcs(x,y) representonflicts. Conflictsarisebe-
tweenvariablesx andy if thereis aninstructionl atwhich bothx andy arelive. Any
nodecolouringof the conflict graphwhich mapsadjacentnodesto differentcolours
yieldsaregisterallocationin which conflictingvariablesareassignedo differentreg-
isters.Thetaskto colourthenodesof agraphwith aminimalnumberof colourscanbe
provento be NP-completeln practice algorithmsthereforecomputenon-optimalso-
lutionswhich use(in general)a highernumberof registersthannecessaryNumerous
varietiesof registerallocationalgorithmsexist, copingwith finite supplyof registers,
restrictionson the usability of registersfor valuesof a particulartype, or supporting
registerwindowing for procedurecalls.

For allocatingoperandqueuesandregistersto IL programswe assumeaninfinite sup-
ply of operandqueuesandregisters leaving the combinationwith registeror operand
queuespilling [App984 for future research.Restrictingourselhesto the mostbasic
casewe allocateregistersto non-forwardablevariablesusingthe above colouringap-
proachandassignoperandqueuedo forwardablevariablesby colouringa a family of
graphsponefor eachtype of functionalunit.

Due to the orderof valuesinside operandqueuesthe conflict conditionfor operand
gueuemappedvariablediffersfrom thatfor registermappedrariables.Insteadof em-
ploying joint livenessyariablesx andy which areforwardableto the samefunctional
unit conflictif thereis a pathof instructionsin P which assigndo x andy in the order
x beforey readsin the ordery before x.

Definition 45. For IL programP = (N, A, succ,entry) andx € Varp, a pathtin P is
calledan x-pathif x € defgm(1)) and

e if Ttis finite andn its length,thenx € use$m(n)) holdsandx ¢ defgi)) for all
l1<i<n
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e if Tis infinite thenx ¢ defgm(i)) holdsfor all 1 < i

Conflictsbetweervariableswhich areforwardableto the samefu maybeexpresseds
containmenbetweerpaths.

Definition 46. For X # y € Varp, a (finite or infinite) x-pathrt containsa finite y-path
Tif
e thereisak > 0 sud thatfor all i € domt, (i) = 1(i + k) holds,and

e if Ttis finiteandthelastinstructionsof mandt coincide thenthislastinstruction
is of theform z= y bopx for somez.

In particular nox-pathcontainsaninfinite y-path.In contrastafinite x-path(ly, ..., Iy)
containg(ly, ... ,Ih_1) always,andcontains(l, ... ,Iy) if I, is of theform z=y bopx,
but notif I, is of theform z= x bopy.

Definition 47. For regular P, solutionin/Out and functionalunit fu, the (undirected)
conflictgraph Gr = (T, ) consistof nodesx € Varp which are forwardableto fu

with respecto In/Out and edges (x,y) wheneer there is an x-pathmtand a y-patht

andTtcontainst.

Theregister conflictgraph Grey = (TRey, Erey) IS givenby the variablesx € Varp as
nodesandconflictedgesfor all pairs (x,y) sud thatthereis aninstructionl € Instrsp

with x,y € liveOut(l).

Example. Considerthethreeprograms

N(1)= [1]x=2

2y =5

[Blz=7

N(1)= [1]x=4 N(1)= [1]x=4 [4] jmp 5

[2ly=7 [2ly =7 N(5)= [5lx=x+z (7.11)

Blz=x—y Blz=y—x [6ly=y+1
[7]z=z—-1

[8]ifz95
N9)= [9z=x—y



7.5. Allocating operand queues and registers 257

In the programon the left, thereis one x-patht= ([1],[2],[3]) andoney-patht =
([2],[3]) andbothvariablesareforwardableto ALU. Althoughall instructionsof T occur
in 1T, T is not containedn Tt astheinstruction|[3] doesnot have the form z=y bopx.
Indeednoconflictexistsbetweerx andy andthey maysharethesameoperandjueue.
The secondprogramhasthe samex-pathsand y-paths,but this time instruction 3]
is of the form z= y bopx. Consequentlya conflict exists betweenx andy. The
conflictgraph Gy of variablesforwardableto ALU containsanedgebetweenx andy
anda colouringwill hencemapthemto differentoperandqueues.This is necessary
for functionally correctexecution: supposeanallocationp wasadmittedwith p(x) =
p(y) = 0. Thenthetranslategprogram|P] , would read

[1]1dc 4 q[2]1dc 7 g [3]subqqp(z)

andthelastinstructionwould assign—3 to p(z) instead of 3.
In thethird programx andy areforwardableto ALU, andz is not forwardable.There
arethreex-paths

mo = ([t],[2],[3],[4],[5])
o = ([5]7
m = ([5],[6],[7],[8],[5])

andthreey-paths

u = ([2],[3],[4];[5]
T2 = ([6
3 = ([6],[7],[8],[5],[6])
No 15 containsary Tj, andnoT; containsary 15, henceno conflictexistsbetweernx and
y. In particularr, doesnot containt, asinstruction[9] is not of theform z= y bopx.
For y(q) = ALU theallocationp(x) = p(y) = q1, p(z) = r1 yieldsthetranslation
1]ldc2q;  N(5)

] = [Bladdqiriqr N(9)= [9]subqiqiTy
]1dc 5 q4 [
] [

]
6]inc q1 q1
]

2
3|1dc 71, 7T|decrir]
[4] jmp 5 [8]ifr195

Ln fact,for commutatve bopthe secondconditionin Definition 46 maybedropped.
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with principal typingsN(1) : 1 —q; ® q1 ® 11, N(5) : q1 ®r1 — q1 ® r1 andN(9) :
q1 ® q1 — r1. Wealeningthe typing for N(5) by q; andthe typing for N(9) by r;
yields

N(1) : 1—-q1®q1®r1
N(5) @ q1®q1®r1—oq1®q1Or1
N(9) @ q1®q1®r1—oT11

andmakesthe programtype-correctlt is alsofunctionallycorrectdueto N(5)’sinvari-
ant:theheadvalueof q; is theupdatedvalueof x, thesecondelemenbf q; containsy
andrj containghevalueof z. Thus,instruction[9] correctlysubtracts fromx. <

Allocating queueandregisterscomprisesiode-colouringhe conflictgraphs.

Definition 48. For regular P andsolutionIin/Out, allocationfunctionp : Varp — OP
Is calledanallocationfor P if

e p(x) = qimpliesx € ¥
e p(x) =p(y) =r implies(x,y) ¢ Ere
e p(X) = p(y) = qimplies(x,y) & Ey(q)

Lemma 16. If p is an allocationfor P with respecto solutionIn/Out thenp is com-
patiblewith In/Out.

Proof. Let p(x) = g and supposex is not forwardableto y(q). Thenx ¢ ) SO
p(x) # g. Contradiction. O

By Theorem8, translatingP with respectto an allocationfor P consequentlyeads
to an ALEF programwhich is well-typed. Variableswhich are forwardableto sev-

eral functionalunits canbe insertedinto ary graph,eachchoiceyielding a different
instantiationof the polymorphicinstructionia™.
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7.6 Functional correctness

We finally prove functionalcorrectnessf thetranslation.Thisis achiezedby relating
the ALEF executionof [P], to the executionof P in the non-standardlynamicse-
mantics=-. We first definethe associatiorfunctiona, which arisesfrom allocation
p accordingto the read/writecapabilitiesmotivatedearlier: registermappedvariables
areassociatedo thelattice elementT andqueue-mappednesto 1. For anallocation
arisingfrom a dataflav solution,the resultinga, fulfils the conditionof Theorem6

which guaranteeshat the functional correctnesalso holdswith respecto the stan-
dardsemantics— of IL.

We thenestablisha satishctionrelationbetweerL statesS andALEF statesC which

expresseghe fact that valuesin IL-componento occur as entriesin Q or R in C,

dependingpn their entryin theassociatiorfunctiona.

Thesatisaictionrelationis shovn to be preseredby programexecution,includingthe
orderof valuesin operandqueueslin particular this resultimpliesthatloopsfulfil an
invariantsimilar to theoneobsenredin the rightmostprogramin (7.11).

Again, we considerP to be a fixed regular programandIn/Out a fixed solution for

P. Furthermorewe let p be anallocationfor P with respecto In/Out accordingto

Definition 48.

Definition 49. Theassociatiorfunctionay is givenby

q
r

ap(l,X) = 1 if xe defgl) andp(x)
PP T ifxe defgl) andp(x)

Thefollowing Lemmaensureghat =, is faithful to the standardexecution— of P,
basedn Theoremb.

Lemmal?. ap Jdoyt

Proof. Letx € defgl).

If p(x) = qthenx is forwardableto y(q) asp is compatiblewith In/Out, sox € defg1)
impliesOut(l)(x) = 1,so0ap(l,X) = 1= aout(l, X).

If p(x) =r thenay(l,x) =T, soop(l,x) J aout(l,x) is trivially fulfilled. O
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In particular Lemmal7 explainswhy Theorem6 was statedfor arbitrarya 3 aoyt,
althoughthe proof usedonly propertiesof apy. Consideran allocationwhich maps
somevariablego registersregardlesof their forwardability. Suchanallocationis ad-
mittedby all definitionswe gave sofar, andshouldcertainlybeadmittedfor translation
into ALEF, too. However, its associatiorfunction doesnot necessarilycorrespondo
ary solutionto thedataflav equations As anextremeexampleconsidetthetrivial allo-
cationp which mapsall variablesto registers.lts associatiorfunctionis ap(l,x) = T
wheneerx € defgl) holds,but Ax. T isin generahotafixedpointfor equation$6.13).
Thus,statingTheoremb only for associationarisingfrom solutionswould have ruled
outallocationp.

The statedversionof Theorem6 leavesthe decisionwhethera forwardablevariable
is indeedforwardedto the allocationphaseratherthanto the dataflav analysis. This
is theright choiceasmary compilersaim to performprogramanalysisindependently
from architecturalimitations suchasthe availability of a certainnumberof operand
queuer registers.

The satistctionrelation betweenlL-configurationsS and ALEF-configurationsC is
motivatedas follows. Firstly, S= (X,n,B) may containentries>(x) = (T,a;) and
2(y) = (T,ap) for variablesx,y € Varp with p(x) =r = p(y). Ontheotherhand,the
registercomponen® of an ALEF configurationC = (Q,R,M,K) mapsr to a single
value. Our definition relating S to C thereforerequiresthat suchvariablesx andy
cannotbothbelive-inatfst(B), andstipulateghattheentryin X for thelive variableis
theonefoundin C.

Secondthe orderof valuesin operandqueuess not specifiedin Z. Our definition
requiresfor eachq € Q thateachentryain Q(q) correspondgreciselyto onevariable
x with Z(x) = (1,a) andp(x) = g. Furthermorethe orderof valuesa; ...a, in Q(q)
must correspondo the order of the last n instructionsly, ..., I, in the IL-execution
historyleadingto S, whereeachl; assigns/aluea; to a variablex with p(x) = q.

Definition 50. Letp beanallocationfor regularP, S = (Z,_,_) andC = (Q,R,M,K).
We write C ):ap Sif

1. thereareSy,..., Sy sudthatS, = S andSj =, Si+1 for 0 <i <n,wheeSg is
theinitial configuation.. We write S; = (Z;, m, B;).
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2. if xe domZ, ¥(x) = (T,a) andp(x) = r thenr € domR.

3. if r e domR and |B,| > 0 thenthere is at mostone x € liveln(fst(Bp)) with
p(x) = r, andanysud x fulfils Z(x) = (T,R(r)).

4. foreadqe€ Q, |Q(q)| = |[{x € domZ|p(x) = g,db. Z(x) = (1,b) }| holds.

5. foreadqc QandQ(q) = a;...amtherearexy, ... ,xm € Varp andly, ..., Im €
Instrsp sud thatforall 1 <i<m

o i ="fst(Bj) forsomed < j; <...< jm<n

e X € defdl;)
e p(xi)=q
e (%)= (L&)

e X ¢ defdJ)Uusesd) for J = fst(By) andall ji <k<n
andu® ;x = {xe domZ|p(x) = g,3b. X(x) = (1,b)}.

In particular the length of Q(q) equalsthe numberof variablesmappedto g which
have beenassignedo mostrecentlybut not yet beenread,with assigningnstructions
fst(Bj;).

Beforeproving thatthe satisfictionrelationis presered by execution,we collecttwo
facts.

Lemma18. If So =¢ S, S = (Z,-,B), |B| > 0andx € domz, then
e p(X) =r impliesZ(x) = (T,a) for somea.
e p(x) =qimpliesz(x) = (I,a) for somd < {0,1}.

Proof. SinceSy = (2o, -, Bop) isinitial, x ¢ domZy holds,sofor x € domZ andX(x) =
(I,a) we musthave | = apcl...61 for somen. By the definitionsof o, and &,

p(X) =r impliesap, =T, henceln: T.

For p(x) = g we obtaina, = 1, hencel € {_L,0,1}. On the otherhand,the defini-
tions of compatibility and forwardability imply Out(fst(B))(x) € {0,1}, hence L #
In(fst(B))(x). FromIn(fst(B)) C S we thusobtainl € {0,1}. O
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Lemma 19. If pisanallocationfor P, p(x) = qandrtis a pathin P withx € defg(1))
andx ¢ defgTi(i)) Uusesgr(i)) for all i > 1, thenTtis the prefixof an x-pathin P.

Proof. If ttis infinite, thenthe claim holdstrivially asttis anx-path.

For finite 11, andn its length, supposesucc(i(n)) = 0 holds. Thenequationg6.13)
imply Out(m(n))(x) = 0, andfor all 1 < i < n, use$(i))(x) = 0 holdsdueto x ¢
usesr(i)), hence

0 = Out(r(n))(x) = In(1(n))(x) C Out(tyn—1))(X) = In(Te(n—1))(x) C

whereOut(1(1) ) (x) = 1 follows from Lemmasl6 and15. This contradictghe struc-
tureof thelattice £, asO [Z 1 holds.Hencesucc(11(n)) # 0 follows.

