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Abstract

This thesis studies various manifestations of monads in the mathematics of computation
and presents three applications of calculi based on monads.

The view that monads provide abstract mathematical interpretations of computational
phenomena led E. Moggi to use the internal language of a category with a strong monad,
which he called the computational lambda calculus, for describing denotational semantics
of programming languages. Moggi argued that models of complicated forms of compu-
tation could be described modularly by using semantic constructors for manipulating
monads.

For the first application, we describe a theory of exceptions in the computational lambda
calculus and give a computationally adequate interpretation of a fragment of ML, includ-
ing the exception handling mechanism, in models of this theory. To our knowledge no
other model of ML exceptions is available in the literature to date. We also show that
normalization fails when exceptions are added to the simply typed lambda calculus.
Building on top of the computational lambda calculus, A.M. Pitts proposed a predicate
calculus to reason about the evaluation properties of programs: the Evaluation Logic.
Following the tenets of synthetic domain theory, we interpret this logic in an ambient
category with set-like structure and a fully reflective subcategory of domains with a monad
for interpreting computation. We establish abstract conditions under which the monad
extends to the ambient category to ensure good interaction with the logical structure.
We also show that a monad and first order logical structure yield suitable evaluation
relations, which can be used to give a standard interpretation of Evaluation Logic when
higher order structure is not available.

For the second application, we focus on side effects and investigate the use of Evaluation
Logic in partial correctness reasoning. We show that, under fairly common circumstances,
monads for side effects admit an extension to the ambient category which is more natural
than that described for arbitrary monads and we validate special axioms for members of
this class. The resulting theory of computation with side effects is then put to work on
a textbook example of partial correctness specification.

For our third application, we consider Moggi’s modular approach to denotational se-
mantics. We develop the theory of this approach by determining which equations are
preserved by a fairly general class of semantic constructors and which ones are reflected
(conservativity). Moreover, we establish a correspondence between categories of com-
putational models and categories of theories of the metalanguage, along the lines of
Gabriel-Ulmer duality, in a type-theoretic framework. Using the Extended Calculus of
Constructions, we develop a semantics for parallel composition by combining elementary
notions of computation defined independently and we use LEGO to prove properties of
such semantics formally.



Acknowledgements

I want to thank Rod Burstall for waking me up on the phone early one morning in
Ithaca to inform me that I had been admitted to the PhD program and for giving me

advice during the early stages of my work.

I am grateful for the financial support I received first from the Edinburgh University
Faculty of Science and later from the EEC Jumelage project “Programming Language

Semantics and Program Logics.”

Thanks to Eugenio Moggi for following my work from a thousand miles away and for
his hospitality during my trips to Genoa, and to Gordon Plotkin and John Power, for

helping me with useful comments and suggestions during the writing-up.

I learnt a lot from discussing computers and mathematics with Rod Burstall, Marcelo
Fiore, Eugenio Moggi, Gordon Plotkin, Alex Simpson, Bob Tennent and Andrew Wilson.
I should specially thank Andrew for being such a pleasant office mate, for helping me
patiently with English and for teaching me that most things are be’er ‘an a steen ‘ahin’

1 lug.

Alex, Aphro, Cottone, Jennie, Marcelo, Simona, Toby and Viky provided, with their
friendship, the thing that Nature denied to this beautiful town: warmth. Jocelyne m’a

donné la chose plus importante : son amour.

ii



Declaration

This thesis was composed by myself. The work reported herein, unless otherwise stated,

is my own.

Pietro Cenciarelli

il



Table of Contents

1. Introduction

2. The Computational Lambda Calculus
2.1 Strong endofunctors. . . . . .. ...
2.2 Strong monads . . ... ...
2.3 The computational lambda calculus . . . . .. .. ... ... ... ...
2.4 Structures and interpretation . . . . . .. ... ...

2.5  Examples of computationally relevant monads . . . . . .. .. ... ...

3. Application: exceptions
3.1 Tiny ML with Exceptions . . . . . .. .. .. ... ... ... ......
3.2 Exceptions and termination . . . . . ... .. ...
3.3 A theory of exceptions . . . . . ...
3.4 Interpretation of the language . . . . . . . .. ... .. ... ... ...
3.5 Interpretation of the metalanguage . . . . . . ... ... ... ... ...
3.6 Semantic approximation of TMLE programs . . . . .. .. .. ... ...
3.7 Computational adequacy . . . . . . .. ... ...

v

24

24

28

33

38

42

48



4. Evaluation Logic 80

4.1 Theecalculus . . . . . . . .. 82
4.2 Hyperdoctrine semantics . . . . . . . .. ..o 87
4.3 The logic of a class of admissible monos . . . . . . . .. .. ... ... .. 92
4.4  Endofunctors and classes of admissible monos . . . . . .. .. ... ... 98
4.5 Monads and classes of admissible monos . . . . . ... .. ... .. 102
4.6 Monads in the ambient category . . . . . . . . ... ... oL 107
4.7 Standard semantics . . . . . ... 110
4.8 Evaluation relations . . . . . .. ... oL 114
5. Application: partial correctness 119
5.1 Nontermination and side effects . . . . . . .. ... ... 121
5.2 Side effects in the ambient category . . . . . . . .. .. ... 126
5.3 Assertions . . . ... 129
5.4 Partial correctness . . . . ... 134
5.5 Imteger division . . . . . .. .. 138
5.6 Inductive formulae . . . . ... .o 143
6. Semantic constructors 146
6.1 Categories of ¥-models . . . . . . . . ... 148
6.2 Semantic constructors . . . .. ... 155
6.3 HML . . . . . 163
6.4 Relative interpretation of HML . . . . . . . . ... .. ... ... .... 168
6.5 Functorial semantics . . . . . . .. ..o 173



6.6 Finite limit presentation of category theory . . . . . . . .. .. ... ... 176

6.7 Models of HML . . . . . . . .. .. . 182
6.8 Syntactic presentation of constructors . . . . . ... .. ... L. 189
. Application: constructing with LEGO 199
7.1 Structures and interpretation . . . . . .. .. ... .. ... 201
7.2 Examples of constructors . . . . . . .. ... 205
7.3 Parallel composition . . . ... .. L 209
7.4 A concrete model . . . . . ... .. 212
. Directions for further research 216

. The metalanguage HML 221

. Dom, the category of discourse 229

. Signatures and theories 230

. Encoding ML 233
. Interpretation of ML 234
. Correctness of the exception constructor 236

. The operator pand of parallel composition 238

. Commutativity of pand 239

Preservation of uniformity 249

vi



1 Introduction

Programming language semantics is an area of applied mathematics which studies the

meaning of computer programs. The notion of “meaning” depends on the context of

discourse [Neud4,Flo67,5S71,Plo81].

In denotational semantics, programs are explained in terms of abstract mathematical

)

entities, called “denotations,” which model their implementation-independent behaviour.
In this context, formal metalanguages [Sco69,P1o77,Gor79,Plo85b, Abr87,Mog91b| can be
used to link programs and their denotations: on one side they provide a language for
addressing elements of mathematical structures, while on the other they provide a formal

framework in which programs can be interpreted by means of translations.

How tightly should a metalanguage match the mathematical objects it describes and
in what detail should it represent the structure of computation? In [Mog90a,Mog91b],
Moggi proposed a categorical view: the use of strong monads to represent notions of
computation abstractly and a formal metalanguage to match the categorical semantics.
This approach goes one step towards the identification of abstract reasoning principles
for computation. It also has a pragmatical significance, because abstraction is a basic

ingredient to achieve modularity.

This thesis presents three applications of monads to the semantics of computation: in
the first application monads provide a language for interpreting programs with exceptions;
in the second, they provide a formal basis for reasoning about computations with states; in
the third, they provide a structuring principle for a stepwise development of denotational

models. As we shall see, sometimes practice feeds back into theory.
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In this introduction, we describe the theoretical context of our exploration and, in the

last section, we summarize our main results and give the outline of the thesis.

Programs, meanings and logics

Mathematical descriptions of programming languages are needed for the analysis and
synthesis of computer programs. Both activities require logics to express the properties
of interest and to guide the reasoning. Different kinds of semantics and logics may be
appropriate for performing different tasks. Operational semantics, for example, yield
notions of program equivalence which can be used for proving correctness of optimization
steps, while denotational semantics may provide richer mathematical foundations for

formal methods.

The use of formal systems to support reasoning about properties of computer pro-
grams is appealing because it allows one to disregard the mathematical details of the
models. Such systems are available, for example, for reasoning about partial correctness
[Hoa69] and noninterference [Rey81] for imperative languages, temporal properties of con-
current systems [Sti92], evaluation properties of programs with higher-order functional
features [CP92,Pit91]. However, adopting the view of [Sco69] that formalism without
eventual interpretation is in the end useless, we regard program logics and mathematical

representations of the meaning of programs as parts of the same picture:

logics

axiomatic model
semantics theory

programiming meanings
languages operational semantics

denotational semantics

In the next sections we shall encounter many inhabitants of this triangle; although most

of them are based on denotational semantics, many others can be found in the operational
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setting, where a basic example is the triad of CCS [Mil80], temporal logics and labelled

transition systems.

Each of the disciplines along the edges of this diagram addresses specific problems. At
the bottom, mathematical structures are matched against the programs they represent.
Operational and denotational semantics can be related by computational adequacy results,
as in [Plo85b,Abr90b,Fio94b]. In denotational semantics, the usual criteria for assessing
the well-fittedness of models are full abstraction [Mil77,Plo77, Wad76,HA80,AJM94 HO94|
and universality [Mey88].

On the left edge, axiomatic semantics is specially relevant to the study of formal

methods for program development and verification [Hoa69,Dij76,Gri81].

Finally, the most frequently asked questions on the right edge concern soundness and
completeness, both for models based on operational and on denotational descriptions. Ex-
amples of completeness results in the setting of process algebras are provided by [BA91],
where it is shown how to generate complete sets of axioms for strong bisimulation auto-
matically from SOS descriptions of programming languages, and by [Win85] which gives
a complete proof system for SCCS [Mil83], whose models are based on non-well-founded

sets [Acz88].

The completeness of logical theories can also be studied “functorially” (see section 6.5),
by identifying theories with categories with logical structure and models with structure-
preserving functors. A classical result in this setting is the conceptual completeness of
pretopoi [MR76]: if the functor Mod(71) — Mod(72) between categories of models in-
duced by composition by a logical functor F' : 75 — 77 between pretopoi is an equivalence,

then [’ is an equivalence.

In the setting of domain theory, [Abr9l] stresses the importance of “Stone-type”
duality theorems, relating theories (viewed as categories) with the categories of their

models, for understanding the relationship between semantics and program logics.
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Metalanguages in denotational semantics

As remarked in [Abr91], “denotational semantics are always based, more or less explicitly,
on a typed functional metalanguage.” Then, where should we place metalanguages in

the above picture?

A leading example of metalanguage, at least from a historical point of view, is PCF.
In 1969, D. Scott introduced a logic for computable functions, LCF [Sco69], to formalize
principles of mathematical reasoning about partial recursive functions. LCF has enough
power to axiomatize, for instance, integer arithmetics. The underlying term language of
this logic, named “Programming language for Computable Functions” (PCF) in [Plo77],
has been used to describe the semantics of non-trivial fragments of programming lan-
guages (including Pascal [AAWT7]) through its standard interpretation in terms of cpos

and continuous functions.

Scott remarked that PCF was not a programming language because, although al-
lowing conditional expressions and recursive definitions, it featured neither assignments
nor gotos. A different view was adopted in [Plo77], where PCF was endowed with a re-
duction relation in order to study the connections between operational and denotational
semantics. A consequence of this approach, as advocated in [Plo91b, lecture I1I: Denota-
tional Semantics|, is that not only can programming languages be interpreted by translat-
ing them into a metalanguage, but also one can relate their denotational and operational

semantics by exploiting a similar result proven once and for all for the metalanguage.

LCF was implemented by R. Milner in 1972 [Mil72,GMW79] and used as a mechanized
logic for proving correctness of computer programs [Wey72, AA74], including interpreters

and compilers [MWT72 New75]. Structuring principles for LCF theories are sought in
[SBS3)].

More elaborate type theories have been proposed as frameworks for studying more
sophisticated programming language features, and even “implementational” issues such as
garbage collection; the latter was addressed in [Laf88,Wad91] among other applications

of linear logic to computer science. A logic for parametric polymorphism [Rey83] is
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proposed in [PA93], which is to System F what LCF is to PCF. However, this logic
accounts for neither recursive functions nor types, which are both crucial in domain
theory. Recursion is studied in FPC [Plo85a], a typed calculus which allows recursive
definitions of types, as PCF allows recursive definitions of functions. In FPC, the latter
can be obtained from the former as shown in [Gun92, 7.4]. Recursion is also addressed in
[P1093], where second order intuitionistic linear logic is combined with a formal theory of
relational parametricity to obtain a framework in which general recursive type equations
have universal solutions, with corresponding principles of induction and co-induction. The
problem of finding appropriate logics for domain theory is a matter of current research.

We shall return to this point later on.

In the above examples, metalanguages play the role of formal interfaces to mathemat-
ical models, that of term languages of logics and that of “target” languages for expressing

denotations of programs. We can therefore place them in the centre of the triangle:

logics
o ) meta-
P anguages
. /
programming __ __ _ . ___________ models

languages

The dashed lines indicate that programs are interpreted and reasoned about indir-
ectly through the metalanguage. This approach has the following advantages. On the
denotational edge, interpretations of different programming languages and notions of
computation can be more easily related if represented in the same formal framework. On
the axiomatic edge, program logics which refer to metalanguages, where computation is
represented in mathematical terms, are less likely to be affected by the idiosyncrasies of

specific programming languages.

As we shall see below, these benefits are further enhanced when an abstract notion of
computation is adopted. The next two sections introduce a metalanguage and program

logics based on this abstraction. They are used in this thesis to develop applications.
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Monads and the computational metalanguage

Denotational semantics of real programming languages are complicated and often require
a considerable mathematical overhead. Adequate descriptions of even simple computa-
tional gadgets such as local variables may need sophisticated tools such as possible worlds
[0OT92]. Moreover, the mathematical structure used for describing one form of compu-
tation may be incompatible with that for describing another, so that models for several

interacting computational phenomena are often studied case by case.

As noted in [Mo0s92], the reason why conventional programming devices require elab-
orate “coding” techniques to be expressed in lambda notation is that the basic operations
of lambda abstraction and application give little grasp on program composition. Vari-
ous modifications of the theory of #n-equivalence have been proposed in order to study
features of programming languages. Examples are the call-by-name and call-by-value
lambda calculi introduced in [Plo75], which are shown to be correct with respect to the

corresponding evaluation mechanisms.

Another example is the \,-calculus introduced in [Mog86], which is shown to be sound
and complete with respect to interpretation in partial cartesian closed categories. The
approach adopted in this calculus, which was first pursued in [Plo85b], is to take partial
functions as primitive in domain theory, rather than total functions on spaces of partial
elements, as in the tradition of [Sco69]. Partial combinatory and lambda calculi are
described in [Fef95], while “free” logics for reasoning with possibly non-denoting terms

are surveyed in [Ben86].

A category pC of partial maps can be defined axiomatically as proposed in [Ros86,
Mog86] by choosing a class of monomorphisms closed under certain operations in a cat-
egory C of “total” maps. Intuitively, the morphisms in the chosen class represent domains
of partial functions. Under certain circumstances, there is an adjunction between C and
pC defining a “lifting” monad in C (see section 2.5), of which pC is the Kleisli category
(see [MacT1] for definitions).
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In [Mog90a,Mog91b|, Moggi proposed a generalization of this scenario where monads
are taken as abstract notions of computation and program composition is abstractly
interpreted as composition in the Kleisli category. The metalanguage arising from this
categorical semantics of computation, called computational lambda calculus, is the internal
language of a cartesian closed category with a strong monad (see section 2.2). Examples

of computationally relevant monads are given in section 2.5.

The main feature of the computational lambda calculus is the explicit distinction
between types of values and types of programs, called computational types. These are
formed by applying a unary type constructor T": for every type A, there is a type T A
inhabited by the programs computing values of A. Of course, one can form computations
of computations and so on. Interpreting types as objects in a category C, T represents
a map obj(C) — obj(C). For instance, integer programs which may raise exceptions can
be interpreted as elements of the object T'(int) = int + E, where E interprets the type

of exceptions.

Besides the type constructor T', the metalanguage features two type-indexed families
of operations: valy : A — TA and letap : (A — TB)x TA — TB. Members of the
first family construct trivial computations from values: wval 4(a) is the program “return
a,” which, in the case of exceptions, corresponds to the injection A — A + E. The
operations of the family let perform program composition (while composition of functions
corresponds to substitution as usual in the lambda calculus) allowing a program of type
A — T B, accepting as inputs values of type A, to apply to computations, that is a term

of type T'A. In the case of exceptions, leta g(f, z) runs f on the value possibly produced

by z, while, if z raises an exception e, it returns e.

These operations are equipped with a set of equations, which give a complete axio-
matization of strong monads, where val corresponds to the unit, and let to an internal

version of Kleisli lifting.

Other operations and constant types given by a signature ¥ may also be included

in the calculus, together with appropriate (equational) axioms, to make the notion of



1. Introduction 8

computation more concrete and represent specific programming languages. We shall
call MLy (%) such a particular theory in the computational lambda calculus. Computer
programs are interpreted by translations into MLy () mapping terms of type 7 to terms

of type T'(7]), where ([7]) is the translation of 7. This paradigm is explained in chapter 3.

By hiding the concrete structure of the domains of interpretation and by providing an
abstract primitive operation of program composition, the computational metalanguage
allows the intricacies of concrete models to be left out of denotational descriptions. In
this way, such descriptions become simpler, because the mathematical structure required
for interpreting one device of a programming language need not appear in the semantic
equations which describe another. They also become easier to modify: if a new com-
putational feature is added to the language, e.g. a mechanism for raising and handling
exceptions, the domains of interpretation may have to change in order to accommodate
new mathematical structure, which may cause massive rewriting in a traditional denota-
tional description: in the case of exceptions, all semantic equations must deal with the
possibility that subterms might raise exceptions. What has changed is the notion of pro-
gram composition. However the equations need not change if this notion is captured by

a simple [et.

The benefits of the monadic approach have been exploited in several applications

described in [Wad92], including a compiler for Haskell.

The abstraction over the notion of computation introduced by the use of monads
in denotational semantics provides a basis for investigating general reasoning principles
about programs and a structuring mechanism for a modular development of theories and

models of computation. These topics are explored in the next two sections.

Monads and program logics

General program logics, that is logics providing general principles for reasoning about

computation, may arise from an abstract understanding of program evaluation. The
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advantage of such logics is that programs from different languages, or from upgraded

versions of the same language, can be reasoned about within the same framework.

Below we consider a few semantic scenarios for program logics based on abstract
notions of computation: Fix-Logic, Evaluation Logic and modal operators in higher order
logic. In the next section we shall encounter another, where evaluation modalities, which

capture the notion of evaluation abstractly, are defined in a first order framework.

In the previous section, we saw that the idea of interpreting divergent computations
in categories of partial maps can be generalized to other forms of computation by us-
ing monads. Similarly, consider the principle of Scott-induction proposed in [Sco69] to
reason about recursively defined partial functions. This principle can be derived from
an axiomatization of the initial algebra of a lifting monad. Fiz-Logic, the predicate cal-
culus proposed in [CP92], uses the computational metalanguage as term language and
is interpreted in a category with a strong monad whose underlying functor has initial
algebra. The assumption of such an algebra yields an abstract reasoning principle called

fix induction.

In Fix-Logic, programs and logic are integrated by means of modalities extending pre-
dicates on values to predicates on computations. However, this extension is rather trivial
as it only discriminates between computations of the form val(v). In Evaluation Logic
(EL) [Pit91], whose underlying type system is again the computational metalanguage,
A. Pitts introduced more general modalities in the context of intuitionistic first order pre-
dicate calculus to match operational descriptions of programs given in natural semantics
style [Kah88|. There are two “evaluation” modalities, called necessity and possibility, and

written respectively:

[t < E] ¢(z) and (z < E) ¢(x).

The intended meaning of these formulae is that the property ¢(z) holds respectively

of any and of some values x produced by the evaluation of E, where z is a variable of
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a type A and F is a program of type T'A. Programs can be related to the values they

compute by means of evaluation relations:

<, CAXTA,

def

whose intended meaning is captured by the formula (a < E) = (z < E) (z = a), that
is: “F can evaluate to a.” Conversely, for most notions of computation, the evaluation

modalities can be defined from < as shown in section 4.8 using first order quantifiers.

The result is a powerful program logic which can be specialized by axiomatizing
appropriate operations to suit specific forms of computation. Other program logics can

be embedded into EL, including dynamic logic and Hoare logic (see [Pit91] and [Cen95]).

Several interpretations have been proposed of the evaluation modalities [Pit91,Mogb,
Moga], of which we give a detailed account in chapter 4 (where we also propose yet an-
other). Pitts’ original interpretation was based on hyperdoctrines, over which he defined
the notion of T-modality. Both hyperdoctrines and T-modalities are categorical struc-
ture that must be provided on top of a model of the underlying type theory in order to
interpret the logic.

A different approach was taken in [Mogb], where the logical structure is sought in
the same category where types are interpreted. The idea is to define modal operators by
making the categorical gear for interpreting computational types act upon that for inter-
preting logic. We shall call this semantics “standard” because interpretation is determined
only by the structure of a strong monad. The advantage of a standard semantics is that
it is subject to the same structuring mechanisms, based upon manipulation of monads,

which apply to the underlying metalanguage (see next section).

However, it is not immediately obvious that logic and computation should live in
the same semantic framework, as one may put limitations on the other. For example,
formulae of LCF are limited to conjunctions of inequalities in order to preserve chain-
completeness and hence admissibility for fixed point induction. In order to extend this

principle to first order logic, admissibility tests over formulae must be performed, as
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in Cambridge LCF [Pau87]. Similarly, Fix-Logic cannot be consistently extended with
intuitionistic implication or existential quantification, as shown in [CP92]. As for EL,
Moggi’s standard semantics needs higher order structure to interpret possibility, which is
not available in categories of domains, unless many interesting predicates, such as “f is

total” (which can be expressed in full EL as Vn. (x <= f(n)) true), are cut off.

The aim of integrating logic and computation in a unified theory of semantics is pur-
sued in synthetic domain theory [Ros86,Pho90,Hyl90, Tay91,RS|, where logic is interpreted
in an ambient category with set-like structure, typically a topos, and computation in a
full reflective subcategory of the former, with all the closure properties required to per-
form domain-theoretic constructions. The leading example of this setting is the effective

topos [Hyl82], with its many full subcategories of PERs [FMRS90].

A dual approach can be adopted in the framework of aziomatic domain theory [Fio94b,
FP94]. Instead of identifying inside a topos a good category of domains to interpret
computation, one can look “around” such a category for an appropriate topos to interpret
logic. In [Fio94a], it is shown that every small model of a given axiomatization of domains
has a full and faithful representation in a model of cpos and continuous functions living

in a suitable intuitionistic set theory.

If the logical structure is provided by an ambient category &£, and the computational
structure by a strong monad T' defined on a subcategory D of £, Moggi’s standard se-
mantics of EL requires an extension of 7" to £. This can be done by a general construction
as shown in section 4.6, provided D is fully reflective in £, as it happens in both the syn-

thetic and the axiomatic approaches mentioned above.

T-modal operators are proposed in [Mog91b] to give a uniform account of various
program logics in a higher order setting. Let T be a monad on £, and let T : 1 —
classify the predicates of the logic; a T-modal operator is a T-algebra o : TQ — €.
Given such an «, a predicate ¢ : A — €0 over values of type A can be lifted to one over

computations, written [, as follows: Hap <= aeT¢: TA — Q.

In some cases, the notion of T-modal operator may be too strong: interesting operators
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may fail to satisfy the equations which make them algebras of a monad. Then, algebras

of the underlying functor of T' can be considered instead.

Consider, for example, the “standard” operator o which classifies TT : T1 — TQ (if
T does not preserve subobjects, the image of this morphism can be used). The unit and
associative laws for such an « are given by special conditions, respectively on the unit
and the multiplication of T, viz. that they are cartesian (see definition 4.5.3). As shown
in chapter 5, the multiplication of the monad TX % (X x S)* for computation with side
effects does not satisfy this property and, in fact, the standard « for this monad is not
associative. Still, o is an interesting one: the modality [, maps ¢ to the predicate which
holds of all programs p such that, for all states s : S, p(s) = (x, s’) for some state s"and

value x satisfying ¢. Indeed, this modality can be used to interpret Hoare triples.

Monads and semantic modules

The problem of finding good structuring principles for programming language semantics
has been addressed in various contexts. In the context of model theory, institutions
[BG85], which use notions from category theory, provide a general framework for com-
bining small specifications into descriptions of complex models. In the context of algebraic
specification, [ST89] proposes a method for stepwise refinement of formally specified ML
modules leading to correct program implementations. In the context of denotational se-
mantics, [Mos88,Mos90]| stress the importance of auziliary notation as abstraction mech-
anisms to hide the detailed structure of the underlying data types from the semantic

equations.