Similarly, J € succ(m(n)) with x € defgJ) but x ¢ use$J) leadsto the samecontra-
diction0 = Out(1t(n))(x) C ... £ Out(1(1))(x) = 1 since0 = In(J)(x) C Out(1y(n))(X)

holds. Consequentlyx € defgJ) impliesx € use$J), andthe pathresultingfrom ap-
pendingary suchJ to 1tis anx-pathwhoseexistencewe hadto shaw.

If thereis no J € succ(m(n)) with x € defgJ), thenwe choosean arbitraryJ from

succ(m(n)) # 0 andextendtt by J. Theresultingpathis of the form requiredin the
claim,andis of lengthn+ 1.

By repeatinghis processwe eitherobtaina pathof which 1tis a prefix, or we extend
1tto aninfinite pathfor which the claim holdstrivially. 0J

The proof of functionalcorrectnesshaows thatinitial configurationsSo andCy areal-
waysrelated,andthat each=-q,-stepcorrespondso an ALEF step, preservingthe
satishction relationshipbetweenconfigurations. We first statethe resultfor assign-
ments.

Proposition39. Let Cy = ([],[],M,K), C = (Q,R,M,K), S = (£, m,B) and |B| > O.
Then

e Co =a, So

e If fst(B) is an assignmentss C |=q, S andS =q, T thenthere is a uniqueD

such thatC Tosde, D. Furthermoe, D |=q, T andD = (_,_,M,K) hold.
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Proof. For thefirst claim, obsere thatthe definition of S implies %o = [], hencefor
n = 0 all pointsin Definition 50 aretrivially fulfilled.

For thesecondtem, we first notethatfor C =¢, S andS =q, T with S = (=, m, asd),
the definition of =ap impliesT = (Z2,m, T) for theunique

2y = 21X+ (0p(assx),a)]

whereassis of theformx=eandZ,e | Z;,aandZ; | x hold. The proof proceeddy
casedistinctionon the structureof ass andwe treatonerepresentatie case.

Case'[_|x=X. Thedefinitionof Z,x |} Z1,aimpliesZ(x) = (I,a) for somel J 1 with
21 =2x— (I&1,a)], and%; | x implies| ©1 3 0. Therearetwo casesde-
pendingon the valueof p(X).

Casep(x) =r. Thedefinitionof [_], yields[asg|, = id*V r r, andtheassump-

tion C ):ap Simpliesthatthereis ann with

(1) So =4, S, andin particularass= fst(Bn) = fst(B).

(2) if yedomzZ, Z(y) = (T,b) andp(y) = r’ thenr’ € domR.

(3) for r’ € domR thereis atmostoney € liveln(ass with p(y) =r’, and
ary suchy fulfils Z(y) = (T,R(r")).

(4) for eachq € Q, |Q(q)| = |[{y € domZ|p(y) = q,3b. Z(y) = (1,b)}|
holds.

(5) for eachq € Q andQ(q) = a...am therearex, ... ,Xm € Varp and
l1,...,Im € Instrsp suchthatforall 1 <i <m

e |i=fst(Bj) forsome0 < j1 <...< jm<n

e X € defdl;)
° p(x)=q
e I(x)= (L&)

o X ¢ defgJ) UusegJ) for J = fst(By) andall jj <k <n
andUl;x = {y € domZ |p(y) = q,3b. Z(y) = (1,b)}.
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Step 1. Wefirst shawv thatthereis aD with C @ D.

FromS, :>Qp S (fact(1)) andS =-q, T we obtainSg :>Q$1 T.

We noticedZ(x) = (I,a) abore,soLemmal8implies| = T, hencex; = %

andfact (2) imply r € domR. Furthermorex € usegass holds, hence
x € liveln(ass, andfact (3) yields Z(x) = (T,R(r)). FromZ(x) = (l,a)

anduniquenessf themapR we thusobtainR(r) = a.

Consequentlythe definition of ALEF executionyields C @ D for the

uniqueD = C.
Step2. Secondwe shaw thatfor D = C, therelationD ):ap T holds.

1. So =¢t! T wasshavn abore
2. Fory e domZy, Z,(y) = (T,b) andp(y) = r’ therearetwo cases.
e If x=ythenr’=p(y) = p(x) =r, hencer’ € domR
e If x# ytheny € domZ; impliesy € dom; = domZ with X(y) =
22(y) = (T,b), sofact(2) impliesr’ € domR.
In bothcasesr’ € domR holds.

3. Forr’ € domR and|l| > 0, supposehat {y,z} C liveln(fst(I)) holds
for somey # z with p(y) = r’ = p(2). From succ(ass = {fst(I)}
and equations(6.9) we obtain {y,z} C liveOutasg. Consequently
y andz areadjacentn Greg SO P(Y) # p(2z) asp is anallocationfor
P. This contradictsp(y) = r’ = p(z), hencethereis at mostoney €
liveIn(fst(T)) with p(y) =r’.

It remaingo show thatary suchy fulfils Z»(y) = (T,R(r’)). Thereare
two cases.

e if y=x, thenr’ =r follows,andthedefinitionof o, yields
Z2(y) = Z2(X) = (ap(assx),a) = (T,R(r)).
e if y# xthenequationg6.9)imply
y € liveln(fst(T)) C liveOut(ass,

hencey < liveln(as9 holdsdueto y ¢ {x} = def§asg. By fact
(3), Z2(y) = 2a(y) = Z(y) = (T,R(r")) follows.
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4. Forg € Q, we haveto show

1Q(a)| = {y € domZz|p(y) = q,3b. Z2(y) = (1,b)}|.

Abbreviating {y € dom2>|p(y) = q,3b. Z>(y) = (1,b)} by Mg, ary
y € Mq fulfils y # x asp(y) = g # r = p(x) holds. Thedefinitionof >

thusimplies
Mg = {yedomZ;|p(y)=q,3b. Z5(y) = (1,b)}
= {yedomZz|y#x,p(y) =d,3b. Zo(y) = (1,b) }
= {yedomZ;|y+#x,p(y) =d,3b. Z1(y) = (1,b)}
= {yedomz|y#x,p(y) =q,3b. Z(y) = (1,b)}

(
= {yedomZ|p(y) =q,3b. Z(y) = (1,b)}

sofact(4) yields|Q(q)| = [Mgq/.

5. For eachq € Q andQ(q) = a;...an we have to shav thatthereare
Zi,...,Zm € Varp andJy, ... ,Jn € Instrsp suchthatforall 1 <i <m

Jy =1st(B;,) forsome0<l; <...<Ip<n+1

z € defdJ)

p(z)=a

2(z) = (L&)

z ¢ defgK) U usesK) for K =fst(By) andall i <h<n+1

andu ;z = Mq for the Mq asdefinedabove.
Definingz = x; andJ; = |; from fact(5) for 1 < i < myields

o J=1li=fst(By) for ji=li,hencel <ly <... <Im<n<n+1
e 7 =X € deffl;) = defgJ)
* p(z)=p(x)=q

eachz fulfils z # x dueto p(z) = q# r = p(X), henceX,(z) =
21(2) = 2(z2) = 2(x) = (L a).
forli < h< nweobtainz = x; € def§K)UusegK) for K =fst(By,)
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by fact(5), andfor n<h < n+1wehaeh=n, so

z =X ¢ {x} = defgasgUusesass
= defgfst(By)) Uusesfst(By))

andu ;z = U, x = Mq usingthe above equality

{y € domZ|p(y) = q,3b. 2(y) = (1,b)} = M.

Casep(x) = . Thedefinitionof [ ], yields[[asg), = id"9 qq. Lemmal6im-
pliesthatp is compatiblewith thesolutionin/Outof P, sox is forwardable
to y(q). TheassumptiorC =q, S impliesthatthereis ann with
(1) So :>3p S, andin particularass= fst(B,).

(2) if ye domZ, Z(y) = (T,b) andp(y) = r thenr € domR.

(3) for r € domR thereis atmostoney € liveln(ass with p(y) =r, and
ary suchy fulfils 2(y) = (T,R(r)).

(4) for eachd € Q, [Q(q')| = [{y € domX|p(y) = d,3b. Z(y) = (1,b)}|
holds.

(5) for eachq € Q andQ(d) = a; ...am therearexy, ... ,xm € Varp and

l1,...,Im € Instrsp suchthatforall 1 <i <m
o |j=fst(Bj) forsome0 < j1 <...<jm<n
e X € defdl;)
° p(x) =0
* 2(x)= (L&)

x; ¢ defgJ) Uusesd) for J = fst(By) andall j <k <n
andU % = {y € domZ|p(y) = ¢, 3b. Z(y) = (1,b)}.

Step 1. Wefirst shav thatthereis aD with C @ D.

From fact (1) and the assumptior =, T we obtain Sq :>3;F1 T. We

noticedx(x) = (I,a) for somel J 1 above,andLemmal8now implies| =

1 dueto p(X) = g, henceX(x) = (1,a) andX; = Z[x— (0,a)|. Therefore,
X € Mg where

Mg = {y € domZ|p(y) = q,3b.Z(y) = (1,b)}.
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By fact(4), Q(q) hasthusat leastoneelementj.e. thereis anm > 1 with
Q(g) = a1 ... am. By fact(b), therearexy,... ,xm andly,... Iy suchthat
Mq = U ;% and

li =fst(Bj;) forsome0 < j1 <...<jm<n

e X € defsl;)
° p(X)=q
e I(x)= (L&)

X ¢ defgJ) Uusegd) for J = fst(Bg) andall j; <k < n.
X € Mq implies thatx = x; holdsfor somel <i < m, andwe now shov
X=X, l.e.a=aj.

Suppose # x1. Thesequencef instructions
fst(Bj, ), fst(Bj,+1),...,fst(Bj,), ..., fSt(Bj,,), ... ,ass= fst(Bn)

isapathtp inP since0 < j; <... < jm < nandIL execution=-q, respects
therelationsucc of P by Proposition31 andLemma8. Furthermorefact
(5) yieldsx; € defgl;) = defgBj,) andx; ¢ def§K) UusegK) for all K #
1 onTp. By Lemmal9, 1y is hencethe prefix of anx;-pathTt

Sincex = x; holdsfor somel <i < m, x; € defgl;) andx € usegass,
T=l,...,Im,...,ass

is anx-path—fact(5) guaranteeghatassis thefirst useof x; following I;).
ThusTtcontainst. Contradiction:p(x) = = p(x1) holdsby definition of
X1, but the nodesx andx; areadjacentn G ast containst, sop(x) #
p(x1) asp is anallocationfor programp. Thereforex = x; holds.

For theuniqueD = (P,R,M,K) with P = Q[q— a2 ... ana] we thushave
[asdp

Cc ——=D.
Step2. Secondwe shaw thatD ):ap T holds.

1. Wehave Sy :>3§1 T asnoticedabove.

2. Fory € domZy, Z3(y) = (T,b) andp(y) =r, y # x follows dueto
p(x) = g. Hencey € domZ with (T,b) = Z,(y) = Z1(y) = Z(X), SO
fact(2) impliesr € domR.



268 Chapter 7. Translating intermediate programs into ALEF

3. Forr € domR, |I| > 0 andvariablesy # z with p(y) = r = p(z) and
{y,z} Cliveln(fst(T)), wehave {y, z} C liveOut{asg by equationg6.9)
andsucc(asg = {fst()}. Consequentlyy andz areadjacenin Gre

sop(y) # p(2).
Fory € liveIn(fst(T)) with p(y) =r, y # x holdsdueto p(x) = g, and

y € liveln(fst(I)) impliesy € liveOut(asg C liveln(ass by equations
(6.9)asy ¢ {x} = defgass. Hence2(y) = Z(y) = (T,R(r)) by fact
(3).

4. For d € Qtherearetwo cases.

e If g+ d thenary y € domZ with p(y) = d andZ(y) = (1,b) for
someb fulfils x # y dueto p(x) = g, hence

P()] = |Q(d)]
= |{yedomZ|p(y) =d,TFb.Z(y) = (1,b)}|
= [{yedomZ|y#xp(y) =q,3bZ(y) = (1,b)}|
= |{yedomZy|y#xp(y) =d,3b.Zi(y) = (1,b)}]
(
(

= |{yedomZ|y#x,p(y) =q,30.3x(y) = (1,b)}|
= |{yedom;|p(y) = q,3b.32(y) = (1,b)}|

holdsby fact(4) andthedefinitionsof P andX».
e If g=( thenfact(4), p(x) = gandZ(x) = (1,a) imply

IP(@)] = |Q(9)l

= |{yedomz|p(y) =0q,3b.Z(y) = (1,b)}|
= |[{xtu

{y € domZ[x#y,p(y) =q,3b.2(y) = (1,b)}|
= |[{xtu

{y € domZ [x#y,p(y) =q,3b.Z1(y) = (1,b) }|
= |[{xtu

{y € domZz[x#y,p(y) =, 3b.Z2(y) = (1,b) }|
= |{y€edomz;|p(y) = q,3b.2x(y) = (1,b)}|
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where the last step follows from Z>(x) = (0p(assx),a) where
ap(assx) = 1 holds by Definition 49 dueto x € def§asg and
P(X) =a.