Here, we concentrate on the use of monads as a structuring mechanism in denotational

semantics [Mog91c,CM93,CF94,1.LHJ95].

By introducing a layer of abstraction between programming languages and their con-
crete models, the computational metalanguage plays the role of an interface: to hide
the details of implementation. However, if part of the mathematical structure is hid-

den, some extra work is needed to get from a semantic description given in terms of the
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metalanguage to a concrete model. Since the domains for interpreting programs may be
quite complicated, it is crucial for usability of denotational semantics to develop tools for
managing such complexity. Moggi’s proposal ([Mog90a,Mog91c]) is to work stepwise to-
wards complicated models by means of semantic constructors, which allow computational

features to be adjoined and reasoned about one at a time.

The idea is to mimic the stepwise methodology for program development: viewing
theories as specifications and models as implementations, the problem of finding an im-
plementation of a complex specification Lo can be reduced to that of finding an imple-
mentation of a simpler specification £; and a constructor [ST87] mapping models of £;

to models of Ls.

In our setting, a specification is a theory MLy (X) of the computational metalanguage
over a signature Y. An implementation of such a specification is a cartesian closed
category with a strong monad and additional structure to interpret 3. Calling Mod(X)

the class of such objects, a semantic constructor is a function F : Mod(%3;) — Mod(Xs).

Starting from a model of a simple metalanguage ML7(3,), we can incrementally
construct a model of MLy (X,) by providing a sequence of signatures ¥; C ¥;,, with
0 < i < n, and constructors F; : Mod(%;) — Mod(%;+1). In general, the latter involve
a reinterpretation of the type constructor 7' (that is, a change of monad) and of the

operations in ;.

The core of a semantic constructor is a monad constructor [Mog90a], that is a function
mapping monads to monads. On top of that, structure for interpreting one signature must
be “converted” into structure for interpreting another. The effort here is to prove that
the structure produced by a constructor satisfies the axioms of the theory. In order to
establish such a result, it is useful to know which equations are preserved by a monad
constructor. Similarly, to study the conservativity of certain constructors, it is useful to

know which equations are reflected.

Logical frameworks can be used to support reasoning about properties of semantic

constructors, such as the ones mentioned above. Availability of several implementations



1. Introduction 14

of type theories running on computers [CAB*86,Mag92,L.P92,DFH"93], makes it tempt-
ing to adopt one as a tool to develop programming language semantics. A framework
combining the Extended Calculus of Constructions (XCC) [Luo82] with the metalanguage

for computational monads was recently proposed in [Mog95b].

Type theories have long been used for formalizing various branches of mathematics
(as in the AUTOMATH tradition [deB70]) as well as for developing a general theory of
representation of formal systems (as in the ELF tradition [HHP87]). They provide self-
explaining primitive notation for formalizing mathematics, be it analysis [Jut77,CH85]
or metatheories of various forms of calculi [Ber91,A1t92]. Generally, implementations
provide machine-assistance in managing complicated syntax, environments for proof de-

velopment and libraries.

Besides these pragmatical benefits, there may also be theoretical reasons in using
powerful type theories to represent the constructions of denotational semantics. One

case is the following.

A correspondence is often established, in categorical type theory, between theories of
some formal calculus, with the appropriate notion of translation, and mathematical mod-
els, with the appropriate notion of morphism between models. Typical examples are the
simply typed lambda calculus [L.S86] and the higher order polymorphic lambda calculus
[See87]. This correspondence can be exploited in the framework of functorial semantics
[KR77] to characterize certain maps between categories of models as relative interpreta-
tions induced by theory translations. For example, relative interpretation of finite limit
theories is characterized by the Gabriel-Ulmer duality established in [GU75]. Now, while
there is a direct correspondence between theories of the computational metalanguage and
cartesian closed categories with a strong monad, there is no good correspondence between
theory translations (at least the kind of translations one needs to represent semantic con-
structors) and strong monad morphisms. However, the correspondence is restored when
the metalanguage and its models are embedded into a type theory such as the Extended

Calculus of Constructions. In chapter 6, we explore this matter in detail.
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Summary of results and outline of the thesis

This thesis stems from three experiments with monads in denotational semantics: in
the first, we use the computational lambda calculus to give an adequate model of ML
exceptions; in the second, we use EL for reasoning about partial correctness of while-
programs; in the third, we develop in the Extended Calculus of Constructions (XCC,
[Luo82]) examples of semantic constructors and prove properties of constructed models

formally in LEGO [LP92].

While working out these applications, general questions were raised, sometimes re-
quiring the development of a piece of theory. For example, the involvement of non-trivial
mixed variance constructions in models of exceptions raised the question of whether nor-
malization is preserved if the simply typed lambda calculus is augmented with exceptions.
Evaluation relations were used to define left and right rules for necessity in EL, which
make the proof system more manageable; the problem arose of finding a standard inter-
pretation of such relations in a first order setting. Implementation in type theory sug-
gested that most semantic constructors can be presented as theory translations, provided
a general enough syntax is adopted; the natural question was how to characterize such

constructors intrinsically.

The body of the thesis is composed of six chapters: three of them present an applic-

ation; each is preceded by a chapter introducing and developing the relevant theory.

Chapter 2 contains some basic categorical definitions and introduces the compu-
tational metalanguage and its models based on monads. Examples of computationally

relevant monads are provided. We claim no originality here.

Chapter 3 studies the semantics of a small but non-trivial fragment of ML, including
the exception handling mechanism. To our knowledge, no other denotational description

of ML exceptions has been previously worked out.

We give a theory over the computational metalanguage, with operations to construct,

raise and handle exceptions. An abstract model of this theory is a bi-cartesian closed
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category with an object of exceptions which is a solution to a suitable recursive domain
equation. Recursion comes in because ML’s exceptions may have parameters of arbitrary

type and, in particular, parameters may be programs raising exceptions.

An analysis of the domain-theoretic constructions required to interpret the language
reveals that models include the structure to interpret diverging computations and this
suggests something that is not imediately clear from the operational semantics: programs
with exceptions may fail to terminate even if no recursion is used. In particular, as shown
in section 3.2, one can write a fixed point combinator for arrow types in the simply
typed lambda calculus with exceptions. This failure of normalization was also noticed
by M. Lillibridge in a yet unpublised paper [Lil95], which was unknown to us when we

obtained this result.

The programming language is interpreted by a translation into the metalangauage.
This interpretation is proven to be adequate with respect to a given operational semantics:
a program e evaluates to a value v if and only if the translation of e is provably equal
to the translation of v in the theory of the metalanguage. Part of the proof consists in
defining appropriate logical relations between terms and their denotations in a concrete
model in the category of cpos. Because of the recursive nature of computational types,
such relations cannot be defined by induction on the structure of types and they are

obtained instead by applying a technique suggested in [Pit].

There is a general pattern in the definition of logical relations for computational lan-
guages: two intertwined families are defined; members of one family, <, relate canonical
terms and wvalues, while members of the other, <, relate general terms and computations.
Relations in the first family between canonical terms of type A — B and values in the
domain [A — B] = [A] — T[B], are defined “logically” by suitable conditions involving
relations of the second family between programs of type B and computations in T'[B].
In section 3.6, < is defined “by hand” from < by looking at the concrete structure of
computational types. However, we believe that < should be described more abstractly
as a canonical lifting of < over computations. This is a matter of further research (see

chapter 8).
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Except for the notions of relational structure and admissible action used in the proof

of section 3.6, all material in this chapter is original.

Chapter 4 presents Evaluation Logic and addresses two questions about the interac-
tion between computational and logical structure: how to use the former to get a standard
interpretation of program logics in a synthetic domain theory setting and how to get such

an interpretation when higher order structure is not available.

Our presentation of the calculus includes equality and all connectives of first order
predicate calculus, while the one in [Pit91] has only equality, conjunction and disjunction,
and the one in [Mogb] includes no disjunction, existential quantification and possibility.
Note that the rules for necessity are different in [Pit91] and in [Mogb]. We adopt the latter
and call “standard” the corresponding version of the logic. In the choice of primitive and
derived rules, our presentation matches the view of strong monads as triples (T, val, let ),
while the one in [Mogb] matches the more familiar view including unit, multiplication

and strength.

We survey Pitts’ semantics based on hyperdoctrines [Pit91], Moggi’s first standard
semantics [Mogb| and his second [Moga|, which was introduced to capture monads for
which the first would not work (e.g. the Plotkin powerdomain monad). Adopting the
interpretation in [Mogb], which is used in chapter 5, we describe models of the full

calculus.

As explained earlier, Moggi’s standard semantics (both of the above) require higher
order structure to interpret possibility and this is typically found in an ambient category
in which the category of domains is fully reflective. We consider a construction to extend
a monad T, defined on a category C, to a monad T on an ambient category & of which
C is a fully reflective subcategory. We learnt this construction from Moggi but ours is
the observation that the category of T—algebras is equivalent to that of T-algebras. This
result (theorem 4.6.3) says that T is, in some sense, a “minimal” extension of T'. We also

find abstract conditions allowing the extension to 7" of the strength of T'.
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Although models of computation do live in categories with higher order logical struc-
ture, it is not clear why this structure should be necessary to get a standard interpretation
of possibility and of the evaluation relations, as done in [Mogb]. We show how to obtain
evaluation relations just from an endofunctor T" and first order structure. Such relations
can be integrated with evaluation modalities in a logic featuring left and right rules of
the form:

LoM)Fyv TR« FE NNz<=EFo¢x
O left (M) O_right (@) x g FV(T)

[z < E] ¢(x) F o 'k [x < E] ¢(x)

As we argue in chapter 4, such rules would simplify the structure of proofs in EL,

where each modality is instead related with each logical operator by a separate rule.

For most notions of computation the modalities of EL are definable from evaluation
relations by using first order quantification (see section 4.8), which means that, from our
interpretation of such relations, a standard model of the logic is obtained in a first order
framework, e.g. in a logos [FS90, 1.7]. We find the abstract conditions under which our

definition of the evaluation relations corresponds to the one in [Mogb].

Our original contribution in this chapter consists in the theorems on extending monads

to an ambient category (section 4.6) and the part on evaluation relations (section 4.8).
Chapter 5 sets Evaluation Logic to work on partial correctness.

Partial correctness specifications are formulae involving imperative programs and as-
sertions about their states. Assertions are formulae which, unlike specifications, are
interpreted “in a state.” We consider assertions of a very general form: they may con-
tain any term of the programming language, including expressions with loops and side
effects. There are two reasons for allowing such generality: first, the assumption made
in Hoare Logic that expressions have no computational content is violated by most com-
mon programming languages, which include devices such as function procedures or block
expressions. Second, this level of generality provides a good ground for testing the power

of the evaluation modalities as a mechanism for integrating logic and computation.
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We study the monad TX = (X x S)J for partial computations with side effects: we
show that this monad satisfies the conditions required by the standard interpretation of
[Mogb] and validate the special axiom [J_val™ of section 4.1, which is used later to give a

formal account of assertions in EL.

Two things should be remarked about these proofs. First, they are corollaries to more
general theorems stating that the monad constructors FT % T(_x S)° preserves monads
satisfying the desired properties. We believe that one obtains greater insight into a notion
of computation from an analysis of constructors such as F than from the study of the
corresponding monad in isolation. Second, EL is used to reason about several interacting
notions of computation. For example, if 7" and () are strong endofunctors, the necessity

modality for their composite can be obtained by composition as follows:

[z <= z]ro 0(x) = [y <= 2]z [v <= ylo ¢(2),

where the modalities are indexed by the notion of computation adopted in the evaluation.
In general, the strategy we adopt for reasoning about a notion of computation, say, to
validate axioms, is to look at it at a lower level of abstraction by breaking it into more
elementary pieces and then to prove the desired properties formally in the combined

theory of such pieces. We shall call “modular” proofs that follow this strategy.

Next, we consider a version of EL for computation with side effects, called ELse,
whose formulae are interpreted “in a state” and adopt it as a calculus of assertions. ELse
is a theory in the version of Evaluation Logic of [Pit91]. Rather than working in a non-
standard model of this theory (e.g. by interpreting predicates on a type A as subobjects
of [A] x S) we translate it into standard EL with constants for explicit manipulation of
states. We introduce suitable axioms for such constants and validate them for monads of
the form F7T'. Again, the proof is modular, in the sense discussed above. The soundness
of interpretation of ELse in EL is then proven by formally deriving each inference rule of

the former in the latter.