5. ford € QandP(q') =by...by wehaveto shav thattherearezs, ... , 7,
andJy,...,J, suchthat Utz = {y € domZ|p(y) = ¢, 3Ib.Z2(y) =
(1,b)} andfor all 1 < i < pthefollowing propertieshold.

e J=fst(B) forsome0<I; <...<lp<n+1

o 7 € defg)

o p(z)=0d

e X(z)= (L)

e 7z ¢ defgK)UusesK) for K =fst(By) andall i <h<n+1
Again,therearetwo cases.

e If g+#  thenwe take (for all i) z = x; andJ; = |; from fact(5),
andobtain

- J =1 =fst(Bj) =fst(B,) for ji =1, henced < Iy <...l, <
n<n+1

— 7 =X € defgl;) = defdJ;)

- p(z)=p(x)=0

— eachg fulfils z # xduetop(z) = q # q= p(x), henceX,(z) =
21(z) = 2(z) = Z(%) = (1, b))

— z =X ¢ defgK)UusegK) for K =fst(By,) andall I < h < nby
fact(5),andz = x ¢ defgfst(By)) Uusesfst(By)) = defgasg U
usesgass = {x} holdsdueto z # x.

e If g=d thenu=mand

b — a1 fori<m
' a fori=m
follow, andwe define

(2.3) = (Xi41,lip1) fori<m
- (x,as9 fori=m
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am |&e~lml Xm= - a=a [~ [ass] x =X bm K~~Bmlzm= -
ay [~ Xm= - bn-1&—~Bm-11Zm-1= -

idaq ;

3 [ lab%= - :
8y [~ Dy xg= ay [~ [lp] %= . by &~ 7=

Q(W Q@ Q W

Figure 7.2: Change of Q(q) when executing [asgp = id qQ.

wherethex; andl; arethosefrom fact(5). Then(seeFigure7.2)

Utz = {z}uls'a
= {x} Uim:_llxiﬂ
= {x}Ul %
= U1
usingx = x1 from above, andwith the definition
|i:{ Jjiv1 fori<m
n fori=m
we obtain
—0<ji<jo=h<jz=b<...<jm=lmi1<n=Iln<n+1,
Ji = liy1 =fst(Bj,,,) = fst(By,) for 1 <i < mandJy = ass=
fst(Bn) = fst(By,,)
— 7 = Xi41 € defgli;1) = defdJ) for L<i<mandz,=x¢€
defgasg = defgJm)
- p(z) =p(xi+1) =q =qfor L<i <mandp(zm) = p(X) =
— for1<i#1i' < mwehavez +# z:, because
Uiz = UlyX
= {yedomz|p(y) =0,3b. Z(y) = (1,b)}
= {yedomz;|p(y) = q,3b. Z2(y) = (1,b)}
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wherethelastequalitywasshowvnin step(4). Fori # mwethus
obtainz # x and

22(z) = 21(z) = 2(z2) = Z(X%i+1) = (Laiy1) = (1,by),

while i = myields2,(zy) = 2Z2(X) = (1,a) = (1,a1) = (1, by).

—for1<i<m z=x41 ¢ defdK)UusegK) holdsby fact(5)
for K = fst(Bx) andall ji;11 <k <n,ie.lj <k<n, andfor
k=n, z ¢ {x} = defgfst(By)) Uusesfst(By)) holdsdueto z #
x shavn above. For i = m, the requirementreadsz, = X ¢
defgfst(By)) Uusesfst(By)) foralln=In=1i <k <n+21and
is thustrivially fulfilled asno suchk exists.

A similarresultrelatedL statesandALEF configurationdor jump instructions.

Proposition40. LetC, S andB asbefoe. If fst(B) is a jumpinstructionjump, K = nil,

C Ea, S andS =q, T thentheris a uniqueD sud that C [[Ju—mﬂ]p) D. Furthermoe,

D |=q, T andD = (_,_,M,1) holdwhele T = (_,_,N(1)).

Proof. Therearetwo casesdependingon the form of jump. In both casesthe proof
follows the samestyle asthe proof of the previous proposition.

Casejump= [h]jmp my. Thedefinitionof [[_], yields

liump]p = [h]jmp my,

andfor S =, T, rule JIMPimplies T = (Z,h,N(my)).

TheassumptiorC =4, Simpliesthatthereis ann with

(1) So =g, S, andin particularfjump= fst(Bn) = fst(B).
(2) if ye domZ, Z(y) = (T,b) andp(y) = r’ thenr’ € domR.

(3) forr’ € domR thereis atmostoney € liveln(jump) with p(y) =r’, andary
suchy fulfils Z(y) = (T,R(r")).
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(4) foreachq € Q, [Q(q)| = [{y € domZ |p(y) = g,3b. Z(y) = (1,b)}| holds.

(5) for eachq € Q andQ(q) = a; ...an therearevariablesxy . .. ,xm € Varp
andly,...,Im € Instrsp suchthatforall 1 <i <m

e |j=fst(Bj) forsome0< j1 <...<jm<n

o X € defgl;)
° p(x)=q
e (%)= (L&)

e X ¢ defgJ)Uusesd) for J = fst(By) andall j; <k <n
andU,x = {y € domZ|p(y) = q,3b. Z(y) = (1,b)}.

For theuniqueD = (Q,R,M,my), C % D holds,andthe claim regardingi

is fulfilled. For shaving D |=q, T, we obsere thatthe first two componentQ
andR of D agreewith thoseof C, andthatthefirst componenk of T agreeswith
thefirst componenof S, soall five claimsfollow from facts(1) to (5).

Casejump= [h]if xm mp. Thedefinitionof [[_]|, yields

liumplp = [h]if p(x) My Mg,

andfor S =q, T, rulesIF-T andIF-F imply thatZ,x |} Z;,a holdsfor somea
with T = (21,h,N(my)) if a=0andT = (Z1,h,N(mp)) if a# 0. Thedefinition
of |} implies (x) = (l,a) for somel J 1 and%; = Z[x — (I ©1,a)], andthe
assumptiorC |=q, Simpliesthatthereis ann with

(1) So =g, S, andin particularjump= fst(Bn) = fst(B).

(2) if ye domzZ, Z(y) = (T,b) andp(y) = r’ thenr’ € domR.

(3) for r’ € domR thereis atmostoney € liveln(jump) with p(y) =rt’, andary

suchy fulfils Z(y) = (T,R(r")).
(4) foreachq € Q, [Q(q)| = [{y € domZ |p(y) = g,3b. Z(y) = (1,b)}| holds.

(5) for eachg € Q andQ(q) = a3 ...am therearevariablesx, ... ,xm € Varp
andly,...,Im € Instrsp suchthatforall 1 <i<m

e |j=fst(Bj) forsome0< j1 <...<jm<n
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e X € defgl;)
* p(x)=q
e I(x)= (L&)

i ¢ defgJ) UusegJ) for J = fst(By) andall ji <k <n
andU % = {y € domZ|p(y) = q,3b. Z(y) = (1,b)}.

Again, therearetwo casesdependingn the valueof p(x).

Casep(x) =r. Theproofproceedsn two steps.
Step1. Wefirst show thatthereis a D with C M D.
FromS, :>Qp S (fact(1)) andS =q, T we obtainSg :>3;f1 T.
We noticedX(x) = (I,a) above, soLemmal8implies| = T, henceX; =
>, andfact (2) impliesr € domR. Consequentlyfact (3) yields ¥(x) =
(T,R(r)) asx € usegjump) C liveln(jump) holds. Uniquenes®f the map
R andZ(x) = (I,a) thusresultin R(r) = a.
Consequentlyfor D = (Q,R, M,1) where

L m ifa=0
| my ifa#0
we obtain C M D, andthe valuein the last positionagreeswith the

basicblockN(1) in T.
Step2. We now shawv D ):ap T.

1. So =Gt T wasshavn abore
2. Fory e domZy, Z1(y) = (T,b) andp(y) = r’ therearetwo cases.
e If x=ythenr’=p(y) = p(x) =r, hencer’ € domR
e If X# ytheny € domZ; impliesy € domZ with Z(y) = Z;1(y) =
(T,b), sofact(2) impliesr’ € domR.
In bothcasesr’ € domR holds.

3. For r’ € domR supposehereare variablesy = z € liveln(fst(N(1)))
with p(y) =1’ = p(2). Thenequationg6.9)andfst(N(1)) € succ(jump)
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yield {y,z} C liveOutjump). Consequentlyy andz are adjacentin
Gray SO P(Y) # p(z) asp is an allocationfor P. This contradicts
p(y) =r’ =p(z), henceatmostoney € liveln(fst(N(1))) with p(y) =r’
exists.
For shawing thatary suchy fulfils Z1(y) = (T,R(r’)), therearetwo
cases.

e if y=xthenr’' =r andZ;(y) = Z1(x) = (T,R(r)) follows

e if y# xthenequationg6.9)imply

y € liveln(fst(N(1))) < liveOutjump),

hencey € liveln(jump) holdsdueto y ¢ 0 = defgjump). By fact
(3),Z1(y) = Z(y) = (T,R(r")) follows.

. Forq € Q, we haveto shaw

|Q(a)| = {y € domZy | p(y) = q,3b. Z1(y) = (1,b)}|.

Abbreviating {y € domZ|p(y) = q,3b. Z1(y) = (1,b)} by Mq, ary
y € Mq fulfils y # x asp(y) = g # r = p(x) holds. Thedefinitionof >;
thusimplies

Mg = {yedomZi|p(y)=q,3b. Z1(y) = (1,b)}
= {yedomZ|y#x,p(y) =d,3b. Z1(y) = (L, b)}
= {yedomZ|y#Xx p(y) =0q,3b. Z(y) = (1,b)}
= {yedomZ|p(y) =q,3b. Z(y) = (Lb)}

sofact(4) yields|Q(q)| = |[Mq|.

. For eachq € Q andQ(q) = a3 ...am we have to show thatthereare

Z1,...,Zm € Varp andJdy, ..., Jn € Instrsp suchthatforall 1 <i<m
o J=fst(Bj;) forsome0<Il; <...<Ip<n+1
e 7 c defd)
e p(z)=1
* 2(z)= (L)
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e 7z ¢ defgK)UusesK) for K =fst(By) andall i <h<n+1
andu ;z = Mq for the Mq asdefinedabove.
Definingz = x; andJ; = |; from fact(5) for 1 < i < myields

o J =i =fst(By)for ji=1j,and1 < I; <...<Ii <n<n+1holds
o 7 =X € defgl;) = defgJ)
e p(z)=p(x)=q

eachz fulfils z # x dueto p(z) = q# r = p(X). Therefore,
22(z) = 21(z) = 2(z) = 2(x) = (L, &).

for I < h < nweobtainz = x; ¢ def§K)Uuseg¢K) for K =fst(By,)
by fact(5), andforn<h<n+1wehaveh=n, so

z=x¢{x} = defgjump Uusegump)
= defgfst(By)) Uusesfst(By))

andu! ;z = U ,x = Mq usingthe above equality

{y € domZ[p(y) = q,3b. Z(y) = (1,b)} = Mq.

Casep(x) = g. Again,theproofproceedsn two steps.
Step 1. Wefirst shav thatthereis a D with C M D.
FromSo =g S (fact(1)) andS =q, T we obtainSy :>3:§1 T.
We noticedX(x) = (l,a) above, soLemmal8implies| = 1, henceX; =

>[x+— (0,a)],and
X € Mg = {y € domz|p(y) = q,Fb.Z(y) = (1,b) }.

By fact(4), |Q(q)| > 1 follows, andfor Q(q) = a; . . . am thereare(by fact
(5)) X1...xm andlz...In suchthatl; = fst(Bj;) holdsfor some0 < j; <
... < jm < nandall propertiesin fact (5) arefulfilled. Thereforea= g
holdsfor somel <i <m.

Similarly to the proof of the case’x = X/, we shov x = x, i.e. a= aj.
Suppose # X1. Thenthesequence

fst(Bj,)...fst(Bj,)...fst(Bj,)...jump=fst(By)
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is a pathtp In P. Also, for 1 <k, fact (5) impliesx; € def§my(1)) and
x1 ¢ defgmp(k)) Uusegmp(k)). By Lemmal9, 1 is hencethe prefix of
an x;-path . Sincex = x; holds for somel <i < n, x € defgl;) and
X € usegjump), thepath

T=Ili,...,Im,...,jump

is anx-path— fact (5) guaranteeshat jumpis the first useof x; following
lj). ThusTtcontainst, in contradictionto p(x;) = g = p(x), sincep is an
allocationfor P. Thereforex = x; holds.

For D = (P,R,M,1) where

L m ifa=0
mp ifa#0
[iump]p

andP = Q[q— a&z...am| we obtainC —— D, andthevaluel in thelast
componenbf D coincideswith thecomponenti(1) in T.

Step2. We now shov D =q, T.

1. So =¢t! T wasshawn abore

2. Fory e domZy, Z1(y) = (T,b) andp(y) = r’, y # x follows dueto
p(X) = q, soy € domZ impliesy € domx with X(y) = 21(y) = (T, b),
andfact(2) impliesr’ € domR.

3. For r’ € domR supposethereare variablesy # z € liveln(fst(N(1)))
with p(y) =1’ =p(2). Thenequationg6.9)andfst(N(1)) € succ(jump)
yield {y,z} C liveOutjump). Consequentlyy andz are adjacentin
Grey SO P(Y) # p(2) asp is an allocationfor P. This contradicts
p(y) =’ = p(z), henceat mostoney € liveln(fst(N(1))) exists with
py)=r"

Again, ary suchy fulfils y # x dueto p(y) =’ # q = p(x) andequa-
tions(6.9) and0 = defgjump) imply

y € liveln(fst(N(1))) C liveOutjump) C liveln(jump)

By fact(3), Z1(y) = Z(y) = (T,R(r")) follows.
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4. Ford € Q, we shav

IP(d)| = [{y € domZ1|p(y) = ¢, 3b. Z1(y) = (1,b)}].

e If g+# d thenary y € domZ with p(y) = d andZ(y) = (1,b) for
someb fulfils x # y dueto p(x) = g, hence

P(d)| = |Q(d)]
= |{yedomZ|p(y) = d,TFb.Z(y) = (1,b)}|
= [{yedomZ|y#xp(y) =q,3bZ(y) = (1,b)}|
= |{yedomZy|y#xp(y) =d,3b.Zi(y) = (1,b)}]
= [{yedomZ;|p(y) =, Fb.Z1(y) = (1,b)}]

holdsby fact(4) andthedefinitionsof P andX».
e If g=( thenfact(4), p(x) = qandZ(x) = (1,a) imply

P(a)] = [Q(g)|-1
= |{yedomz|p(y) =q,3b.Z(y) = (1,b)}| -
= |[{x}u
{y e domZ[x#y,p(y) =q,30.2(y) = (Lb)}| -
= |{yedomzy|x#y,p(y) =0q,3b.Z1(y) = (1,b)}|
= |{yedomzy|p(y) =q,3b.Z1(y) = (1,b)}|

5. ford € QandP(q') =by...by, wehaveto shav thattherearezy, ... , z,
andJy,...,Jy suchthatUt ,z = {y € domZ; |p(y) = ¢, I.21(y) =
(1,b)} andfor all 1 <i < pthefollowing propertieshold.