ELse can be used for reasoning about partial correctness. We generalize the familiar

formalism of Hoare triples to include a simple form of annotated whi le-programs, that is
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terms obtained by alternating commands and assertions. Partial correctness specifications
of possibly annotated while-programs are translated into ELse and the translation is

shown to preserve the theorems of Hoare Logic.

Then, we take the text-book example of a formally specified program for integer
division and prove its correctness in ELse. The proof requires fixed point induction to
handle the recursive computations arising from while-loops. As explained earlier, the
application of this rule in the presence of all connectives of first order logic includes a
test of admissibility over formulae. We propose an improvement of the test presented
in [Ten91] which recognizes more admissible formulae, e.g. the double negation of an

admissible formula. Our proof of correctness is acknowledged in [Ten].
All material presented in this chapter is original.

Chapter 6 presents and develops the theory of semantic constructors introduced by

E. Moggi in [Mog90a,Mog91c].

We introduce the notion of ¥-homomorphism (not in Moggi’s presentation), which
defines morphisms in the category of models of MLy(Y). ¥-homomorphisms relate the
interpretations of each constant of > in the source and target models and hence they
can be used for studying semantic constructors from the point of view of the algebraic

properties that they preserve and reflect.

To this effect, we consider constructors F endowed with families of ¥-homomorphisms
M — FM, which we call “pointed.” Inspired by (but more general than) the parametric
extensions of [Mog90b], pointed constructors include the ones for exceptions and for
resumptions presented in chapter 7. We show that equations involving terms of a fairly
general class are preserved by pointed constructors (theorem 6.2.5). Axioms of theories of
computation can be validated in constructed models by using this result. We also consider
the dual issue of conservativity and show that equations (again subject to restrictions)

which are satisfied in a model FM are also satisfied in M (theorem 6.2.7).

Then, we study the “syntactic” presentation of constructors. This work stems from

a joint paper with E. Moggi [CM93], where a higher order metalanguage, HML, is used
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to describe models of computation and translations of HML theories, also called relative
interpretations, are used to describe semantic constructors. Our aim, here, is to give
an intrinsic characterization of the constructors that can be represented in this fashion.
Besides answering a mathematically natural question, this result may help finding more

general type theories to capture more general constructors.

A natural setting for studying relative interpretation is functorial semantics [KR77], in
which theories are viewed as categories with structure and models as structure-preserving
functors, generally in the category of sets. Translations 75 — 77 are also structure-
preserving functors. Hence, a translation maps models of 7; to models of 75 by composi-
tion. Gabriel and Ulmer [GU75] studied these maps for finite limit theories. They showed
that locally finitely presentable categories (see definition 6.5.3) are categories of models
of such theories and that functors between such categories (satisfying certain conditions)

correspond to relative interpretations. We establish a similar result for theories of HML.

We define models of HML, which are fibrations of a special form, called A\w-categories.
The soundness and completeness of HML with respect to interpretation in these models
is proven. Then, we show that the category of HML theories is equivalent to the category
Aw-Cat of A\io-categories and that interpretation of such theories correspond to morphisms
in Aw-Cat. Hence, we obtain a functorial semantics of HML, where the syntax disappears
and theories are abstractly represented as A\w-categories. Next, we show that the category
Mod(T) of models of a theory 7 is equivalent to the category [T, Sets|i, of set valued
models of a finite limit theory 7', which is locally finitely presentable. Moreover, we show
that the functors Mod(¢) : Mod(7;) — Mod(7;) induced by a relative interpretation
¢ : Ty — T satisfy the conditions required by the Gabriel-Ulmer duality. This result is

used in theorem 6.8.12 to give a simple characterization of functors of the form Mod (o).

The definition of semantic constructor is from [Mog90b]. Sections 6.3 and 6.4 use
material from [CM93]. Section 6.5 surveys standard results in functorial semantics. Sec-
tion 6.6 reviews some notions of fibred category theory used for modelling HML. All the

rest, including what is described above, is our own contribution.
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Chapter 7 develops in LEGO the semantic constructors for exceptions and for re-
sumptions described in [CM93] and uses the logic provided by the underlying type theory,

the Extended Calculus of Constructions, to prove properties of such constructors formally.

The type universe of XCC provides an intuitionistic set theory in which models of
computation are embedded, as in synthetic domain theory. “Domains” are inhabitants
of a type Dom and the embedding is provided by an externalization map E:Dom->Type.
From this data one can define suitable types and terms whose interpretation in a model
of the type theory determines a full internal subcategory Dom in the ambient category
of types. All the constructions developed in the applications refer to this category of

discourse.

Categorical structure in Dom is represented by suitable types whose inhabitants we
call structures. The computational metalanguage is encoded in the type theory and a
formal interpretation function is defined, mapping the syntax to Dom. This function is

parametric in the appropriate structure, that is: products, exponentials and a monad.

Semantic constructors are represented as functions returning structure for interpreting
one theory of the metalanguage from structure for interpreting another. We present two
constructors from [CM93], one for exceptions and one for resumptions. The correctness
of the first is proven in LEGO by showing that it maps monads to monads. The second

is used to define a model of parallel computation with interleaving.

Resumptions are constructed on top of a model featuring operators of fixed point and
nondeterministic choice. The constructor redefines these operations to adapt them to the
new notion of computation, where other operations for manipulating resumptions become
available. From these operations, we define an operator of parallel composition of which
we give a formal proof of commutativity. The proof uses properties of the abovementioned
operations, e.g. the uniformity of fixed points (see section 7.2). Hence, we prove lemmas
showing that such properties are preserved by the constructor of resumptions. Finally,
we make sure that all the pieces of structure being used are consistent with each other

by looking for them in a concrete model of the type theory based on PERs.
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The definitions of the exception and resumption constructors, and of the operator of
parallel composition are based on similar definitions in HML due to Moggi. All the rest

in this chapter is original.

Chapter 8 contains directions for further research.

Prerequisites.
e Category theory.
e Basic logic and type theory.

e Some feeling for LEGO (for chapter 7 and the appendices only).



2 The Computational Lambda Calculus

In this chapter we present a metalanguage MLp(X), called computational lambda calcu-
lus [Mog91b], featuring computational types and polymorphic operations (4 la ML) in a
signature X to describe specific notions of computation. The first two sections contain
definitions and discussion of the relevant mathematical concepts, in particular that of
strong monad upon which the semantics of the metalanguage is based. MLp(X) is intro-
duced in section 2.3, while section 2.4 describes its interpretation in a cartesian closed
category with a strong monad and additional > structure. In the last section we present

some examples of computationally relevant monads.

2.1 Strong endofunctors

Definition 2.1.1 A monoidal category C = (C,®,1,a,\, p) consists of a category C
with a bifunctor @ : C x C — C which is associative up to a natural isomorphism
a: ((®)®_-2 _®(.®_) and an object 1 of C which is left and right unit for @ up to natural

~

1somorphisms A : 1Q_= _and p : _®1 = _, subject to the coherence conditions described in

[EKG66, 11.1].

Definition 2.1.2 A monoidal category C is closed if each functor _.® B : C — C has a
specified right adjoint [B, _].

We write n% : X — [B, X® B] for the unit of such an adjunction, €% : [B, X]®@B — X
for the counit (i.e. evaluation) and Af : X — [B,Y] for the transpose of f: X @ B — Y.

If C is symmetric and closed, it is biclosed, that is also every B ® _ has a right adjoint.

24
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Let C be a monoidal closed category. The bijection ' : C(A, B) = C(1,[A, B]) is
defined as follows: the name 'f' : 1 — [A, B] of a morphism f : A — B is the element
A(foXa). Conversely, the arrow'g" : A — B of an element g : 1 — [A, B] is the morphism
(Atg)eAy". Then '"f'1 = f and "g"" = g. We write Lapgc : [B,C]® [A,B] — [A,C]
for the transpose of [B,C]® [4, B]®@ A %S [B,C]® B = C. Then, L('f','g!) = [fog'.

Definition 2.1.3 A strong endofunctor T = (T, st) on a monoidal closed category
C consists of a map on objects T : 0obj(C) — o0bj(C) and a family of morphisms
stap:|A,B] — [T'A,TB], the functorial strength of T', satisfying the following equations:

id' = stolid (2.1)

sto. = Lo(st® st). (2.2)

The underlying functor T : C — C of a strong endofunctor T' = (T, st) on C maps A
toTAand f: A— Bto (stape'f') : TA— TB.

Every monoidal closed category can be enriched over itself by taking the internal homs
[A, B] as hom-objects, names of identities "id 4' : 1 — [A, A] as identity elements and L

as composition [EK66, Theorem 5.2]. The following is well known:

Proposition 2.1.4 FEvery strong endofunctor on a monoidal closed C can be viewed as a
C-functor on the category C enriched over itself and viceversa. The underlying functor of

the C-functor, as defined in [Kel82], is the same as that of the strong functor, as above.

Now we consider a different notion of strength and describe the correspondence with
the one above in the more general setting of a V-category C, for }V monoidal closed.
C is said to be tensored over V if for every X € V and A € C there exists a tensor product

X ® A € C and V-natural isomorphisms

CX®A, )= [X,C(A, ).
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Note that such isomorphisms give rise to an adjunction - ® A 4 C(A,.) : V — Cy
between V and the underlying category of C, defined by

Co(X ® A, B) £ V(1,C(X ® A, B)) 2 V(1,[X,C(A, B)]) 2 V(X,C(A, B)).

The above adjunction yields natural isomorphisms axys: X®@ (Y ®A4) - (XQY)®A

in Cy as implied by Yoneda and the following natural bijections:

X®Y®A) —B
X —CY®A,DB)
X — [Y,C(A, B)]
X®Y — C(A,B)
(X®Y)® A— B

Theorem 2.1.5 ([Koc72, 1.3]) Let V be a symmetric monoidal closed category, let A
and B be V-categories tensored over V and let Ay and By be their underlying categor-
ies. There is a one-to-one correspondence between V-functors A — B and functors
T : Ay — By equipped with a natural family of morphismstxp: X ® TB — T(X ® B)

satisfying the following diagrams:

id @t

t t
1@TB——=T(1®B) X®(Y®TB) — = X®T(Y®B) — T(X® (Y ®B))

A « To
o t

TB (X®Y)®TB T(X®Y)® B)

In the light of the above result, ¢ is often called the tensorial strength of T. We can

see the correspondence between tensorial and functorial strengths through Yoneda:

[B,C] — [TB,TC|
V(X,[B,C]) — V(X,[TB,TC])
Co(X ® B,C) —> Co(X ® TB,TC)
X®TB— T(X ® D)
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The constructions are as follows: morphisms st p : [A, B] — [T'A, T B] are obtained

from ¢ by transposing [4, B]@TA - T([A, B|® A) -5 T B. Vice versa, tx p is obtained
Bo _

from st as X @ TB "= (B, X®B|®TB Alst T(X ®B). We refer to the aforementioned

paper for the proofs that the relevant diagrams commute.

From the above discussion we obtain an alternative definition of strong endofunctor
T = (T,t) on a symmetric monoidal closed category C as consisting of a (conventional)
functor 7' : C — C and a natural transformation t45: A® TB — T(A® B) satisfying
the commutative diagrams of 2.1.5. In the following definition, as in most of this thesis,
we consider strengths defined in cartesian closed categories, where the isomorphisms «,

A and p are the canonical ones.

Definition 2.1.6 ([Mog90b]) Objects of the category of strong endofunctors are triples
(C,T,t), where (T, t) is a strong endofunctor on a cartesian closed category C. Morphisms
€, Tt — (D,S,t°) are pairs (U,0), where the functor U : C — D preserves the
cartesian closed structure on the nose and o : UT - SU 1is a natural transformation

making the following commute:

tT

UAxUTB ————= UT(A x B)

id X o o

UAxSUB ——— = S(UAxUB)

The equation expressing the diagram above in terms of the functorial strength is:
[UTA,op]-Ust” = [04,SUB]est, that is, og(Ust 4 5(f,w)) = styavs(f,caw). This is
an instance of diagram 2.6 of section 2.2 and it expresses the fact that o is C-enriched.

The condition that U preserves the universal structure on the nose is only to simplify the

treatment, so that, for example, UA x UTB = U(A x T'B).
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Remark. Strong endofunctors are the objects of a 2-category the 2-cells of which,
¢ (Uo)= (V,p): (C,T,t") — (D, S,t%), are natural transformations ¢ : U = V such
that Sgoo = po@T.

Remark. Two strong endofunctors 7' = (T, st”) and S = (S, st”) defined on the same
monoidal closed category C have an obvious composite: T'S = (T'S, st st), while their

tensorial strengths are composed as follows to obtain:

S
Tt% g

T
79 X @ TSB %2 T(X @ SB) - TS(X ® B).

2.2 Strong monads

In section 2.1 we showed an equivalence between two definitions of strong endofunctor:
the first involving a map of objects T and a family st of morphisms, the second involving a
functor T" and a natural transformation . The former is more syntactic, in the sense that
T may be viewed as a type constructor and st as a family of uniformly typed operations
in the internal language of a category. Note that a map on objects T" plus the operations

of ¢t do not suffice to make T' a functor.

In this section we follow the same approach for strong monads on which Moggi’s
computational metalanguage is based. The minimal version of this calculus described
in [Mog91b| requires only the structure of a monad; however, a strength is needed to
interpret terms with more than one free variable. First we introduce strong monads 7" as
made of type constructors and operations defined in cartesian closed categories C. This
definition is adopted in chapter 6 to represent monads in a type theory. Then we show in
the internal language of C (with “signature” T') that strong monads correspond to monads
over C, which look more familiar to the category theorist. In the following section, we
present Moggi’s computational metalanguage as a sugared version of the language of

strong monads.
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Definition 2.2.1 A strong monad M = (T, val,let) on a cartesian closed category C
consists of a map on objects T : 0bj(C) — o0bj(C) and two families of morphisms
valy : A — TA and letap : [A,TB] x TA — TB such that, for any f : A — TB

and g : B — TC, the following diagrams commute:

"val’ A
1—=[A TA] 1x A A
(idwj/ /let "f1 x val J/ \Lf
[TA,TA] [A,TB] x TA ? TB
e

"g' x (let - ("f! x id))

1x(1xTA) [B,TC| xTB
A(let-("g' x f)) x )\l llet
[A, TC] x TA TC
let

Note that let is an internal version of the lifting operation defined for Kleisli triples

(another presentation of monads; see [BW85]).

In the following, we sometimes use lambda notation to address morphisms of a
cartesian closed category C. This is fairly standard practice in category theory, where one
speaks of the internal language of C, as in [LS86, 1.10.6]. In particular, our category is
endowed with families of morphisms val, : A — TA and letap : (A —TB)xTA—TB
satisfying the following equations: forall z: A, 2 : TA, f: A—TBand g: B — TC,

letaa valy z = =z (2.3)
letap f (valy ) = fx (2.4)
letgc g (letap fz) = letac (Ax: Alletge g (fx)) 2 (2.5)

where “let f 2”7 stands for let (f, z). Moreover we shall write “let f” for (Az.let f z) and,
in general, assume left associativity in unbracketed expressions. These equations are just

the Curry-ed version of the diagrams in definition 2.2.1.
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Proposition 2.2.2 A strong monad M = (T, val, let) has an underlying strong endo-

functor with the same map T on objects and strength

stap:[A, B2 A, 7B 2 TA, TH.

Proof. The above diagrammatical description of st translates in the internal language
as stap f ot letap (Ax : A.vals(fx)). Then, equation 2.1 follows immediately from

axiom 2.3: st(Az.x) = let (A x. valw) = let val = X z. 2.

Similarly, let g : A — B and f: B — C;since L f g = Ax. f(gx), equation 2.2 follows
from 2.4 and 2.5:

L(stpcof) (stapg)z
=stpc f(stasgz)
= letg.c (Ay : B.vale (fy)) (letap (Ax : Avals (gx)) 2)
= letac (Ax: A letgc (Ay : B.vale (fy)) (vals (gx))) =
= letac (Ax: A vale (f(gz))) 2
—stac O A fgr))2
=stac (Lfg)z
0

Remember that a C-natural transformation o : (T,st”) — (S, st°) is a family of

morphisms o4 : TA — SA such that:

tT

(A, B ’ [TA,TB]

stS [TA, o] (2.6)

[SA,SB] —= [T'A, SB]
[O’A, SB]

Proposition 2.2.3 Let C be a cartesian closed category; there is a one-to-one corres-

pondence between strong monads (T, val, let) on C as defined in 2.2.8 and C-monads

(T, st,n, p).
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Proof. We sketch the direction from strong monads to C-monads. From the following
constructions: n4 = val, : A — TA and ps & letraa(Az:TA.2) : T?A — TA, unit
and associativity laws as well as naturality follow from routine calculations. We show

C-enrichment. In the case of 1, diagram 2.6 corresponds to:

ap Al g
[A, val] [val, T B]
[A, TB] T [TA,TB]

which commutes because [val,TB|-Alet = idarp), that is, in the internal language,

Ax: Alletap f (valy x) = f. Similarly, 2.6 specializes for u as follows:

T T

t t
[A,B] ——= [TA,TB] ———= [T?A, T°B]

StT [TQA, HB]

[TA, TB [T?A, TB]
(1, TB]

which, for f: A — B and w : T*A amounts to:

up(strars (stap f)w)

= letrpp(A\z : TB.z) (letrarp (A2 : TA. valys (stap f 2)) w)
= letrap(Az: TA. letrpg(Az: TB. z) (valys (stap fz)))w
= letrap (stap f)w

=letrap (Az:TA. letap (Ax : A (vals(fx)) 2)w

= letap Nz : A vals (fz)) (letraa (N z: TA. 2)w)

= stap f (paw).
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From the correspondence established by Theorem 2.1.5 we get an alternative view of
a strong monad in a cartesian closed category C as a 4-tuple (T, t,n, u) consisting of a

strong endofunctor (7', ¢) and a monad (T, 7, u) such that:

id X

t Tt
AxB e A g TB AxT?’B—=T(AxTB) —= T*(Ax B)

nl / id X“i p (2.7)

T(A x B) AxTB T(A x B)

Such diagrams follow from 2.3, 2.4 and 2.5, for n and p defined as in the proof of

Proposition 2.2.3 and t 45 % A x TB "5 [B,T(A x B)] x TB *% T(A x B), that

def

is: t(z,w) = let (\y. val(z,y)) w.

Definition 2.2.4 Objects of the category of strong monads are 5-tuples (C,T,t,n, u),
where (T, t) is a strong endofunctor on a cartesian closed category C and (T, n, u) is
a monad on C such that t, n and p satisfy 2.7. Morphisms from (C,T,t",n", u") to
(D, S, t°, 0%, 1) are morphisms (U, o) of the underlying strong endofunctors such that:

S

n ) o So )
UA —1—= SUA UT’B ——= SUTB————= S’UB
oI :
UTA UTB 7 SUB

In [Mog90b] strong monad morphisms are presented in terms of val and let. In
this case, given z : UX, f : UX — UTY and w : UTX, the equations are: val x =

o(Uval (z)) and oy (Ulet xy f w) = letuxuy (oyef) (oxw).

Remark. Monad morphisms (U, o) are similarly defined in [Str72], but with o reversed.
We adopt the above version because it simplifies the theory of semantic constructors

discussed in section 6.2.
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Remark. Strong monads are objects of a 2-category where 2-cells ¢ : (U, o) = (V, p)

are the same as those of the underlying 2-category of strong endofunctors.

Remark. Unlike strong endofunctors, strong monads compose only occasionally. Two
monads (T, 7", u”) and (S, n°, 1°) on a category C give rise to a composite ('S, n**, /™)
on C when a distributive law A satisfying suitable diagrams is provided (see [BW85, 9.2]).
In that case, n7° = Tn°eon’ and u’® = TpSeu?«TAS. The same situation holds for

strong monads, for which M\ is also required to be C-natural.

2.3 The computational lambda calculus

In [Mog91b], Moggi proposed the use of monads for modeling computations and a formal
metalanguage, the computational lambda calculus MLz(3), to describe denotations of
programs. The signature ¥, in which the metalanguage is parametric, contains operations
for describing specific notions of computation; in chapter 3, for example, we present a
metalanguage with operations for raising and handling exceptions. Singling out such
operations is convenient in view of the modular approach to denotational semantics that
we explore in in chapter 6. Here, we present MLr(X) as a special form of lambda calculus
and in the next section we define its interpretation in a cartesian closed category equipped

with a strong monad and Y-structure.

First we extend the usual definition of typed lambda calculus to capture a family of
languages whose signatures may include type constructors and polymorphic operations.

We write L£(X) for a generic member of this family with signature .

Let X, be a collection of constant type symbols K, each associated with a nat-
ural number «,(K) called its arity. Let x be a collection of type variables. We call
Y -polytypes, dropping “¥.” when possible, the expressions freely generated from the

following rules:
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Al. 1 is a polytype;
A2. X € y is a polytype;

A3. if K € ¥, a,(K) =n and 7y,...7, are polytypes, then K(7,...7,) is a polytype

(brackets are omitted when n = 0, in which case K is called “nullary”);
A4. if o0 and 7 are polytypes, then so is ¢ X T;

A5. if o0 and T are polytypes, then so is ¢ — 7.

By writing a polytype as 7(Xi,...X,), we mean that all type variables of 7 are
in Xy,...X,. By X,-types we mean X -polytypes with no variables. We call closed
type scheme a nonempty list of polytypes 71(X1,... Xy), ... T;(Xy, ... X0), 7(X1, ... X0),
written VXy,... X, 711, ... T — 7 (VX4, ... X,,. 7 when m = 0).

A signature of a typed lambda calculus £(X) is a 4-tuple ¥ = (X, a;, 3¢, ) where 2,
and «, are as above, Y. is a collection of operation symbols and . associates with each
op € X a closed type scheme called its arity. We write op : VXy,... Xy 71, o . Tp — T

when a.(op) =VXy,... Xp. 71, ... T — T.

A typed lambda calculus £(X) consists of collections of types, typed terms and
equations between terms, each satisfying the closure conditions specified below. Let
Y= (%, an, X, a.); the types of £(X) are X -types as defined above. Let y, be a col-
lection of varibles, one for each type 7. The terms of L(X) are freely generated by the

following rules: writing M : 7 for “M is a term of type 7,”
B1l. x:1;
B2. if z € x,, then x : T;

B3. if op : VXy,...X,,.71,... Ty — T is an operation in X, oy, ...0, are types, and

Mj :7j(01,...0n) for j=1,...m, then op, . (My,... My):7(01,...04);
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B4. if M :0 and N : 7, then (M, N) : o0 X T;

B5. if M : 0 x 7, then m (M) : 0 and (M) : T;

B6. if M :0 — 7and N : o, then MN : T;

B7. ifx € xpoand M : 7, then A\x : 0. M : 0 — 7.

When the types are understood we shall drop the indices of the constant operations.
We shall also drop the parentheses when the precedence is understood. The usual notions
of free and bound variables, and of substitution extend immediately to £(X). Rather than
decorating variables with their type, we shall use typing contexts to type-check terms. A
typing context I" is a list I' = (1, ... x,) of variables, where no x; is repeated. Such a list
is written (zq1 : 71,...2, : T,), With x; € ., to make the type of each variable explicit.
We write I' = M : 7 when M is a term of type 7 in £(X) whose free variables are in

context I' and call I a context for M.

Note that there are no polymorphic terms in £(X): although, as we shall see in the
next section, operations in the signatures we consider may have a polymorphic intended
meaning, polytypes and type schemes live only in the metatheory. Formally, we decorate
operations with type indices so as to type-check terms such as nil 4 where nil : VX.list (X).

Informally, we drop indices when we can.

Equations have the form M =r N, where M and N are terms of same type in context
I'. The collection of equations of £(X) is called the theory of £(X). Such a theory
is required to be closed under the usual inference rules of typed lambda calculi with
unit and product types (see [L.S86]). Theories include a special set of axioms, typically
involving constants in ¥, such that anything in the theory derives from the axioms via

the inference rules. When M = N is in the theory of £(X), we write I' - M = N.

Equations are indexed by contexts in order for theories to make sense of possible

empty types. For example, let £(X) contain no closed terms of type () € 3, and let the
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following be an axiom:

r:Ty:TEXz: D x=Xz:0.v.

From this equation, z : 7,y : 7,2 : 0 = 2 = y follows. Interpreting () in Sets as the empty
set, the theory equates any two elements of an arbitrary set 7 provided an element of the
empty set can be found. If the indices were not there, the proviso would be lost, and

soundness lost with it.

Let >, be a collection of constant type symbols not including 7" and let o, be defined
on X, U{T}, with a,(K) = 0 for K € 3, and a,(T) = 1. Let X, be a collection of
operation symbols not including val and let, let a. map them to closed type schemes
formed from polytypes over ¥, U {T'} and let @, extend a. to X. U {wval,let} with
val :VX. X — TX and let : VX, Y. (X - TY),TX — TY.

Definition 2.3.1 A computational lambda calculus, or computational metalanguage,
MLy (%, 5, o) is a typed lambda calculus L(X; U {T}, a3 U {val, let }, a.) with ¥,

Y, Qe, ., and & as above and with axiom schemes including equations 2.3, 2.4 and 2.5.