J =1st(B;,) forsome0 <11 < ... <Ily<n+1

z € defdJ)

p(z) =0

21(z) = (1,by)

z ¢ defgK) UusegK) for K = fst(By) andall I <g<n+1

Again,therearetwo cases.
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e If q# d thenwe take (for all i) z = x; andJ; = I; from fact (5),

andobtain

— J =i =1st(Bj;) =fst(B;,) for ji =1, henceO <l < ...Iy <
n<n+1

— 7 =X € defgl;) = defgJ;)

- p(@)=pKx)=d

— eachg fulfils z # xduetop(z) = q # q= p(x), hencex;(z) =
2(z) =2(x) = (1,by)

— 7z =X ¢ defgK) UusegK) for K =fst(Bg) andall l; < g < nby
fact(5) andz = x; ¢ defgfst(B,,)) Uusesfst(B,)) = {x} holds
dueto z # x.

If g=d thenpu=m-—1,andb; = g;1 holdsfor 1 <i < m(where

mis thelengthof Q(q)), andwe define

(z,3) = (Xi+1,li+2)

(againfor 1 <i < m), wherethex andl; arethosefrom fact(5).
Then

UM,z = UM% = {y € domZ1 |p(y) = q,3b.2(y) = (1,b)},
andwith the definition
li = jiraforl<i<m

we obtain
—0<ji<jo=h<jz=b<...<jm=Ilp1<n<n+1J=
lir1="1st(Bj,,) =fst(B;) for L<i<m

— Z =Xjy1 € defgli;1) = defdJ) for L <i<m

- p(z)=p(+1) =g =qforl<i<m

— from

Uliz = Ul

= {yedomX|p(y) =q,3b. Z(y) = (L, b)} \ {x}
= {yedomzy|p(y) =g,3b. Zo(y) = (1,b)}
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we obtainfor z # z, for 1 <i i’ <m, hencegz # x followsfor
I # |, andwe obtain

21(z) = Z(%i+1) = (L, a41) = (1, by)

forl<i<p=m-1

—forl<i<p=m-1, 7z =x41 ¢ defgdK) UusesgK) holdsby
fact(5) for K = fst(By) andall ji11 <k<n,i.e.l; <k<n,and
for k=n, z ¢ {x} = defgfst(By)) Uusesfst(By)) follows from
Z # X

Consequentlythe executionof basicblocksin IL andALEF agree.

Proposition41. For B € Blocksp let S = (Z,n,B), C = (Q,R,M,nil) and C |=q, S.

If S :>LBP‘ T thenthere is a unique D sud that C % D. Furthermoe, for D =

(Q,R',M’ k) and T = (¥', ", B') thefollowing hold
e D¢, T
e |B'| = 0impliesk = nil
e |B'| > 0impliesk # nil andB’ = N(K).

Proof. Inductionon |B|. For |B| = 1, fst(B) is eithera jump instructionjump or an
assignmenass

In theformercasethereis auniqueD with C M D by Propositior40,andD =q,,

T holds.HenceC B, D, andby therulesJMP,IF-T andIF-F, B’ = N(I) follows for

somel. By Definition 24, |B/| > 1 holds,andnil # k = | indeedholdsby Proposition
40.

In the latter case,the secondpart of Proposition39 implies C w D for some
uniqueD, andD |=q, T holds. From |B| = 1, |B'| = 0 follows by rule ASS, andthe
secondpart of Proposition39 indeedguarantee& = nil asthelastcomponentof C
andD agree.



280 Chapter 7. Translating intermediate programs into ALEF

For |B| > 1, fst(B) = assholds by Definition 24, andfor S =, S1 :>L(Bp|*1 T and
S1 = (21,m,Bs), rule ASSimplies B = assB; with |B;| > 0. Applying the second
partof Proposition39 yieldsa (unique)E suchthatC M E, andE [=q, S1 holds,
andthelastcomponenbdf E equalsthatof C andis hencenil. Applying theinduction
hypothesisto S1 :>LBP‘_1 T andE =q, S1 yields a (unique) D with E % D, and

D =q, T andthe two claims regardingthe last componentof D hold. Composing

C M E andE % D thusyieldsC % D for aD of therequiredshape. [

Consequently=-q-executionis faithfully matchedoy ALEF execution:

Theorem9. LetP = (N, A, succ,entry) bearegular IL-programandp an allocation
for P. If So =q,-terminatesin a configuation T thenthere are uniqueD andw sudh
thatfor C = ([, [],M, entry), C D holdswith D j=q, T.

Proof. By thefirst partof Proposition39, Co = ([],[], M, nil) fulfils Co [=q, So, where
So = ([],entry,N(entry)) by Definition 32. As |N(entry)| > 0 holdsby Definition

24,thereis auniqueT; suchthatSg :Lﬁfemry)' T, andapplyingProposition41yields

auniqueD; with Cg M D1, henceC D by rule EXECUTE.Furthermore,
D1 f=a, T1 holds,for Ty = (£,m,B), [B| = 0 impliesD; = (_, _,,nil), while [B| = 1
impliesB = N(I) for somel, andD; = (_,, _,1). With aninductionon the numberof
basicblocksexecutedduringthereductionS =a, | theclaim follows. O

By combiningTheorems5 and9 we thusobtainfunctionalcorrectnessf thetransla-
tion basedon dataflav solutionsfor regularprograms.

Corollary 4. LetP = (N, A, succ,entry) bearegular IL-programandp anallocation
for P. If Sg —-terminatesn a configuation T thenthere is are uniqueD andw sud
thatfor C = ([, [],M, entry), C =D holds,andD |=q, T.

For SSAprogramsthe similar resultfollows by Theorem7 andProposition37.
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Regular program % SSA program % Standard edge-—split

SSA program

Dataflow analysis %

"based on" DF Solution In/Out

DF Solution In/Out
for regular program for SSA program

Forwardability

analysis for In/Out %

Elimination of Phi—blocks SSA program with

"compatible” Regular program with S .
forwardability information

forwardability information (preserves forwardability)

Decision about queue

or register usage %

"allocation
for P" Translation scheme / conflict graphs

Register &

queue allocation %

ALEF

Figure 7.3: Compilation from IL to ALEF

7.7 Discussion

7.7.1 Summary of the compilation

Chapters$ and7 outlinedtheback-enddf acompilerwith aprogramanalysigphasedor
anintermediatdanguagendatranslatiorinto ALEF. Thevariousroutesacompilation
mayfollow areshavnin Figure7.3.

Startingfrom aregularlL program forwardabilityinformationmayeitherbeobtained
directly from a solutionto the dataflav equationsfor variableusage. Alternatiely,
the programmay be transformednto (standarcedge-split)SSA form asdescribedn
Section6.2. We mayalsoacceptSSAprogramswvhich did notarisefrom suchatrans-
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formationby checkingthatthe syntacticrequirementsremet. In bothcasesdataflav
equationandforwardabilityanalysisareperformedonthe SSAcode befored-blocks
areeliminatedin a forwardability-preservindand functionally correct)way. Subse-
quently for eachforwardablevariableit is decidedvhetherforwardingshouldactually
be used,possiblygovernedby restrictionson the numberof queuesandtheir length.
Allocating queuesandregistersby colouringthe conflictgraphsyieldsthefinal ALEF
program. Provided that eachstepin the translationfulfilled the requirementf the
correspondingpropositions(compatibility, etc.) the resulting ALEF programagrees
functionally with the input program,andis well-typedwherethe typing corresponds
to thechoserdataflav solution.

7.7.2 Extensions and future work

In orderto obtainthe formal results,we presented rathersimple dataflav analysis
andavery basictranslation.Thefollowing sectionutlinesomeimprovementsvhich
would be desirablefor a full compiler aswell as sometopics for more theoretical
futurework.

7.7.2.1 Alternative patterns of usage

Multiple usage Insteaddf requiringavalueto beusedexactlyonceoneachpath,one
canrequireavalueto beusedexactly k times,for arbitraryfixedk. Thecorresponding
dataflav analysisextends. to theflat lattice £y of valuesD, .. .k, with additiondefined

by

oLl 0 1 k1 k T
L L 1 1 k-1 k T
0|1l o0 1 k1 k T
111 1 2 k T T
: . T T T
kl|kl k1 k T T T T
k|k k T 7T T T 7T
ryrr T T T T T T
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ands definedby 1 Sl = U{l |1 @l =14}

In the context of ALEF, thecasek = 2 is of particularinterestasvariableswith exactly
two usescan be translatedinto a duplicationinstruction, provided that all pairs of
consumingnstructionsexecuteon the samesetsof functionalunits. For examplethe
IL-program[1]x = 4; [2]y = x % 2; [3]z = y + x maybetranslatedo

[1]1dc 4 q4 [la]duleUL q1 93 91 [2Jmuli 2 q; 9o [3]add q2 q3 1

wherewe assumey(q;) = MUL andy(qz) = Y(q3) = ALU. In anextendedALEF in-
structionset, an instructionmight exist which combinesthe first two instructionsto
[1]1dc d4 g3 qs.

Variableswhich are usedexactly k > 2 times may in principle be translatedinto a
cascadef duplicationinstructions.For example,

[1]x=4; [2]ly=xxx; [8]lz=y+x
may betranslatedo
[1)1dc 4 q; [1a]dupl™™ g1 g1 q1 [1b]dupl™" q1 g3 q1 [2]mul 91 g1 92 [3]add g2 g3 r1.
As k grows however, we expectecthatregisterusagewill outperformdupl-cascades.
Up to kuses More generouslyit may be possibleto include pathswith at mostk
usesyatherthanrequiringexactly k uses.By modifying the definition of fwdOutto

1 if succ(l)=0
Ujesuce(fwdIn(J)(x)  otherwise

fwdOutl)(x) = {

valueswhich are not consumednay be left over at the endof a programrun. Inside
loops,no sparevaluesareadmitted andthe above definitionin factsimplifiesto

deOU“ )(X) = |—J\]€succ(l )deln(‘]) (X)

usingllp... = L. Ontheotherhand,this modificationmay requireoneto revisit the
translatiorbetweerdataflav solutionsandALEF types.
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Unbalanced branc hes In situationswherethe two branchesf a conditionaljump

differ in the numberof usesof a variable,the compilermay insertadditionalduplica-

tion instructions. Likewise, by insertingskip instructionswe canremove redundant
copiesof variables,andinsertingid-instructionsallows us to move valuesbetween
operandqueuesconnectedo differentfunctional units. We expectthat thesetech-

niquesin combinationwill make all variablesforwardable. Whenever a variableis

accessed duplicationinstructionis inserted andonecopy is usedmmediatelywhile

the otheroneis keptfor later. In principle,forwardingshouldbe possiblefor all vari-

ablesfor logical reasons:in Chapter5 we obsered that registersplay the role of

exponentialsin the linear setting, so the duplicationinstructionshouldeliminatethe

needfor registers.

7.7.2.2 Efficient translations

Translating®-instructionsinto several id instructionsoften resultsin anintolerably
high staticanddynamicinstructioncount. Considerfor examplethe Java excerpt

int f(){

int x=3;
int y=2;
y. (7.12)
for (int z=10, z>0, z--){x=x+y;}
X=X+1
}
andits nave translationinto SSA-IL
N(7) = |7|x3=x2+y1
N(1) = [1x1=3 (1) = [Txs=x2+y
[8]z3=22—1
2ly1=2 oljup5
3]z1 = 10 TP
4] jmp 5

N(10) = [10]x4==x2+1
x2 x1 x3 4
N(5) B [5] <z2> B (zl 23> (9)

[6]if 22107
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In our translationthe ®-block resultsin four id-instructions,two at the end of block
1 andone at the end of block 7. All theseinstructionsrepresenthe only usesof
their respectre operandx1, x3, z1 andz3. Their resultsare usedexactly once,and
areindeedboth forwardableto ALU. All this informationis capturedn the dataflav
analysisand a lesswastefultranslationwould reducethe numberof id instructions,
in effect reversingthe splitting of variablesperformedduring the transformationinto
SSA.

In general,optimisationcan be achiesed either by transformationsluring compila-
tion or by post-compilatioroptimisation,similar to peepholeoptimisation. The pres-
enceof typesin the compilation outputis beneficialin both cases. For example,
dec r o idY%) oy gp may only be replacedby dec r gy if the value consumedby
the secondnstructionactuallyis the oneresultingfrom the first one. Thesecontext-
dependenciearecapturedn types,aswasshovn whenconsideringdata-dependence
betweennstructionwith output-conflictan Chapter4.

7.7.2.3 Integrating dataflo w analysis and forwar dability

Thedecisionwhethera valueis forwardableoccursasa separatetepin our approach,
betweerthedataflav analysisandtheallocation.It canhowever beintegratedwith the
dataflav analysisby usingthe moresophisticatedattice

_—

T

A

/

Thefunctionalunitssit flatly betweerl and T but behaelik e 1 with respecto ¢. The
elementl is usedfor polymorphismin id instructionsarisingfrom assignmentg = x.

Alternatively, it maybepossibldo integratetheforwardabilitydecisiorwith processor
dependentompilerphasesuchasqueueandregisterallocation.
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7.7.2.4 Allocation for distrib uted and bounded execution

The conflict graphconstructedn Section7.5is suitedfor allocatingoperandqueues
with respecto sequentiabxecutionof ALEF programs Raceconditionsarisingfrom
out-of-orderexecutiondo not surfaceusing x-pathsandare thereforenot eliminated.
Neitherdid we requirethe colouringto satisfylengthlimitation of operandqueues-
in factanoptimal colouringwill mostlikely yield long operandjueues.
Oneapproachor obtainingallocationsfor distributedandfinite-queuesxecutioncon-
sistsof post-processingequentialllocationsusing the techniguedrom Chapter4.
More elegantly, it may be possibleto captureadditionalrequirementsn the conflict
graphor the dataflav equationsFor example,edgesnaybeintroducedbetweerinter-
mediatevariableswhosedefininginstruction(s)executeon differentfunctionalunits.
This generaliseshe forwardability predicateby complementinghe destinationnfor-
mationwith thesourceof avalue,similarto pipeline-dependencies the ALEF level.
Leaving thedetailsfor futureresearchwe expectthatdata-dependenciemdfiniteness
of queuesnaybetackledby restrictingthegraphcolouringsor by amorefine-grained
dataflav analysiswhich keepstrack of valueswhich are jointly in-flight underdis-
tributedexecution.