By abuse of notation we use “¥X” also to range over signatures (2., %, ) of com-
putational metalanguages. We write MLy for the theory of MLy () including no other
axioms than 2.3, 2.4 and 2.5. In [Mog91b], MLy is presented in a sugared version, with

the operator let written in the form:

'-M:Tr T,x:7EN:To
I'Flet x<=Min N:To

where z is bound in (let © <= M in N). In the following we shall sometimes adopt the
above syntax which we take as an abbreviation for let (Az : 7. N) M. In particular, 2.3,

2.4 and 2.5 can be rewritten as:
T let x <= M in val(x) =M
T.0 et x <= val(M)in N = N[M/x]

T.assoc  let y<= (let v <= Lin M) in N =let x < L in (let y < M in N).



2. The Computational Lambda Calculus 37

The following £ rules are derivable from [(-reduction and the £ rules for lambda ab-
straction and application. Note that this would not be possible had we taken

let x <= M in N as primitive notation.

M =N
val(M) = val(N)

val.&

M = M N=N
(let © <= M in N) = (let <= M in N')

let.&

The converse of wval.£ expresses a mono requirement: given an interpretation of
MLp(X) in a strong monad 7' (as shown in the next section), this corresponds to the

unit 7 of T being a monomorphism:

val(M) = val(N)
M =N

mono

Such a property is required of “computational models” (\.-models) in [Mog91b], as
it allows a view of 1 as an existence predicate, like in a logic of partial elements. The
availability of such a predicate makes it possible to reconstruct the base category from the
Kleisli category of a monad. In particular, there is a correspondence between categories
with a monad satisfying mono and theories (of programming languages) with equivalence

and ezistence predicates. We shall use the mono requirement to prove Proposition 3.7.4.
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2.4 Structures and interpretation

In [Rey83|, Reynolds suggested that satisfactory models of polymorphic languages should
exclude ad hoc polymorphism. The concept of parametric polymorphism, usually credited
to Strachey, expresses the informal requirement that instances of polymorphic entities are

assigned uniform meaning.

This can be made more precise by considering relational parametricity [Rey83]. As-
sume some notion of relation A <+ B between objects A and B in a category C. Let
p1,p2 - X — Obj(C) be assignments to the type variables in y; the members of a type-
indexed family R of relations R, : [7],, < [7],, are called logical if R satisfies certain
closure conditions (see [Plo73,Mit90] for definitions). In particular, if C has exponentials,

a logical relation R,_., is defined from R, and R, as follows:

Ror = {f.9|¥a,b. Ro(a,b) O R.(fa, gb)}.

A polymorphic operator w is called relationally parametric if its instances satisfy
any logical relation. More precisely, we say that an Obj"-indexed family of morphisms
wx,..xn : [0]x,..x, = [7]x,..x, is relationally parametric if wa,  a,Ro—r wp,, 5, for
all type assignments Ay, ... A, and By, ... B,, and logical relations in a family R. This

can be expressed diagrammatically as:

WAy, A
HUHA17~~~A7L % I]iT]]A]_,...A"

Example. Let p1,ps : x — 0bj(C) be type assignments, and let h : p; — py be a
collection of morphisms hx : p1(X) — p2(X), indexed by x; h induces a logical relation
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~ where a ~x b if and only if b = hxa. Using this notion of logical relation, an operator
Y of arity VX. (X — X) — X is relationally parametric when, for all h : A — B,
f:A— Aand g: B — B, if hf = gh then Ygg = h(Yaf). A “uniform” fixed-point
operator Y in Cpo, the category of cpos, is defined by Plotkin as one that satisfies the

above property restricted to strict maps h.

O

Properties such as uniformity are not algebraic, that is they cannot be enforced on
models by means of equations. Therefore, models of the computational metalanguage
may have to be provided with built-in parametricity. In chapter 7 we use a uniform
fixed point operator Y to define structures for denotational semantics. There, we adopt a
more powerful metalanguage, the Extended Calculus of Constructions [Luo82], in which

domain theoretic properties can be axiomatized.

Remark. The notion of naturality can be related to parametricity. Let list be the
unary type constructor of LISP. The operator cons, of arity VX. X, list (X) — list(X),
satisfies the condition that, for all f: A — B,

list(f)(cons s al) = consp f(a) (list(f) 1),

where list(f) is often written map(f) (see remark in section 6.3). Similarly, the equation
list (f) nil 4 = nil g holds, where nil is a polymorphic operator of arity V.X. list (X). These
conditions express the naturality of cons and nil. In order to express naturality in terms
of parametricity, one should explain how a relation R;s 4y is defined logically from R 4.
The notion of action of a functor on a relational structure (see section 3.6), can be used

to this extent.

O

Let C be a cartesian closed category and let Y, be a collection of type construct-

ors, with arities given by a map «,. A X,-structure on C is a collection of functions

[K] : 0bj(C)" — 0bj(C), with n = a-(K), one for each K € X,.
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An interpretation [r] of a ¥, -polytype 7(Xi,...X,) in a 3 -structure is a map
0bj (C)" — o0bj(C) defined from the interpretation of the constants in 3, and from the
obvious interpretations of 1, x and —. When 7 is a type, [7] is an object of C. Inter-

pretation of types extends to contexts, with [z1: 7y,...2, : 7] =[] X ... X [7]-

Lemma 2.4.1 Let 7(Xy,...X,) be a polytype and let o;, i = 1,...n, be types; then,

[7(o1,...00)] = [T]ioi...[on1-

Proof. By trivial induction on the structure of 7. 0

An interpretation [op] of an operation op : VXi,...X,.71,... 7, — 7 isan Obj(C)"-
indexed collection of morphisms [op]a,.. a, : [T1]a,..a, X - [Twmlay..a, — [T]a;.. a4,
Such a collection may be required to satisfy parametricity to obtain well behaved models.
A Y-structure on C consists of an interpretation [op] for each op € ¥.. A X-structure

on C consists of a X, and a X, structure.

An interpretation [ -] of £(X) in a X-structure on C maps types to objects of C and
terms M of type 7 to morphisms [M]r : [I'] — [7], parametrically in a context I" such
that I' = M : 7. When using lambda-notation to address morphisms in C, the free
variables of [M]r are the ones in I'. The interpretation [M]r is defined by structural

induction on M as follows:
Cl. [¥]r="!:[I'] =1,
C2. [zi] @rim,oanirn) = mi 2 [1] X - X [7] — [7];
C3. [0p,y.. 00 (M, .. My)]r = [op]ou,...101 ([Mi]rs - - [Min]r);

C4. (M, N)]r = ([M]r, [N]r);
[mi(M)]r = m[M]r;

C5. [M N]r = [M]r[N]r;
Ne:o. M]r= Ax:[o]. [M]ruo
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In the above definition we used the fact that, for all terms M but lambda abstractions,
a context for M is also a context for its immediate subterms. Moreover, if I' is a context
for A\x : 0. M, then (T, z : o) is a context for M. In the clause for lambda abstraction, we
defined interpretation at a context I' by using interpretation at a bigger context (I', z : o).
However, this does not break the induction since the latter is applied to a smaller term.

In C3 we used lemma 2.4.1.

Definition 2.4.2 A model of L(X), or ¥-model, is a pair (C,.A), where C is a cartesian

closed category and A is a ¥-structure on C satisfying the axioms of L(X).

Example. Any theory £(X) has a syntactic model 7 (3). The underlying category of
7 (X) is the cartesian closed category whose objects are ¥ -types and whose morphisms
are freely generated from morphisms [M] : 1 — 7, where [M] is the equivalence class of

closed terms N such that = M = N. This category has an obvious X, structure and

Y structure assigning to every op : VXy,...X,.7,...7, — 7 and types o1, ...0, a
morphism [op]o,. o0 = [AT1 2 Ty oo Tin ¢ Ton- 0p (21, .. T (21, . .. T4), Where 7; stands
for 7;(o1,...0n).

O

Proposition 2.4.3 (Soundness) All theorems of MLy are true in a cartesian closed

category with a strong monad.

Proof. Let ¥ consist of ¥, = {T'} and 3. = {val, let} of appropriate arities; MLy
is of the form £(X). Any monad (T, val,let) is a ¥-structure on C and, by definition,
it satisfies axioms 2.3, 2.4 and 2.5. Then, the result follows from soundness of typed
lambda calculi with products and unit type with respect to interpretation in cartesian

closed categories. 0

Proposition 2.4.4 (Completeness) MLy is complete with respect to interpretation in

cartestan closed categories with a strong monad.
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Proof. The argument in the proof of soundness can be reversed: any model of MLt is a
cartesian closed category with a strong monad. Completeness follows from the existence
of a syntactic model where equations are satisfied only if provable. We do not make this
proof any more formal as it just repeats a similar one given in section 6.7 for a more

powerful type theory. ]

Models of £(X) are made of universal structure and “additional” structure to interpret
the operations in . In this chapter, we restricted the former to cartesian closedness, as
universality was only meant for the unit type, products and exponentials. Metalanguages
with a richer set of universal types can also be considered, for example, including sums,
recursive types, (strong) natural numbers and so on. However, it may be impossible
to interpret certain computational features in categories that are too rich in universal
structure. A typical example is the inconsistency of coproducts, which are used in the next

chapter to interpret exceptions, with fixed points in cartesian closed categories [HP90].

2.5 Examples of computationally relevant monads

Lifting. A lifting monad can be used to give an account of partiality. Let A be a set
and let Ay ={X C A| |X| < 1}. There is a bijection between partial functions A — B
and total functions A — B, natural in A and B, mapping f : A — B into fT such
that f7(a) = {b| f(a) is defined and equal to b}. The adjunction given by this bijection

defines a monad in the category of sets, which we call the lifting monad:
TAZ A,

where 1 = id' satisfies the mono requirement and z maps () — @ and {X} — X. Such a
monad is strong, with (st f)) = 0 and (st f){a} = {f(a)}. Note that the above “internal”

definition of lifting generalizes to the category of cpos and also to topoi.

An appropriate operation to include in a metalanguage for nontermination is

1L x : TX, which yields the always diverging computation for each type X. This choice is
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justified as follows. The lifting monad on the category of sets arises from an adjunction
Sets — PSets, where PSets is the category of sets A with a “point” 1 4 : 1 — A; morph-
isms are point preserving functions. The right adjoint is the obvious forgetful functor
PSets — Sets. This functor is monadic. In fact, any pointed set (A, L) is a Y-algebra
on A and every A, is the free language over 3 generated by A. Similar constructions can
be carried out for finitary monads on arbitrary categories (with appropriate structure),
among which the finite powerset monad P ;, and the monad for exceptions TX = X + F

(see below for both cases).

Remark. In general, studying the Kleisli category of a monad T' (in the example above,
the category of partial functions) helps understanding the way in which programs com-
pose. On the other hand, the study of T-algebras may provide some insight as to which

operations to include in a metalanguage for T-computations.

O

The above definition of lifting can be made more general. A class of admissible monos
(Rosolini) in a category C is a class of monos containing all the identities and closed under
composition and pullback along arbitrary morphisms (see definition 4.3.8). Let A be a
class of admissible monos in C. A N-partial map [m, f] : A — B, is an equivalence class
of pairs (m, f) with domain m : X — A € N and f: X — B. We drop “N” when
understood. Partial maps compose in the category pC of partial maps: [m, f]e[n,g| is
[neg™'m, fom™'g]. A lifting monad ((_)1,n,pu) in C is given by an adjunction C — pC
in which the inclusion C — pC sending f into [id, f] is left adjoint. Above we wrote (_)'
for the natural isomorphism given by such an adjunction. Note that there can be no two
lifting monads ()., n, u) and {((2)1,n, x') with p # @, so that ((_)1,n) is good enough

notation for lifting.

The transpose h' of a partial map is sometimes said to classify h. More generally,
a partial map classifier for an object A is an object A together with a mono A — A
such that, for any N-partial map [m, f] : X — A there exists a unique total morphism

x[m, f] : X — A forming the following pullback:
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x[m, f]

The monad {(_),,n) provides partial map classifiers 94 : A — A, € N for all objects
A of C. Conversely, partial map classifiers for all objects give a lifting monad whose

Kleisli category is pC.

If C has initial object @ and 7y : ) — 1 is admissible, then 14 : 1 — A, is obtained
by transposing [?1,74]. However, in order to validate interesting axioms involving such
operations, additional assumptions may be necessary. For example, if () is strict, that is
if any morphism into () is an isomorphism, then (let f 1 4) = Lp for any f: A — Bj.
This is easy to see by writing (let f) as ppe fi and using lemma 5.1.6 stating that any
map h : A — B is the pullback of h, along npg.