7.7.2.5 Relating program analysis frameworks

Theconstructiorof non-standardynamicsemanticén Chaptel6 followedavery nat-
ural regime: incorporatethe lattice of the dataflav equationsnto the dynamicseman-
tics, takinginto accounthatthedataflav analysigproceedsn theoppositedirectionas
the programexecutionby dualising® to ©. If this approacttanbe generalisedo ar-
bitrary dataflav-equationsproving thesecorrectwould amountto relatingthe natural
dynamicsemanticsarisingfrom (a solutionto) the dataflav equationdo the standard
dynamicsemantics Furthereffort is neededo seewhetherthisis indeedpossible to
formalisesuchcorrespondencda framevorks suchNielsenet al’s [NNH99], andto
explorewhethera connectiorto generabpproachefor relatingsyntaxandoperational
semanticexists.

We notedin Section7.4thatthe correspondenceetweerdataflav solutionsandlow-
level typesis slightly unsatisctory and future work shouldconsiderhomomorphic
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relationshipsetweend and®. As wasmentionedbefore,onepossibility may be to
performa seconddataflav analysiswhich promotesthe decisionwhethera forward-
ablevalueis actually sentthroughan operandqueuedownwardsalongthe program
executionflow.

Recentwork in the programminglanguagecommunity establishedstructuralrela-
tionsbetweerflow analysisabstracinterpretatiorandtypesystemgNNH99] [PP9g
[Hei95], often by expressingparticular(classe®f) programanalysisproblemsn sev-
eralframeavorksandformally relatingthecorrespondingalculi. In contrastpur corre-
spondencéetweerdataflav equationsandlow-level typesinvolvedan (albeitsimple)
compilationfrom anintermediatdanguagdo assemblyanguage A future challenge
will consequentlgonsistof combiningcompilationwith translationdbetweerseveral
formalismsandto extendthetypes-in-compilatiorapproacho otherprogramanalysis
techniques.

7.7.3 Conclusion

The dataflav analysisand compilationsubstantiatéhe algumentthata programming
languagéasedapproachs beneficialfor linking processostructureandprogramanal-
ysis, allowing compilersto optimise operandcommunication.We draw two conclu-
sions.

1. Ensuringsafeoperandusagan ALEF programscanbelifted from theassembly
level to earlier stagesof the compiler This demonstrateghat our approachof
typing the operandusagefits well with otherapproachegursuedn the typed-
assembly-languaggommunity andwith the types-in-compilatiorparadigm.

2. Therestrictionswe imposedon ALEF programdor beingtype-correctaregen-
erousenoughto accommodatenary forwardablevariables. In particular the
unificationconditionduringthe compositionof basicblocksappearedatherre-
strictive ontheassemblyevel, but is naturallymetby programsoriginatingfrom
IL viathecorrespondenceetweerdataflav solutionsandALEF typings.

Thenext chaptemwill describeaninitial implementatiorof the compilationandreport
onresultsobtainedrom translatinglava codeinto ALEF.






Chapter 8
Implementation

In thischapterwe describeaprototypicalimplementatiorof ourcompilationapproach
and give experimentalresultsfor a standardoenchmarksuite. The purposeof this
implementations to validatesomeof thecalculidescribedn theearlierchaptersather
thanto provide a full compilerof high efficiency. We choseML asimplementation
languageusingthe Moscon-ML compilerkit [RRSOQ.
Concentratingpntheregularfragmentof IL, ourimplementatiorfollowstheapproach
of Chapterss and7. Dataflov analysisandregisterand queueallocationphasesare
implementedusing a simpleiterative algorithm and greedycolouring algorithmsre-
spectvely. While for production-strengtitompilersmore efficient implementations
arenecessarythe choseralgorithmsprovide sufficientinsightfor our purpose.

In orderto exercisethetranslationon larger programswe implementedwo symbolic
cornversiondrom asubsebf the Java Virtual MachineLanguagegJVML, [LY97]) into
IL. Althoughsomemanualinterventionis currentlyrequiredto corvert JVM codeinto
the formatacceptedy our corversiontool, an overall translationprocesss achieved
acceptinglAVA sourcecodeandemitting ALEF code.We exercisedhis compilerflow
ontheLinpackbenchmarksuite(Javaversion|DWM]), anumericallyintensve linear
equationsolver commonlyusedfor evaluatingparallelisingcompilersand computer
architecture$Don89.

Thefollowing sectionsummariseshe corversionschemesor translatinglVML code
into IL. SubsequentlySections8.2 and 8.3 presentand discussour experimentalre-
sults.
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8.1 Analysis of JVM bytecode

We briefly summarisehe Java virtual machindanguaggJVML) beforeoutlining how
JVML codemaybecorvertedinto IL.

8.1.1 Java virtual machine code

The semanticsof JVML is defined(see[LY97]) by an operationalmodelfor byte-
codeinstructionswhich manipulatean operandstack,local variables an objectheap,
a call stackof methodinvocationsand a setof available classes.Both translations
concentrat®n the bodiesof methodsjnterprettheinvocationof a methodasa single
symbolicinstructionandaim at corverting the operandstackcarriedvaluesinto for-
wardableentities. Ignoring call stack,heapand class-fileervironment,the semantics
of aninstructioncanbe approximatedy triples of the form (s, LV, pc) wheresis a
stackof 32-bit values,LV a mapfrom local variablesto valuesand pc the program
counter Table8.1 shavs a subsetof JVML's integer instructionsandtheir semantic
actions.Argumentd of iinc, il oad andistore representheindex of thelocal variable
to be manipulatedandthe staticsemanticof JVM codeensureghat variablei is a
legal entryin LV. Theinstructionireturn pusheghetop valueof the currentoperand
stackto the operandstackof thecalling methodandthenreturns,andthe primedterms
in Table8.1representherespectre component®f the calling frame.

For corvertingJVML codeinto IL instructionswe consideredwo translatiorschemes
which differ in theway IL variablesareassignedo entitieson the operandstack.Due
to thelimited instructionsetsof bothIL andALEF, we decidedo implementsymbolic
conversionswhich modelthe consumptionof operandscorrectly but interpretsome
instructionsin a functionally impreciseway. For example,the executionof Linpack
programsrequiresthe implementatiorof floating point instructions(of doublepreci-
sion), which our corversionsreplaceby integer operationson symbolicdata. Like-
wise, methodinvocationsandfunction calls translateinto symbolicconsumptiorand
creationof operandsandreturnvaluesratherthanin assembly-leel procedurecalls.
While this symbolicapproactsufficesfor analysingheusageof operandsit precludes
the possibility of executingtheresultingcodein a meaningfulway.
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Bytecode Semantics
iadd (abs,LV,pc) — (b+a)s,LV, pc+1)
isub (abs,LV,pc) — (b—a)s,LV, pc+1)
imul (abs,LV, pc) — (bxa)s,LV, pc+1)
iincia (s,LV, pc) — (s,LV]i— (LVi)+a], pc+1)
iload i (s,LV, pc) — ((LVi)s,LV, pc+1)
istorei (as,LV,pc) — (s,LV[i— a],pc+1)
iconst a (s,LV, pc) — (as,LV, pc+1)) whereac {—1,...,5}
ineg (as,LV, pc) — ((—a)s, LV, pc+ 1)
dup (as,LV, pc) — (aas,LV, pc+1)
pop (as,LV, pc) — (s,LV, pc+1)
goto pc (s,LV, pc) — (s,LV, pc)
if icmplt pc (abs,LV, pc) — { (5, LV, pc) Th< a
(s,LV,pc+1) otherwise
iflt pc (as,LV, pc) — { (5, LV, pc) f a<9
(s,LV,pc+1) otherwise
ireturn (as,LV, pc) — (as,LV’, pc)

Table 8.1: Operational semantics of some JVML instructions
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Both translationgantroducellL variablesfor operandstackcommunicated/aluesand

translateeachJVML instructioninto a sequencef IL instructionssuchthat creation

andconsumptiorof stackvaluescorrespondsxactly to assignmenandusageof these
stak variables Furthermore the translationsemploy local variablesfor encoding
JVM variablesn LV andauxiliary variablesfor modellingthe effect of methodreturn

andsymbolicinstructionexecution.Thethreecategoriesof IL variablesareseparated
by syntactiomeansn IL, andwe write x; for stackvariablesy; for local variablesand

w; for auxiliary variables.Theforwardabilityanalysisconcentratesn variablesof the

first category.

8.1.2 Translating each stack position into a variable

Thefirst translation(hencefortireferredto asscheme?) staticallyassignnelL vari-
ableto eachpositionof theoperandstack.Consequentljthenumberof stackvariables
employedcoincideswith the maximalheightof the operandstack. This heightis stat-
ically known at compiletime of a JAVA programandexplicitly availablein a JVML
class-file.For example,the JVM program

Oiload1 4 iadd
1 iconst 2 5isub
(8.1)
21iload 3 6 iadd
3iconst 3 7 ireturn
usesanoperandstackof height4 andis translatednto theIL program
[O]Xo =V1 [4] X9 = X9 + X3
ljxy =2 Blx1 =x1 —X
[1]x1 [B]x1 =x1 —x2 82)
[2]}(2 =Y¥3 [6]X0 = X0 + X1
[B]Xg =3 [7]W0 = X0

whereeachvariablex; correspondso the stackpositioni. Local variablesaretrans-
latedbijectively into IL variablesof the secondcategyory (seeinstructions|0] and[2]),
while auxiliary variablesare createdas neededor the correctmodelling of operand
consumptior(instruction[7]).
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Bytecode IL code Sp update
iadd Xsp-2 = Xsp-2+ Xsp-1 | Spi=sp—1
isub Xsp-2 = Xsp-2 — Xsp-1 | SpPi=sp—1
imul Xsp-2 = Xsp-2*Xsp-1 | SP:=sp—1
iincia yi=yi+a -
iloadi Xsp= Vi sp:=sp+1
istoreli Vi = Xsp-1 sp:=sp—1
iconst a Xgp=a sp:=sp+1
ineg Xsp-1 = ~ Xsp-1 —
Wo = Xsp-1
dup Xsp = Wo sp:=sp+1
Xsp-1 = Wo
pop Wo = Xsp-1 sp:=sp—-1

Table 8.2: Translation scheme A for non-jumps

Thetranslationinsideeachbasicblock follows the sequencef instructionsusingthe
translationschemegivenin Table 8.2, wherethe additionalunaryIL operator~ de-
notesnegation. The effect of instructionexecutionis modelledby internally maintain-
ing the stackpointersp of variablesx;. For eachinstruction,the context conditions
givenin [LY97] ensurethat Table 8.2 is well-definedasthe stackpointer never de-
creasedeyond zeroandis alwaysgreaterthanor equalto the highestindex usedin
the correspondingine in Table8.2. Most JVM instructionspoptheir operandff the
stackduringexecution,whichyieldsasingleusaggor moststack-communicatedal-
ues. This patternmay be extendedto stack-manipulatingnstructionspop anddup at
the costof additionalassignmentso auxiliary variables.Alternatively, onecouldim-
plementpop without emitting arny IL codeby purely decrementindghe stackpointet
Likewise,dup couldbeimplementedy a singleinstructionxsp = xsp-1. Thetransla-
tion shavn in Table8.2thussacrificeguntimeefficiengy for the uniform consumption
of stackvariablesandfor thecoherencevith thebehaiour of thecorrespondind\LEF
instructionsskip anddupl.
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Bytecode IL code sp update
goto pc jmp pc -
Wo = Xsp-2
if_icmplt pc Wo = Xsp-1 sp:=sp—2

if wo pc pc+1
iflt pcd 1o = Fsp-1 sp:=sp—1
if wo pd pc+1

Wo = Xsp-1
ireturn : sp:=0

Wo = Xo

Table 8.3: Translation scheme A for jumps

At the endof basicblocks,programscomposecorrectlyby the stipulationin the JVM
specificationthat all control flow edgesdeliver operandstacksof the sameheight -
indeed,even the stacks’shapesnustcoincide,i.e. the typesof valuesat eachstack
positionmustagree.As our translationdoesnot distinguishbetweenvaluesof differ-
enttypes, monitoringthe heightof the operandstacksuffices. All conditionaljump
instructionsaresymbolicallymodelledby thelL conditionalif, andtheconsumption
of operandss translatednto assignment# anauxiliary variable(Table8.3).

Example. Considerthe Javafunctionf1

int f1(){
int sum = 5;
for (int i =0; i<5; i++){sum+= 3;} (8.3)
return sum

}

andits translationinto JVML

Oiconstb5 4goto 13 14 iconst 5
1istorel 7 iinc13 15if icmplt 7
2iconst O 10iinc21 18iload 1

3 istore 2 13 iload 2 19 ireturn
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Insertingexplicit unconditionaljumpsfor the fall-throughcaseof conditionaljumps,
thetranslationschemeA resultsin thelL program

N(0) = [0]x0=5 N(13) = [13]x0 =2
[1]y1 =x0 [14]x4 =
[Q]Xo =0 [15&]W0 = X0
[3]y2 = xo0 [15b]wo = x4
4] jmp 13 [15]if wo 7 18
N(7) = [7lyr=y1+3
[10]y2 =y2 +1 N(18) = [18]xo =71
[100] jmp 13 [19]wo = %0

The stackregimeresultsin eachassignmento a stackvariablex; beingusedlinearly,
asthexo-paths([0], [1]), ([2], [3]), ([13], [14], [15a]) and([18], [19]) andthe x;-path
([14], [154a], [15b]) shawv. Indeed,both variablesare forwardableto ary functional
unit asall consumingnstructionsare of the form x =y andwill be translatedo id
instructionsin ALEF. &

All stackvariablesareusedinearly asmostJVM instructionspoptheiroperand$rom

the stack. Instructionswhosesole purposeconsistsof modifying the stack(pop and
dup) conformto this discipline by virtue of the assignments$o auxiliary variables.
However, not all stackpositionstranslatento forwardablestackvariablesasvariable
namesareextensvely reusedandthe respectre valuesare consumedy instructions
executingon differentfunctionalunits.