Nondeterminism. The bijection { described above, which involves partial functions,
can be extended to arbitrary relations: there is a natural bijection between relations

r: A« B and functions 71 A — PB such that TT(a) = {b|r(a,b)}. The resulting

adjunction yields the powerset monad:
TAEPA

in the category of sets, in which n & id T satisfies the mono requirement and pu(H) is

Uxen X. Again, there is a strength st f X < U,cy f(x).

The obvious operation to include in a metalanguage for nondeterministic computa-

tions is or : VX.TX, TX — TX, with [or](X,Y) = XUY.

Note that the finite powerset monad on Sets arises as the classifying monad for the
theory of semilattices, that is as the monad whose algebras are semilattices. As for lifting,
the operation or (the join of a semilattice) associated with this monad is suggested by

an analysis of the category of algebras.
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Exceptions. Many programming languages feature mechanisms for “giving up” com-
putations when exceptional situations arise. If a recovery action is to be attempted, it
should be possible to perform a case analysis of programs, branching on whether or not
an exception has occurred. Hence, designating an object F to interpret the outcome of

aborted computations, the object
TX=X+FE

provides suitable denotations for programs of type X in a category with sums. In par-
ticular, this T is the object map of a strong monad (T, val, let) where val = inj, and
(let N M) = case (M, N, inj,). This yields a multiplication pu(w) = case (w, id, inj,) and
a strength t(z, 2) = case(z, Ay. inj(x,y), inj,).

Let’s consider this monad from the point of view of the operations. Given an object
E in a category C, the slice category E/C has morphisms with domain E in C as objects
and commuting triangles foa = b as morphisms f : a — b. The category C has sums
of the form (.) + FE if and only if the forgetful codomain functor E/C — C has left
adjoint. Indeed, E/C is the Eilenberg-Moore category of the above monad T'. T-algebras
X + F — X can be viewed as handlers E — X, while in the next chapter, where
exceptions are studied in detail, we shall see that suitable operations to raise exceptions

arise from suitable assumptions on the structure of £ (see end of section 3.5).

Resumptions have long been used in denotational semantics to capture the phe-
nomenon of interruption in program evaluation. Clearly enough, the meaning of the
program running P; and P, in parallel cannot be described in terms of nondeterministic
functions [P] and [P»] since it must take into account interleaved executions of the two
programs. Hence, it should be possible to single out the atomic steps of a computation
and the interpretation of a program of type A should be an object producing a value of

7

type A after a finite number of atomic steps. For example, reading “inj,(v)” as “return

7

v” and “injy(...)" as “make one step and (...),” the program inj,(inj,(inj,(v))) returns

v after two (rather boring) atomic steps. Such programs can be interpreted as elements
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of the object
TAE XA+ X

in a category C, where u(F), written uX.F(X), is a “fixed point” operator on endofunc-
tors F': C — C, that is Fu(F) = u(F). Inductive types (see section 6.3) such as u(F')
are interpreted in categories C in which every (suitable) functor F' has an initial algebra
Fu(F) — p(F). In that case, the above equation defines the object map of the strong

monad of resumptions, where val = inj, let f (injia) = f(a) and let f (injoz) = let f z.

Programs of the kind described above are not so interesting because nothing much
happens during an atomic step. In section 7.2 we show how to apply the simple resump-
tion mechanism described above to computationally more elaborate situations, such as
when programs sharing the same memory run in parallel, and we present operations

appropriate for describing the mathematics of resumptions.

Remark. Lambda calculi of the form £(X) lack the syntactic means to describe induct-
ive types. Signatures Y., for example, are not defined to include higher order constructors

of the form p : (type — type) — type.

Interactive input is similar to resumption in that evaluation may have to be inter-

rupted to input a value. The strong monad for interactive input features:
TAY X A+ X'
where [ is the type of the input values. Again, the unit 5 is inj,, while u(inj,z) = z
and p(injsw) = injo(puow). For the strength, let f: A — B, st f (injia) = inji(fa)
and st f (injez) = injo((st f)ez). From these data one obtains let f = T f, that is:
let f (inj1a) = f(a) and let f (inj2z) = injo((let f)o2).
Given the above monad, an obvious operation to include in the metalanguage is

input : T, to be interpreted as injo(inji). This operation can be used to input values

on the fly: let I interpret the type of integers,

[n+ input] = let © < input in val(n+ ) = injo(Ax : [.inj1(n + x)).
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Others. A detailed discussion of computationally relevant monads can be found in

[Mog90a]. Here we present a few examples.

TA=AxM complexity, for M a monoid, see [Gur91].
TA=(AxS)° side effects, discussed in chapter 5.
TA=uX.A+ (O x X) interactive output, see [Mog90a].

TA= R®E" continuations, ibid.

(TAk =3,.~ A(F"k)  dynamic allocation, ibid.

The latter is defined in a functor category C*, where the objects of K intuitively represent
stages of memory allocation and F' : K — K increments the memory with one new
location. A natural transformation o : idx — F' is also required, where Aoy(x) : AFk

represents x : Ak after a new allocation.



3 Application: exceptions

In this chapter, the computational metalanguage is used to study the semantics of a frag-
ment of Standard ML, called TMLE (Tiny ML with Exceptions), including the exception
handling mechanism. To our knowledge, no denotational description of ML exceptions

has been given before.

The fragment that we consider is nontrivial because ML’s exceptions have the capabil-
ity of passing parameters to exception handlers and this has interesting consequences both
on the metatheory of TMLE and on its semantics. One consequence is that, although
the language provides no syntactic facilities for declaring either recursive functions or
recursive types, programs may still fail to terminate. In fact, we discovered that, just
like when adding references to the simply typed lambda calculus, it is possible to write a
fixed point combinator in TMLE for any functional type. This failure of normalization
has been noticed before in [Lil95]. However, the result, which is yet unpublished, was

rediscovered by us independently.

As mentioned in section 2.5, models of nontermination generally involve a lifting
monad. Even before realizing that TMLE programs could loop, we were led to lift
computational types because a recursive domain equation arises in the interpretation of
the type of exceptions. In fact, on the one hand the type of exceptions must be included
in all computational types, as programs may produce exceptions, while on the other it

must include computational types, as exceptions can carry programs as parameters.

Modelling the language in the cartesian closed category of complete posets, there
are two places in which one can look for solutions to recursive equations: one is the

subcategory of objects with least element and strict maps, and the other is the category

48
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of partial maps. We prefer the second approach to the first because it allows us to adopt
the categorical sums of the (total) category of cpos in the interpretation of computational
types. The universal property of such sums allows exceptions to be captured by a case
analysis of the outcome of a computation. The universality of sums is crucial in the

soundness proof of section 3.5.

In section 3.1, we define the language TMLE and its operational semantics. Then,
we give an axiomatic account of exceptions by presenting a theory MLr(X) of the com-
putational lambda calculus featuring exception constructors and operations of raise and
handle (section 3.3). In section 3.5 we give an interpretation []z,(x) of this metalan-
guage in a cartesian closed category with appropriate structure and prove it sound. In
section 3.4, TMLE is interpreted via a translation (_]) into MLy (%), while the denota-
tional semantics obtained by composing [-]asr,(x) with (_]) is shown to be adequate with

respect to the given operational semantics in section 3.7.

The proof of adequacy is based on the definition of a suitable family of logical relations
[Mit90]. Because of the circularity in the type of exceptions, such a family cannot be
defined by induction on the structure of types and a proof of its existence is required. We
follow the trace of a similar proof given by A. Pitts in [Pit] for a fragment of ML with
one recursive type. Our case, however, is more involved than Pitts’ because the notion of
computation itself upon which interpretation is based (that is the monad TX = (X+FE) )
carries the seed of recursion (viz. the type E). A lesser difference with [Pit] is that we
solve our recursive equations in a category of partial maps, rather than in one of strict

maps.

The monadic setting in which adequacy is proven highlights the existence of two inter-
twined families of logical relations, one between semantic values and (strongly) canonical
TMLE terms, and the other extending the first to computations and arbitrary expres-
sions of the language. This seems to be a general pattern when proving computational
adequacy with logical relations and it can be exploited to develop such proofs modularly.
The idea is to make semantic constructors (section 6.2) work not only on monads 7" but

also on the actions of T' on relational structures (section 3.6).
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3.1 Tiny ML with Exceptions

Like in ML, TMLE exceptions can carry values, which we call arguments. We assume
a possibly infinite set £ = {e1,€...} of exception names and a function ¢ from & to
the types of TMLE, mapping each € into the type of its argument. To give programs
something to do to, besides raising and handling exceptions, we assume a type nat of
natural numbers, a constant n for each natural number n and a binary function symbol
Op to perform some arithmetical operation op. These are the formation rules for types

and expressions of TMLE:

(nat) —————
F nat type

(exc) ———
F exc type

F oy type o9 type

(arrow)
F oy — o9 type

(var) 1<i<n

I'Fep:nat T'F ey:nat
[+ 0p(ey,e2) : nat

(Op)

I'Fe:nat T'te:0o T'key:o

(if)

I'Fife=0thene; elseey: o
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I'X:oFe:r

(fn)

'Ffnx:o=e:0—1

I'Feg:o—7 They:o

appl
( ) I'keeq:r
I'Fe:((e)
€
(€ ['Fe(e) : exc
I'-e:exc
(raise) -
I'raise,e:r
(handle) Fke 7 Cx:((e)Fey:T
andle

'k e handlee(X) = ep: 7

This is the intuitive meaning of the operations raise and handle: an exception named
€ is raised by raise €(e), where the program e, of type ((¢), is meant to produce a value

to be passed to a handler. The typing rule for raise in ML is

I'Fe= exc

(ML_raise) -
I'Fraisee=r

7

where the symbol “=" relates what in ML literature are called phrases and semantic
objects. Since 7 does not occur in the premise, this rule allows raised exceptions to
have arbitrary type. Instead, we index the term constructor raise with the types of the

language to avoid polymorphic type checking.

In e; handle €(X) = e, if e; raises an exception €(v), the handler e is executed with
X bound to v; otherwise the value of e; is returned. Exceptions propagate throughout
their context until they are handled. The evaluation of exception raising is eager: for

example, raisenae e(raisenat €(4)) handle ¢(x) = x evaluates to 4 rather than (lazily)
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to raisenat €(4). On the other hand, conditional expressions must be lazy in each branch,

since we want 10 = 0 then b else raiseat €(e) to raise no exception.

We distinguish between canonical and strongly canonical terms, the former ranged

over by ¢ and the latter by b:

b == nled) | fnxioc=e

¢ == b]raise,b.

The idea is that, among the canonical terms, the strong ones represent values that
programs compute while the rest is computational gear. In TMLE, the gear is just raised
exceptions. However in ML, one has semantic judgements such as s,I' - phrase = A, s’
includeing an environment I, states s and s, and a semantic object A, which may be, for
instance, the constant FAIL, which is neither a value nor an exception, but rather the

operational means of expressing a matching failure.

The operational semantics of TMLE is a relation ~~ between the closed terms and the

closed canonical terms of the language. This relation is defined by the following rules:

(b) b~~b

e~ N es ~ Ng
(Opl) m=mn; op no
Op(el, 62) ~>M

€1 ~ raiSepat b

Op2
( ) Op(eq, e2) ~> raisenat b
€1~ N €y ~ ralSepat b
(Op3) -
Op(eq, ea) ~> raisenat b
e~ 0 er ~ ¢
(if1)

ife=0thene; elsee; ~ ¢
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e~ N €9 ~> C

if2 n #0
(it2) ife=0thene, elsee; ~ ¢ 7

e~ raiSenae b hFep,e:o

(if3) - -
ife=0thene; else e, ~ raise, b

e~ fnx:io=e e~b [b/Xle~ c

(appl)
€1€2 v C

e ~ raise,_, b

(app2) -
ei1es ~» raise, b

e ~b ey ~raise,b Fe :0—71

(app3) -
ei1es ~» raise, b

e~ raisecq b

(€2)

e(e) ~ raise . b

e~ b
(rsl)

raise, e ~ raise, b

€~ raiSe 4. b

(rs2) - -
raise, e ~> railse, b

€1Wb

(hnd1)
ey handle e(x) = ey ~> b

ey ~ raise, €(b)
(hnd2) - €Fe
e; handle €(x) = es ~~ raise, €'(b)

53
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ey ~ raise, €(b) [b/X|es ~ ¢

(hnd3)
e1 handle €(X) = ey ~ ¢

Remark. In the operational semantics of TMLE, every judgement has at most one

derivation.

Remark. Exploiting the call-by-value discipline in function application, one can define
sequential composition (eq;e2) as (fn X:0 = ey)e;, where e; does not contain free occur-

rences of X.