Example. Theprogram

int f2(){
int sum=5; int | = 2
for (int i =0; i<b; i++){j++ sum= sumtj;} (8.4)

return sum* j;
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resultsin theJVML code

O iconst b 5 istore 3 14 iadd 21 if_icmplt 19
1listorel 6 goto 19 15 istorel 24 iload 1

2 iconst 2 9iinc21 16 iinc 31 251iload 2

3 istore 2 12iload 1 19iload 3 26 imul
4iconst O 13iload 2 20 iconst b 27 ireturn

which translatesnto

N(0)= [0]xo=5 N©9)= [9]y2=y2+1
[1]y1==0 [12] xo = y1
[2] xo =2 [13] x1 =2
[3] y2 = %0 [14] xo = %0 +x1
[4] xo =0 [15] y1 = %0
[5] y3 = xo [16] y3=y3+1
[6] jmp 19 [100] jmp 19
N(19) = [19] %0 =1y3 N(24) = [24]| %0 =11
[20] x4 =5 [25] x1 = y2
[21a] wo = %o [26] xo = %o * X1
[21b] wo = %1 [27] wo = %o
[21] if wo 9 24

Theusage®f xo andx; arelinear- thedataflav equationdave a solutionwith

Out([0])(x0) = Ou([2])(x0) = Out([4])(x0) = OUt([12])(x0) = OUL([14])(xo)
= Out([19])(x0) = Out([24]) (xo) = OUt([26]) (xo) = 1
and
Out([13))(x1) = Out([20])(x1) = Out([25])(x1) =1

but neithervariableis forwardabledueto the conflictingusesin [14] xg = xo +x1 and

[26] x0 = X0 * X1 . &

Translationaccordingto schemeA consequentlyesultsin a low numberof IL vari-
ables(andin afastcomputatiorof dataflav solutions) but alsolimits theopportunities
for forwarding.
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Bytecode| internalstack(pre) IL code internalstack(post)
iadd XyS Xy =Y+X Xy S
isub XyS Xy =YyY—X Xy S
imul XyS Xy = Y*X Xy S

iincia S yi=vyi+a S

iloadi S Xy = Vi xy S
istore XS yi =X S

iconst a S Xy =a Xy S

ineg XS Xy = ~ X Xy S
Wwo = X

dup XS Xy, = Wo Xy, Xy, S
Xy, = Wo

pop XS Wwo = X S

Table 8.4: Translation scheme B for non-jumps

8.1.3 Translating each push operation into avariable

Thesecondranslation(referredto asschemeB) aimsto make morevariableforward-
able.Thisis achievedby introducingafreshiL variablefor eachassignmento a stack
position. Insteadof monitoringthe heightof the operandstackusinga stackpointer,
thetranslationinternaliseghe stackbehaiour by maintaininga stackof IL variables.
For simpleinstructionsthetranslatiorschemas givenin Table8.4wherein eachline,
xy represents globally fresh variablenameof the stackvariablecateyory. Again,
instructionspop anddup could beimplementednoreefficiently thanby assignments
to auxiliary variables.The translationresultsin an SSA-like usageof variablesasno
variableis (statically) assignedo repeatedly For example,example program(8.1)
from the previous sectionis translatednto

[O]Xo =¥1 [4]X4 — X2 + X3

[1]X1 = [5]X5 = X1 —Xag (85)
[2]x2=1ys3 [6]x6 = %0+ x5

[B]Xs =3 [7]W0 — Xg
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Bytecode | internalstack(pre) IL code internalstack(post)
goto pC S jmp pc S

wo=Y
if_icmplt pcd XyS Wo = X S
if wo pc pc+1
Wo = X
iflt pc XS 0 S
if wo pc pc+1
( )
Wo = Xk
ireturn XX1 ... Xk €
Wo = X1
Wo =X
\ Z

if the creationof freshx; variabledfollowsthe naturalnumbers.

Table 8.5: Translation scheme B for jumps

At basicblock boundariescompensatioodeis introducedsimilar to the onearising

from the elimination of ®-blocks, without prior explicit insertionof ®-instructions.

Again basedon the JVM requirementhat stacksdeliveredby separatecontrol flow

edgesmustmatch,a cascadef assignments; = x; is insertedwhereeachvariable

ontheleft is (syntactically)the oneexpectedoy thefollowing basicblock andeach;

is the variablenameat the samestackpositionasdeliveredby the currentbasicblock.

Jumpinstructionsaretranslatecasshaovn in Table8.5. anda prior phases employed

to ensurgstandardedge-spliform. For example,the Javafunction

final

int abs (int i) {return (i

resultsin JVM code

Oiload 1l
1if1t 8

4iload 1
5 goto 10

8iload 1
9 ineg

10 ireturn

5= 0) ? |

-i}
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whichtranslatego

N(O) = [0]xo=y1 N@8) = [8]xa=1y1
[1]if X0 84 [9]}{3 =~ X9
[100]X1 = X3
N(4) = [4Ax1=vy1 [101]jmp 10
(5] jmp 10 N(10) = [10]wo =x3

The stackat the entry of block N(10) containsone element,andinstruction[100] is
the glue instructionmoving x3 to x;. Our implementationdiffers slightly from our
theoreticaltreatmenin Section7.2 asbasicblock N(4) is not equippedwith compen-
sationcode,andN(10) insteadoperate®n the stackdeliveredby N(4) directly. Notice
thatin contrastto schemeA, mostx; variablesarenow not only usedlinearly but also
forwardable.

Example. Returningto thetwo exampleprogramdrom the previoussection program
(8.3)translatego

N(O) = [0]xo=5 N(13) = [13]x2 =y
[1]Y1 = X0 [14]}{3 =5
[2]x1 =0 [15a]wg = x5
[3]}72 = X1 [15b]W0 — X3
[4] jmp 13 [15]if wo 7 18

N(7) = [7ly1=y1+3
[10]YQ :y2—|—1 N(18) = [18]}{4 :Yl
[100] jmp 13 [19]wo = x4

usingschemeB, andall stackvariablesx; areusedinearly andindeedforwardableto
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ary functionalunit. Likewise,program(8.4) translateso

N(O) = [0]xo=5 N(O) = [9]ya=y2+1
[1]y1=%0 [12] x5 = y1
2] x1 =2 [13] xg = y2
[3] y2 =x1 [14] %10 = x5 + X9
(4] xo = [15] y1 = %10
5] y3 = x2 [16] ys=y3 +1
[6] jmp 19 [100] jmp 19
N(19) = [19]x3=1y3 N(24) = [24]xs=1y1
[20] x4 =5 [25] x6 = ¥2
[21a] wo = x3 [26] x7 = x5 *Xg
[21b] wo = X4 [27] wo = x7
[21] if wo 9 24

andall stackvariablesx; areusedlinearly andareindeedforwardable:xs andxg are

forwardableto MUL, xg andxg to ALU andtheremainingx; to ary functionalunit. <

In general,somestackvariablesremainnon-forwardablein schemeB suchasxg in

program
N(0)= [Olxo=y1  N(5)= [5]x2= N®8) = [8xa=7
[1]x4 =2 [6]x3 = %0 + X2 [9]x5 = X0 * X4
[2]if X1 58 [7]W0 — X3 [10]Wo —= X5

which resultsfrom the JVML program

Oiload 1
1iconst 2

2ifl1t 8

However, the experimentakesultsin the following sectionindicatethatthis patternof

5iconst 3
6 iadd

7 ireturn

8iconst 7
9 imul

10 ireturn.

operandusagedoesnot occuroftenin JVM codegeneratedby j avac.
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8.1.4 Implemented instruction set

We implementedothtranslationschemegor aninstructionsetwhich extendstheone
givenin Table8.1by (seeTable8.6)

instructions operating on 64-bit values: The definition of the JVM stipulatesthat
valuesof datatypesiouble andlong are storedusingtwo operandstackpo-
sitions of width 32 bit each. As both translationschemegelate single stack
positionsto IL variableswo variablesare usedfor to represent 64-bit value.
Consequentlymostinstructionsinvolving datatypesiouble andlong resultin
a sequencef (at least)two IL assignmentsFurthermorethe valuesof types
double andlong arerepresentedymbolicallyby integervalues(in both com-
ponentslasfunctionally preciseassemblynstructionsarenot availablein IL or
ALEF.

instructions involving JVM referencesand arrays: Referencemto theobjectheap
arerepresenteas 32-bit entitiesin JVML andare manipulatecon the operand
stack. As our corversionsdo not modelthe structureof the heap,instructions
operatingon referencesareagaininterpretedsymbolically Likewise,arraysof
variousdatatypesretreatedsymbolicallydueto theabsencef amemorycom-
ponentandreferencen IL.

additional stack-manipulating instructions: Thesearecorvertedin away similarto
pop, iconst andireturn. As mentionedabove the corversionof duplication
is suchthatlinearusages presered, at the costof anadditionalassignmento
anauxiliary variable.

more variants of conditionals: Comparisoroperationsandconditionalbranchesare
parameterisetby the comparisonoperator(<, <,=,#,>,>,...) used,but all
variantsaretranslatedo IL’s singleif instruction.

instructions for object creation and field access:asthe objectheapis notmodelled
in IL, we corvertnew into the creationof a symbolicvaluerepresentinghere-
sultingobjectreferenceontheoperandstack.Instructionsggetfield, putfield
andgetstatic operateon symbolicdata.
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Category Bytecodes

64-bit operations dload, dstore, dconst, dneg, dmul,
ddiv, dadd, dsub, dcmpl, dcmpg

arraysandreferences anewarray, newarray,multianewarray,
aconst_null, aaload, aastore, aload,

astore, iaload, iastore, daload, dastore

stackmanipulation ldc, bipush, 124, i2d, d2i, 1dc2_w, i21,

dup2, sipush,return, dreturn, areturn

conditionals if_acmp op, if op, if _icmp op

objectmanagement new, getfield, putfield, getstatic

methodinvocation invokeinterface, invokespecial,

invokestatic, invokevirtual,

Table 8.6: Implemented JVML instructions

method invocations: Dependingonthe numberandtypesof agumentsandthetype
of the returnvalue of the methodbeing called, a varying numberof operands
is poppedfrom / pushedonto the operandstack. As the signatureof the called
methodis staticallyknown at compiletime, our translationsnsertasmary as-
signmentgo auxiliary variablesand stackvariablesasthereare operandson-
sumedandreturned respectrely. Again, double andlong operandsaremod-
elled by pairsof assignments.

This instructionsetallows usto corvert all but oneof the fifteen methodsof the Lin-
packbenchmarlsuite (Java version). The remainingmethodactionPerformed uses
exceptionhandlingandwasthereforenot considered.

8.2 Results

8.2.1 Conversion into IL

We first presentesultsfor the corversionfrom JVM to IL.
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Method Basic | Bytecode| IL Stackvariables Local
name blocks| instrs | instrs| total | linear| fwd | variables
abs 4 9 21 4 4 3 3
daxpy 16 88 134 | 9 9 3 13
ddot 15 85 114 | 7 7 1 13
dgef 17 145 228 | 10 10 6 15
dgesl 21 191 321 | 12 12 7 13
dmxpy 7 30 52 8 8 4
dscal 10 46 77 6 6 2
epslon 4 31 69 5 5 1 11
idamax 29 132 207 | 4 4 3 12
matgen 19 89 155 6 6 5 10
Linpack 1 27 48 3 3 3
second 3 17 42 4 4 0
run_benchmark 16 244 472 7 7 2 22
init 1 383 602 | 5 5 5 7

Table 8.7: Linpack results for scheme A: Translation JVM — IL

Table 8.7 shavs for eachmethodthe numberof basicblocks andthe numberof in-
structionsof the JVM code as obtainedfrom j avac in the leftmost columns. For
translationschemeA, the fourth columngivesthe numberof resultinglL instructions.
Theincreaseoverthe numberof JVM instructionsresultsfrom the corversionof (sin-
gle) JVM instructionsoperatingon valuesof type double into pairsof IL-instructions
andfrom additionalinstructionsinvolving auxiliary variablesor symbolicdata. The
remainingcolumnsshow the total numberof stackvariablesx;, the shareof linearly
usedandforwardablestackvariables respectiely, andthe numberof IL variablesof
the local-variablecategory. For example,methodabs usesfour stackvariables,cor
respondingo the maximaloperandstackheightof the original JVM code. All four
variablesareusedlinearly eachtime they occur andall but oneareforwardable.Ad-
ditionally, threelocal IL variablesareused. The datagivenin the tableconfirmsour
characterisatioof translationschemeA: all stackvariablesareusedlinearly asvalues



304 Chapter 8. Implementation

Method Basic | Bytecode| IL Stackvariables Local
name blocks| instrs | instrs| total | linear| fwd | variables
abs 4 9 23 11 11 | 11 3
daxpy 16 88 134 | 82 82 | 82 13
ddot 15 85 114 | 72 72 | 72 13
dgef 17 145 228 | 126 | 126 | 126 15
dgesl 21 191 321 | 176 | 176 | 176 13
dmxpy 7 30 52 28 28 | 28
dscal 10 46 77 | 43 43 | 43 9
epslon 4 31 69 | 43 43 | 43 11
idamax 29 132 215 | 119 | 119 | 119 12
matgen 19 89 157 | 75 75 75 10
Linpack 1 27 48 23 23 23 1
second 3 17 42 24 24 | 24 1
runbenchmarkl 16 244 476 | 280 | 280 | 280 22
init 1 383 602 | 300 | 300 | 300 7

Table 8.8: Linpack results for scheme B: Translation JVM — IL

are poppedfrom the stackduring their first usage. However, the repeatedusageof

variablesfor communicatingdifferententitiesresultsin drasticvariationsin forward-

ability. For somemethodsall stackvariablesareforwardable(init, Linpack), while

othermethodsdo not benefitfrom forwardingat all (second). On average 57.3% of

the stackvariablesareforwardable.

The samedatafor corversionschemeB is givenin Table 8.8. While the first two

columnsagreewith Table8.7,thedifferencesn thethird columnresultfrom compen-
sationcodeatthe boundaryof basicblocksin theunderschemeB. Thefourth column

showvsthatschemeB usedarmorestackvariables Again confirmingour expectations,
theseareall usedlinearly andforwardable.Our resultsthusindicatethatthe operand
stackmay de factobeimplementedisingforwarding. Thisis of particularinterestfor

compilationinto native codeasis performedby just-in-time compilerslike HotSpot
[Sun01 or high-performanceompilerslik e JalapendAAB *00].
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Method ALEF Registers | Stackregisters Queues
name instructions| nofwd | fwd | nofwd | fwd | nofwd | fwd
abs 21 9 6 4 1 0 2
daxpy 134 23 20 9 6 0 2
ddot 114 22 21 7 6 0 1
dgef 228 26 20 10 4 0 6
dgesl 321 27 20 12 5 0 7
dmxpy 52 17 13 8 4 0 2
dscal 77 16 13 6 4 0 1
epslon 69 19 18 5 4 0 1
idamax 207 17 14 4 1 0 3
matgen 155 18 13 6 1 0 3
Linpack 48 6 3 3 0 0 1
second 42 8 8 4 4 0 0
run_benchmark 472 31 29 7 5 0 2
init 602 14 9 5 0 0 5

Table 8.9: Linpack results for scheme A: Translation JVM — ALEF

8.2.2 Translation into ALEF

IL coderesultingfrom thetwo conversionschemesvastranslatednto ALEF usingthe
approactof Chapters$ and7. For scheméA, Table8.9 shows the sizeof theresulting
ALEF programs,andthe numberof registersand operandqueuesneeded. Register
usageis given asthe total numberof allocatedregistersand as registersemployed
for stackvariables(stad registers). For comparisonwe alsogive the dataresulting
from anallocationwhereall variablesaremappedo registers,regardlessof their for-

wardability Columnsmarkednofwd thusindicateregisterrequirementsn traditional
assemblyode while thecolumnmarkedfwd containthevalueswhereall forwardable
variablesareindeedmappedo operandjueues.Thetableshavs thatfor thosecases
wherethereareenoughforwardablevariablesfew queuesuffice to reducethenumber
of (stack)registerssignificantly
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The numberof registersand queuesallocatedis a meansto evaluatethe static costs
of forwardingin termsof hardwareneededor a processoimplementationHowever,
oneof the motivationsfor introducingforwardingqueuess the reductionof dynamic
costssuchasthe enegy consumptionduring accessoperations. Therefore,a more
relevant performancaneasuras the numberof readandwrite operationgo registers
andqgueuesduring programexecution. As a realisticsimulationof the emittedALEF
codeis precludedy thesymbolicnatureof ourtranslationwe decidedo approximate
the numberof accesperationausinga symbolicinterpretationwhich executeseach
instructiononce. Although the resultingcontrol flow doesnot representa legal pro-
gramexecution,we expectthatthe numberof acces®operationsalongthis tracegives
aroughindicationof thebenefitsof forwarding. Table8.10presentsheresultingdata,
againfor eachfunctionof the Linpack suiteseparatelyThefirst two columnscontain
thetotal numberof registerreadandwrite operationgincludingregistersusedfor local
andauxiliary variables¥or thetranslatiorwhereno forwardingis used.Thefollowing
four columnsshaw the effect of forwarding, and give the numberof readand write
operationgo registersand operandqueuesyespectrely. Notice that the total num-
ber of readandwrite operationdor the forwardingand non-forwarding casesagree.
Differencesbetweenthe numberof readsandwrites for operandqueuesesultfrom
the hypotheticaltracein combinationwith non-emptyoperandstacksat basicblock
boundariesn JVM programs.

Again, the performancebenefitof translationschemeA variesacrossthe different
methods. Forwardingis (obviously) of no benefitif no forwardablevariablesexist
(methodsecond), andyields little performancebenefitfor programswith few for-
wardablestackvariables(methodsiscal, ddot andepslon). Onthe otherhand,for
JVM programswherea large percentagef operandstackpositionscanbeturnedinto
forwardablevariables,morethanhalf of the dynamicregisteraccesoperationamay
bereplacedoy queueoperationgmethodLinpack). On average forwardingreduces
the numberof registerreadandwrite operationgo 76.8% and79.1%, respectiely, of
the correspondingaluesfor the non-forwardingcase.

For corversionschemeB, registersand queuesallocatedand the numberof access
operationsare shovn in Tables8.11 and 8.12. Regardingthe numberof allocated
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Method No forwarding Forwarding
name Registers Ragisters| Queues
R W R | W R | W
abs 15 17 10| 11| 5 6
daxpy 133| 118 |115|100| 18 | 18
ddot 114 99 112 97 | 2 2
dgefa 206| 211 |196|201| 10 | 10
dgesl 291 300 234|243 | 57 | 57
dmxpy 48 45 32 | 29 | 16 | 16

dscal 76 67 72 | 63

epslon 61 65 50 | 63 | 2 2
idamax 173| 178 |114|115| 59 | 63
matgen 126 136 81| 90 | 45 | 46
Linpack 33 47 10 | 24 | 23 | 23
second 31 39 31139 0 0
runbenchmark 417| 456 | 401|440| 16 | 16
init 448 | 601 | 148| 301| 300| 300

Table 8.10: Register/queue access operations (scheme A)
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Method ALEF Registers | Stackregisters Queues
name instructions| nofwd | fwd | nofwd | fwd | nofwd | fwd
abs 23 9 5 4 0 0 2
daxpy 134 23 14 9 0 0 4
ddot 114 22 15 7 0 0 4
dgeh 228 26 16 10 0 0 5
dgesl 321 27 15 12 0 0 5
dmxpy 52 17 9 8 0 0 4
dscal 77 16 10 6 0 0 5
epslon 69 19 14 5 0 0 5
idamax 215 17 13 4 0 0 2
matgen 157 18 12 6 0 0 3
Linpack 48 6 3 3 0 0 1
second 42 8 4 4 0 0 5
run_benchmark 476 31 24 7 0 0 6
init 602 14 9 5 0 0 2

Table 8.11: Linpack results for scheme B: Translation JVM — ALEF
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registers,Table 8.11 confirmsthat all stackregistersmay be replacedby forwarding
gueuesandagain,alow numberof queuesuffices.Also, if noforwardingis usedthe
numberof registersholding stackvariableqcolumnfive of Table8.11)agreeswith the
heightof the operandstack(columnfive of Tables8.7 or 8.9). Thisis a consequence
of the instructionorderin the translatedorogramandwill be briefly discussedn the
next section.

As all stackvariablesareforwarded the effect on the dynamicnumberof acces®per
ationsis even morefavourablethanthatof schemeA. Table8.12indicatesthatstack
variablesareresponsibldor a large amountof the total dynamicregisterusage.Re-
placingtheseregistersby forwardingeliminatesatleasthalf of theregisterreadopera-
tions,with bestcasereductionsof up to 75% (methodsecond) andaveragereduction
of 65%. At the sametime, registerwrite operationsare reducedalsoby up to 75%
(methodddot), with anaveragereductionof 62%.

8.3 Discussion

The resultsindicatethat marny opportunitiesfor forwarding exist in applicationpro-
grams,which canbe extractedvia a compilationto JVML andsubsequentorversion
of the operandstackinto forwarding. Our translationfolloweda simplepatternwhere
theorderof IL (andALEF) instructionscorresponds$o the orderof JVM instructions.
While thisis sufficientfor analysingorwardability it is wastefulregardingthenumber
of registersandoperandqueuesllocated asthesefavour differentinstructionorders.
A pathologicalkexampleis the JVM instructionsequence

iconst1l ... iconst10 jadd ... iadd
9

which (for schemeB) resultsin IL code
onl X9:10 X10 = Xg + Xg ... X418 = X17 +Xo-

The operandsareconsumedn the reverseorder of their creation. Consequentlythe
operandstackheight cannotbe corvertedinto the length of a single operandqueue,
andtenqueuesarerequired.ReorderinghelL instructionsto

X8:9 X9:10 X10 = Xg + X9 X7:8 X140 =Xg+X40 .-
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Method No forwarding Forwarding

name Registers Ragisters| Queues
R W R | W R | W

abs 17 19 6 6 | 11 | 13
daxpy 133| 118 51| 36 | 82 | 82
ddot 114 99 41 |1 26 | 73 | 73
dgefa 206 211 80 | 85 | 126|126
dgesl 291 300 115|124 | 176 | 176
dmxpy 48 45 20 | 17 | 28 | 28
dscal 76 67 33 | 24 | 43 | 43

epslon 61 65 18 | 22 | 43 | 43
idamax 181 | 186 62 | 59 | 119| 127
matgen 126 138 51| 61 | 75 | 77
Linpack 33 47 10 | 24 | 23 | 23
second 31 39 7 | 15| 24 | 24
run_benchmark 409| 460 129|176 | 280 | 284
init 448 | 601 | 148|301 300 300

Table 8.12: Register/queue access operations (scheme B)
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resultsin a programwhich needgwo registersif no forwardingis usedandonequeue
in the presencef forwarding. In additionto implementingmore sophisticatedllo-
cation algorithms,a compiler may consequentlyeducethe numberof registersand
gueueshby reorderingthe IL instructions. The task of transforminga stackoriented
instructionorderinto a queueorientedoneresembleshe taskof optimisingthe eval-
uationorderof expressionsWe thereforeexpectthat modificationsof standardalgo-
rithms[ASU86] will leadto improvementdn Tables8.9and8.11. Furthermorecode
optimisationsasdiscussedn Section7.7 andthe usageof dedicatedloating-pointin-
structionsshouldbe beneficialfor decreasinghe instructioncountandthe numberof
operands€ommunicated.

Finally, the exceptionalcaseof schemeB wherea variableis communicatedo differ-
entbranchesandreadby instructionsexecutingon differentfunctional units did not
occurin our experiments.This mayeitherbea characteristiof the choserbenchmark
programsor representn artefact of j avac’s compilationstratggy. Codeinspection
suggestshatthelatteris thatcaseasj avac usesthe operandstackalmostexclusively
for referencesandintermediatevaluesduringthe evaluationof expressionsvhile Java
programvariablesresultin local JVM variables.Consequentlymostbasicblockspro-
ducedby j avac operateon aninitially emptystackandalsodeliver an empty stack.
Furtherexplorationof differentcompilationscheme®f Jara programsnto JVM and
developmentof directtranslationfrom Javainto IL areneededo evaluatethe benefits
of forwardingacrosshasicblock boundariesnorethoroughly






Chapter 9

Discussion

9.1 Summary

This thesisstudiedcomputationaiodelsresultingfrom theinteractionbetweerasyn-
chronousprocessopperatiorandoperandorwarding. We

e proposedo employ programminganguageconceptsuchasthe separatiorinto
staticanddynamicaspectsisingstructuraltechniques

¢ unified existing architecturesvith forwardingby a novel computationamodel,
asynchronougueuemachines

¢ introducedanassemblyanguagevhich makesforwardingexplicit andsupports
the formal study of variousdynamicmodelsof operation,basedon structured
operationakemantics

¢ demonstratethattypingcalculisupporthereasoningboutforwardingschemes

¢ presentedheprogramanalysisfor forwardability atthelevel of anintermediate
languageausingdataflav equations

¢ exhibited a compilationapproachwhich transformsntermediatdanguagepro-
gramsinto assemblyprogramswhoselow-level structureis guaranteedo con-
form to thetypesystems

313
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e supportedhetheoreticainvestigationsvith resultsobtainedrom aprototypical
implementation.

To our knowledge,this work representshe first systematianvestigationinto the in-
teractiondbetweerprogramanalysisasynchronouarchitecturegandforwarding. Al-
thoughwe concentratean very limited operationaimodelsandsimplifying architec-
tural abstractionswe amguethatthis thesisdemonstratethe validity of the advocated
approachTheimplementationatesultsshowv thatdespitetheserestrictionsacompile-
time analysiscanuncover a relevant numberof forwardingopportunities.This moti-
vatesthe further developmentof mathematicallyrigorousreasoningechniquesat the
boundarybetweencomputerarchitecture programanalysisandoptimisation,andthe
schedulingof communication.

9.2 Shortcomings and future work

We finally outline sometopicsfor future researchrangingfrom moredetailedimple-
mentationf the proposedtalculito moreambitiousresearchnto advancedprogram
analysisandapplicationsof typing frameworks.

9.2.1 Full implementation

Our implementatiorconcentratean the mostbasicanalysisof regular programsand
theirtranslationinto ALEF. A futureimplementatiorshouldrealisesomeof the modi-
ficationsmentionedattheendof Chapter7 includingmultiple forwarding,balancingof
branchesvith differentusagegpatternsandcompilationof SSAcode.Thisimplementa-
tion shouldinterfaceto a compilationframavork including otheroptimisationphases
and bettergraph colouring algorithms. The target languageshouldbe an extended
ALEF instructionsetwith integer and floating point operationsandthe operational
semanticsshouldinclude costmeasuresegardingthe lateny and enegy consump-
tion of registersand operandqueues. This would enablea detailedexploration of
differentcompilationstratgiesandforwardingschemesor a high-level programming
language.Benefitsfor just-in-time compilationof JVM codecould subsequentlype
exploredby turningthetwo symbolicconversionschemesnto full translations.
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9.2.2 Extensions of the computational model

The computationaimodel of ALEF ignoresseveral modernarchitecturalissues,in-

cluding speculation branchprediction,and preciseinterrupts,and doesnot support
proceduresalls. In thefuture,theinteractionof all thesetopicswith forwardingshould
beexplored,andwe hopethatformalismssuchastheoneswe presentedavill be useful
for this task.

The forwarding capabilitiesof ALEF’s computationaimodel are lesspowerful than
dynamicforwarding schemesf somehardware-basedmplementations. Thesere-
strictionsappearechecessaryor achiezing aninitial understandingf forwardingand
for developingthe presentedeasoningormalisms. Relaxingtheselimitations could
be supportedby our techniquesn threestages.

9.2.2.1 Dependent forwar ding

As operandjueuenamesandregistersappearfixedin an ALEF instructions opcode,
thedecisionwhetherandto which queuea valueshouldbeforwardedmustbe madeat
compile-time.Whenmotivatingtheintroductionof registers,we sav thatthis scheme
resultsin additionalinstructionsif valuesarerepeatedlyaccesseor usedby different
functional units. Operationallyit is not difficult to extendthe instructionsetto en-
ablemoreflexible forwarding patterns.For example,assigningdifferentdestinations
to forwardedvaluesdependingn the outcomeof a branchmay be modelledby split-
ting branchinstructionsinto oneinstructionwhich computeghe outcomeof a branch
conditionandoneinstructionwhich actually performsthe jump operation. The Fred
architectur¢dRB96] employedasimilar schemewherecodeinsidebasicblocksis sub-
sequentlyreorderedo allow theformerinstructionto be computecearlier As aresult,
instructionsof the target basicblocksmay be loadedfrom memoryearlier similar to
our schemeof interlearing programexecutionandrefilling of instructionpipelinesin
Chapterd. Likewise, currentarchitecture®ften storethe branchstatusin a dedicated
registerinsidethe branchunit [HP96]. Making this valueexplicitly availableto other
instructionsyields the above dependentorwarding. Unfortunately incorporatingthis
dependengin the staticsemanticappearsotto be equallystraight-forvard. Thein-
teractionbetweercontrolflow (outcomeof branchconditions)anddataflow (forward-
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ing behaiour) mayin principle be capturedy dependentypessuchasthedependent
function spacewith agumenttype bool. Futurework is neededo seehow this can
beintegratedinto therule for composingoasicblocksandhow theeffect of successie
branchinstructionscanbe modelledcorrectly As analternatve to dependentypesin
this context, unionandintersectiortypesshouldbe explored.

9.2.2.2 Indirect forwar ding

Additional forwardingflexibility may be obtainedby introducinginstructionswhich
canissueforwarding requestor modify the destinationqueueof othervaluesor the
gueuein which an instructionexpectsits operands. At first, this may be achieed
by interpretingsomevaluesasthe index of operandqueues.A more structuredap-
proachturns operandgueuenamesinto forwardableentities. Ultimately, this yields
computationamodelswith dynamicallyprogrammableorwarding whereinstructions
mayinfluenceeachothersforwardingbehaiour by communicating@ppropriategueue
names.Both schemesre expectedto admit extremely powerful forwardingschemes
which are difficult to reasonaboutwithout formal support. On the otherhand,type
theory and concurreng theory offer calculi for combiningtypeswith computation,
andfor communicatinghames.Thesecalculi might give guidanceasto whatrestric-
tionsneedto beimposedon forwardingdisciplinesin orderto obtainflexible andyet
analysabléehaiour.

9.2.2.3 Multi-c lustered architectures

Advancingintegrationdensityoffersthe opportunityto implementmulti-processoar-
chitectureson a single chip. For example,[ONH'96]'s architecturecontainsseveral
computationahodes,eachequippedwith somelocal memory Nodesare connected
by a communicatiometwork and may sharedatausing global on-chip caches. Al-
ternatvely, multi-threadedarchitecture§ TEL95] executeinstructionsfrom different
processocontets simultaneously Thesemay eithercomputea giventaskcoopera-
tively by operatingmainly independenthandexchangingresultsonly occasionallyor
may stemfrom independenapplicationprograms. Understandingand verifying the
issuelogic andtheinteractionbetweendifferentcomponentsvill becomemorediffi-
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cult asthenumberof componentincreasesln ourasynchronoufamewnork, nodesof

suchprocessormaybemodelledasa collectionof functionalunitsandlocal forward-
ing capabilitieswith additionaloperandjueuesindregistersfor globaldataexchange.
Thesetof forwardingqueuesvould consequenthpepartitionednto privatequeuedor

exchangingdatawithin a nodeandpublic queuedor communicatiorbetweemodes.
In orderto supportreasoningaboutconcurrenexecutionin acompositionaivay, these
abstractiorbarriersshouldbereflectedn thetypesystemsothatlocal forwardingmay
bereasone@boutlocally beforethe globalcommunications considered.

Again, similar topics have beenstudiedin concurreng theory andsolutionssuchas
restrictingthevisibility of (operandjueuenamesshouldenableoneto incorporatehe

distinctionpublic/privateinto thetype system.

9.2.3 Connections to linear logic and other intermediate forms

We employed a ratherintuitive interpretationof the linearlogic-basechotation,with-
outattemptingo establisideeperconnectionsgo formal prooftheory A moredetailed
explorationmight not only helpin modellingmore complex forwardingschemesis-
ing other (linear) logical connectves, but might also allow us to relate executional
modelsof differentgranularity For example,differentinterleavingsin the distributed
modelof executionresemblethe structureof differentderivationsfor the samefinal
sequent. A particularly useful result would be a logics-basednechanisnto relate
theinstruction-level interleaving to thefine-grainednterleasing which arisesfrom the
small-stegransitionsystemof the micro-instructiongeadandwrite.

Sinceits inception[Gir86], linear logic hasbeenseenasa logic for reasoningabout
resourceconsumption. Most widely known areits applicationsto concurreng for-
malismssuchasthe 1-calculus[BS94 andPetrinetsfMOM91] [EW9(] [BG90], and
to functionalprogramminganguage$Wad90][TW99] [Bar9§. In particular thelat-
terwork aimsto detectinearusageof valuesin functionalprogramssimilarto our us-
ageanalysisgn Chapter6. Dueto the highlevel of functionalprogrammindanguages,
thesecalculi arenotimmediatelyapplicableto the analysisof low-level architectural
behaiour. However, if thesecalculicouldbetransferredrom high-level programming
languagéo functionalintermediateor low-level forms[App98a],[FSDF93, forward-
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ability analysismay be possible.In fact, functionalintermediateforms and SSA are
closelyrelated[App98h, suggestinghatit might be possibleto obtaina structural
correspondencieetweerlinearity typesfor afunctionallanguageandthe dataflav so-
lutionsin ourimperatveintermediatdanguageA particularchallengewill beto avoid

the overheadof copying or moving operandsat the boundarieof basicblockswhich

appeardo arisein thetranslationof [App98H. A possiblecompromisebetweerfunc-

tional abstractiorandlow-level behaiour mightbeto investigateaherelationbetween
A-lifting/dropping[Dan99]andcontrolflow propertiesuchasthedominanceroperty
in the imperatve intermediatdanguage similar to lightweight closureSW97]. An

alternatve maybeto follow the sequencef compilationstepsof [MWCG98].

9.2.4 Explicitness of architectural features

The decisionto modeloperandforwardingexplicitly on the assemblylevel madethe
detailedcalculusdependenon architecturatonfigurationsWe discussedhe benefits
of this designdecisionfor reasoningandverification,aswell asfor compilerbasedp-
timisationof operanccommunicationFuturework shouldexplorewhetherour calculi
can be madeparametricin configurationgseebelow) and how they apply to exist-
ing hardware-basedorwarding schemesn more detail. Practically algorithmsfor
schedulinghe communicatiorof operandshouldbe developedwhich areparametric
in the performancendavailability of individualforwardingpaths.In additionto yield-
ing specificcompileroptimisationphasestheinclusionof performanceharacteristics
in architecturadescriptionsvould thenallow oneto studyandcomparearchitectural
families abstractlyby classifyingthem accordingto the performanceof the various
operanccommunicatiormechanisms.

More generally future work shouldevaluateprogramminganguagebasedreasoning
for otherarchitecturessynchronousr asynchronousAs wasalludedto in thediscus-
sion of Chapter4, (virtually) reconfigurablerchitecturesnight be particularlywell-
suiteddueto theirinteractionbetweerconfigurationathangesndprogramexecution.
Otherrecentarchitecturesvhich exposedhecommunicatiorstructureto the compiler
andshouldthus profit from staticsemanticsnclude the alreadymentionedT TA and
RAW modelsof computationpr digital signalprocessors.
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9.2.5 Formalisations

We expectthat mostof the materialin Chapters3 to 5 canbe formalisedin a state-
of-the art theoremprover suchaslIsabelle/HOLor PVS. This might not only reveal
more insight into the subtletiesinvolved in relating the operationalmodelsto each
otherandto the static semanticsput would alsolink our work to formalisationsof
traditional hardware implementationof forwardingschemesuchas Tomasulos al-
gorithm[McM98] [HSG98]andscore-boardfVIP96].

Our architecturalmodelswere restrictedas mappingsof instructionsto functional
units, numberand typesof functionalunits and bindingsof operandandinstruction
gqueuedo functionalunits werefixed. In contrast,a future compilershouldbe para-
metricin architecturadescriptionsf thetargetmachine.At leasttwo generalisations
would be desirable. Firstly, verification shouldbe modularin the configuation of
an architecturalscheme.For example,a systemdesignemight needto explore the
consequencesf introducinga secondfunctionalunit of type ALU or of associatinga
differentnumberof operandqueuedo a particularfunctionalunit. Secondlyit may
be desirableto vary the architectural constaints, for exampleby allowing functional
unitsto be senedby severalinstructionqueuesDespitethe conceptuasimplicity, the
entitiesof our modelsyield a high degreeof designfreedom:instructionqueuesnight
sene singleor multiple functionalunits of identicalor differenttype, operandqueues
might be associatedo instructionqueuesor functionalunits (againeitherexclusively
or non-eclusively), andthe network might restrictthe pathswhich a forwardedvalue
maytravel. Additional compleity arisesf instructionsamaybeallocatedo instruction
pipelinesdynamically

Evaluatingthe effect of ary sucharchitecturalchoiceon the legality of forwarding
schemesequiresformal support. A type-theoreticsolutionmay be to understandr-
chitecturalconfigurationsas contextual declarationsvhich represenaissociationde-
tweenentitiesof differentcateyories:

iq : fu: aninstructionqueuefor instructionsexecutingon functionalunit fu
fu: ALU: declaringfunctionalunit fu to be of type ALU

g: fu: allowing operandqueueq to hold valuessentfrom ary functionalunit to fu
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q:fu' — fu: allowing operandjueueq to hold valuesfor thespecificforwardingpath
fu' — fu

g:ig: anoperandqueuewhoseentriescanonly be consumeddy instructionsin in-
structionqueueq

In afirst step,conformanceof a programto a specificconfigurationis expressedy
includingthe context in thetyping derivation. For example,arule suchas

M~qi:iqg THig:fu T +Hfu:ALU
[ [njdecqi g2 : X®q1 — X®qs

captureghe fact that instruction [n]dec q; g2 may only be mappedto an instruction
queueiq which senesa functionalunit of type ALU, whereq; is associatedo iq. The
threehypothesisareinstantiationof a genericlook-uprule

x:yel
MEx:y

Consisteng of configurationgoverthewhole programis ensuredn acutrule

lFs:A—B IT+Ht:B—oC
N-s:A—oC

and a similar rule for combiningbasicblocks. Basedon meta-theoretiagesultsre-

gardingsubstitution,wealening and strengtheningit may subsequentlye possible
to make the architecturalconfigurationlessopaque,andthusthe typing calculi less
dependenbn exactarchitecturahamingcorventions.

In a secondstep, constraintson the formation of contexts may be usedto classify
architecturafamilies. Examplesarethe restrictionthatinstructionqueuesandfunc-

tionalunitsarein one-to-onecorrespondencer thestipulationthatno forwardingpath
betweenwo particularfunctionalunits exists.

This logical framevorksperspectie [HHP87] [Pfe01] shouldsupportthe exploration
of the relationshipbetweenrarchitecturakonstraintsandprocessoconfigurationsand
their consequencesn forwardingschemeslin particular we expectthat serialisation
constraintandtheir dischage maybeincorporatedn this framewnork by usingjudge-
mentsfor pipeline-dependencies:urthermoresucha formalisationwould stresshe

connectiondetweenALEF andthe TIC/TAL/PCC work.



9.3. A future application 321

As mentionedn Chapter2, we have hadsomeinitial successn formalisingALEF’s
typesusingOhori's SCC[Oho99l. The proof-theoretidoundationsof transforming
alanguagewith a single,centralstackanda singleoperationalmodel(JVM) into one
with several, distributedqueuesand multiple operationaimodels(ALEF) arebeyond
the scopeof this thesis,and left for future research. Notice however, that suchan
understandingnight representhe formal basisof corversionsbetweenJVML and
ALEF aspresentedn Chapter8.

9.3 A future application

Theneedo verify structurakcorrectnessf assemblyodehasrecentlybeenrecognised
morewidely asprogramsare dynamically(re)compiledand partsof applicationsare
dynamicallydownloadedfrom untrustworthy sources.The conceptof proof-carrying
code(PCC)offersmathematicallysoundtechnologyto enforcesecuritypropertiesand
to ensurethat performanceequirementare met. In future, mobile applicationswill
poseadditionalchallengesegardingpower consumptiorandresourcecapabilitiesof
the underlyingmachinery As staticallyfixed processoarchitecturegappearnlikely
to offer theflexibility necessaryor applicationsof differentdomainsyirtual architec-
turesandreconfiguratiorwill becomemore prevalent. In particular it is anticipated
thatin additionto applicationprogramspartsof configurationatlescriptionsnayonly
be availabledynamically This will requireto specify availableresourcest abstract
levels. Due to the inherentcompleity of underlyinghardware, reconfigurationand
mobile code,formal verificationtechniqueswill be mandatory A naturalextension
of the PCC approachundertheseconditionsare proof-carryingprocessorconfigua-
tions (PCPC).Thesebundledescriptionsof configurationswith formal proofswhich
areunforgeable witnessthe sanityof the configurationswith respecto theunderlying
hardwareandcertify theappropriatenes®r theintendedapplicationprogram.
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