3.2 Exceptions and termination

Let a be an arbitrary TMLE type. Given an exception constructor € with parameter
of type ((e) = exc — a, it is possible to write a looping program 1, of type a: let

K :exc — a be the term fn x:exc = ((raise, x) handle ¢(y) = y(x)), then
Lo ® Ke(K).

Using the same technique, it is possible to define a fixed point combinator Y, .z
for arrow types. Let e have parameter of type ((¢) = exc — (o — ). Given any
term p of type (@« — () — (a — ), let K, of type exc — (a — ) be the term

fn x:exc = ((raise,—sX) handle ¢(y) = p (y(x))); then,
Yos=fp:i(a—pB)—(a—p)= (fnz:a= K,e(Kp)2).

The reason why TMLE programs can loop is that handle treats exception constructors
as such by providing a sort of case analysis on exc. Note that the same would happen

even if exceptions were not first class objects. Indeed, we would still be able to write
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a fixed point combinator for arrow types if the language included no type exc at all
and the construction and raising of exceptions were grouped together by a single term

constructor:

I'Fe:((e)

(raise_e) -
['Fraise.e(e): 7

Remark. In [dG95], a lambda calculus with an ML-like exception handling mechanism
is presented, in which the evaluation of well typed expressions cannot give rise to uncaught

exceptions. In this calculus, all terms strongly normalise.

Remark. In an unpublished manuscript [Lil95], Mark Lillibridge noticed that adding
exceptions to the simply typed lambda calculus makes normalization fail. In that paper,
the untyped lambda calculus is encoded in a typed language with exceptions to conclude
that exceptions are strictly more powerful than callcc. The argument uses results ob-
tained in [HLI3] proving strong normalization for an extension of F* with callcc and
abort. However, the results in [HL93] only concern particular evaluation strategies, and

it is not clear to us how that generalizes to arbitrary strategies.

Remark It is possible to mimic the raise and handling of exceptions with callcc by

using a global stack to store handlers. Here is the ML code:

val stack = ref(nil): (unit -> unit) list ref;
fun push = ...

fun pop = ...

fun raise () = pop stack ();

infix handle;
fun A handle B =
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callcc(fn k =>
((push stack (fn x => throw k (B()))):
(let val res = A(Q) in ((pop stack);res) end)));

3.3 A theory of exceptions

In this section we present the equational theory of a metalanguage MLr(X) for compu-
tations with exceptions, which we use to give the denotations of TMLE programs. As
for TMLE, we assume a function ¢ from the set & = {e1,€5...} of exception names
into the types of the metalanguage, mapping each exception name into the type of
its argument. The signature ¥ includes constant type symbols 91 and E, with arities

a-(MN) = a-(E) = 0, and the following constant operation symbols:

op : NN — N,

cond : VXN, X, X — X,

e:(le) — E,

raise : VX. E — TX,

handle . : VX.TX, (¢(e) = TX) — TX.

n: N,

The constant Ot represents the type of natural numbers. As in TMLE, we assume
a constant n for each natural number n and a binary function op representing some
arithmetical operation op. The conditional cond branches on the value zero of its first

argument.

The constant E is the type of exceptions, whose constructors are the operations e,
one for each exception name. The operation raise, allows exceptions to be raised in any
context C[] in which “_” holds the place of a term of type 7. The portion of a program
following the raise of an exception is disregarded. In TMLE, this could be phrased:

(raise; N) = raise, while, of course, (N; raise) = raise should not hold.
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The first argument to handle . is the body whose possible exceptions are to be handled,
while the second is a handler. There is nothing to be handled when the body is a value.

Moreover, only an exception whose name is € should be captured by handle..

Formalizing the above description of the theory of exceptions, the axioms of MLy (%)

are the following:

(op)
(cond.0)  cond (0, M,N) = M,

op(n,m) =n op m,

cond(n, M,N) =N (n #0),

(cond.n

(exception .n let © < raise(U) in N = raise(U),

(handle .51

)
)

(handle ) handle (val(M), H) = val(M),
) handle (raise(e L), H) = HL,
)

(handle .32 handle (raise (¢ L), H) = raise (e L) (€'# e).

From the 3 and the &-rule for lambda application, the &-rules for €, raise and handle

are derivable:

Ly =1L
€(Ly) = €(L2)

(exception .§)

and similarly for the others.

Remark. Some of the axioms above are not “robust,” meaning that they may need to
be rewritten in order to describe the behaviour of exceptions in more complicated com-
putational settings than TMLE. For example, handle.n is rather weak when exceptions
are considered in combination with side effects. In that case, we would like it to hold
not only of values, but also of nonexceptional computations which alter the state. In the
next chapter we introduce a family of evaluation relations <=xC X x T X, where v <= M
is read “M evaluates to v.” These predicates can be used to write more general axioms
such as:

v< M D (v < handle (M, H)).
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3.4 Interpretation of the language

TMLE is interpreted via a translation (| |) into the computational metalanguage MLy (X)

def

for exceptions, that is [e]rare = [(e)]mry ). Types are translated as follows:

(nat) = AN,
(exc) = E,
(or = 02) = (oa) — T (o))

The translation of types extends to typing contexts in the obvious way. We assume
that TMLE and MLz(X) share the same set £ of exception names and that (¢(€)]) = ((e).

Terms are translated as follows:

(x]
(n]
(Op(e1, e2)]

(1fe=0thene; else ey

— wal(x),

— val(n),

= et 21 < (e1)) in let x5 <= (ea)) in val (op (z1,72)),
= let x <= () in cond(z, (e1)), (e2)),

= wal(Az : (o). (e]),

= let f < (e1)) in let v < (e3)) in fx,

)
)
)
)
(fnx:0 = e))
(exe2)

(e(e)) = let x <« (e]) in val(e x),
(raise, €

) = let v < (e]) in raise)(x),
(e1 handle €(X) = e2]) = handle((e1)), Az : ((€). (e2]).

All strongly canonical terms b : o translate into terms (b)) = val(|b|), where || : (o]) is

the translation of b as a value rather than as a computation. Terms that are mapped to let
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expressions are strict when it comes to raised exceptions. Therefore, if exceptions are to be
handled, the subterms of handle must not be filtered by a let, but passed immediately to
handle . Similarly, as required from the operational semantics, if_then_else is strict in its
first argument but not in the others. Note that (ejes]) gives a call-by-value interpretation

of function application, according with the operational semantics.

Proposition 3.4.1 (Static adequacy) TMLE terms of type T are interpreted as terms
of type T([7)), that is, T' e : 7 is derivable in TMLE if and only if (T'])) & (e]) : T'(7).

Proof. By induction on the derivation of the typing judgements. For example, a deriv-
ation of I' F raise, e : ¢ in TMLE must contain a subderivation of I I e : exc. Then,

using the inductive hypothesis,

(I),z:EFz: E
() F (e): TE (L), z: EF raise g (x) : T'(o])
() F let = <= (e)) in raisey)(z) : T(o))
(T) F (raise, €) : T(o])).

O

In section 3.7, where we prove that the above interpretation is adequate with respect
to the operational semantics, we shall use the following substitution lemma, whose proof

is easy enough to be left out.

Lemma 3.4.2 ([b/z]e]) = [|b]/z](e])-
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3.5 Interpretation of the metalanguage

In this section we describe a categorical interpretation of MLy (X) and prove its sound-
ness. The proof only relies on an axiomatic description of models: first we define the
interpretation in terms of an abstract categorical structure, and only after proving its

soundness do we look for a concrete category that exhibits such a structure.

The metalanguage is interpreted in a cartesian closed category C with initial object ()
and coproducts. The injections are written inj> > : X; — X, +Xo, i € {1,2}, dropping
the superscripts when types are understood. When using lambda notation, we write
case(f,g,z) : Y for the morphism mediating f : X; — Y and g : Xy — Y applied to

x: Xi + Xo. As usual, we write case(f,g) for Ax. case(f, g, z). Other structure is also

needed in C; we introduce it while spelling out the interpretation.

We assume a strong natural numbers object [LS86, 1.9] 1 = 9N = 9 to interpret N.
Note that, since we have sums, this is the same as assuming an initial algebra for the
functor FX =1+ X. Leta:1 — Aand f: A — A, we write [a, f] : ) — A for the
unique morphism such that [a, f]oz = a and [a, f]os = f<[a, f]. Arithmetical operations
can be defined as usual. For example, writing n for the morphism s"(z), we can interpret

op as plus(m,n) = [m, s)n.

Let K -0, L:9N, M:0and N : 0 in a context I,

[[ﬂ]]@ = Sn(z)v
[op(K, L)]r = op ([K]r, [L]r),
ﬂcond(L, M, N)]]F = [ [[M]]F,le ) [[N]]F,xza] [[L]]F‘

As for computational types, since they must accommodate nonterminating programs,
we assume a lifting monad ((_) 1, val 1, let ;) in the category C. Then, choosing an object

E in C to interpret E, we use the following strong monad to model computational types:
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TX = (X+E),,
val(v) = waly(inj,(v)),

let(f) = lety(case(f, raise)),

. def . .
where raisex = val | cinjo : B — TX.

Remark. The above definition makes sense for any strong monad in the place of ().
This is, in fact, a first example of monad constructor (see chapter 6), that is, an operation
F that, given a monad T, returns a new monad (FT)X = T(X + E) to interpret
T-computations with exceptions. In section 7.2, we prove in LEGO that, if T" is a strong
monad, so is F(T).

O

The interpretation of ¢, raise and handle . is defined in terms of two £-indexed families

of morphisms € : [((¢)] — E and € : E — [((¢)] + E satistying the following equations:

eled) = inji(d) (3.1)

€(€d) = injq(e'd) (€'#€). (3.2)

Intuitively, € extracts the argument of any exception with name e while it returns the

others unaltered. Let U : E, L : ((e), M : Tt and H : {(¢) — T'T in a context I,

[e L]r = € [L]r,
[raise, Ulr = raiseps)[U]r = val 1 (inj2[Ul]r),

[handle (M, H)]r = let) (case(val , H)) [M]r,

where H = Az : E. case ([H]r, raise , €x) : E — T[7] is a function that leaves exceptions

whose name is not € unchanged while running the handler on the argument of the others.

Summarizing the structure described so far, a model of MLz (%) consists of:
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universal structure: a cartesian closed category C with sums, initial object () and a

strong natural numbers object 1 = 91 % N;

additional structure: a lifting monad (_), on the category C, an object E and op-
erations € : [((e)] — F and € : E — [((¢)] + E satisfying equations (3.1) and
(3.2).

Theorem 3.5.1 (Soundness) - M = N D [M] = [N].

Proof. It is required to prove that the interpretation satisfies the axioms of section 3.3.
We provide details only for the ones involving the operations on exceptions, since (op),
(cond.0) and (cond.n) follow from routine calculations. Let = : o, N(x) : T'1, U : E,

L:((e), M:7and H : ((e) — T,

(exception.n) [let x <= raise(U) in N(z)] = let [N] [raise(U)] =
let) (case ([N], raise)) valy (inj2[U]) =
case ([N], raise , injs[U]) = raise [U] = [raise U];

(handle.n) [handle (val (M), H)] = let) (case(val, H)) valy (inj[M]) =
case (val , H , inj[M]) = val [M] = [val(M)];

(handle.(31) [handle (raise(e L), H)] = let, (case (val, H)) valy (inj(e[L])) =
H(e[L]) = (A\a : E. case([H], raise , €)) €[ L] =
case ([H] , raise , €(e[L])) = case ([H], raise , inj,[L]) =
[HT[L] = [HL];

(handle .(3) [handle (raise(¢' L), H)] = (as above)... H(e'[L]) =
(as above)... case([H], raise , €(e'[L])) =
case ([H] , raise , injs(€'[L]) = raise (€' [L]) = [raise(e L)].
0

In the proof of lemma 3.7.3 we shall see that adequate models of the metalanguage

should also satisfy the following additional properties:
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1. the pullback of 1 =9 < MNis 1« @ — N and s is a mono;

2. for all objects X in C, the pullback of X DX+ ESE Bis X — (0 — E.

Proposition 3.5.2 In any nontrivial category satisfying the requirement (1) above, if
n # m, then s"(z) # s™(z).

n+mz)

Proof. Suppose s"(z) = s(s . Since s is a mono, it must be z = s(s™z). Therefore,

since 1 xo M = @, there is a morphism 1 — @ mediating the pair 1 <+ 1 25 91, (]

Proposition 3.5.3 Let ' M : 7 and I' = U : E; in any nontrivial category satisfying
the requirement (2) above, [val(M)]r(d1) # [raise;Ulr(dz) for all dy,ds : 1 — [I'].

Proof. If val, (inj1[M](d1)) = [val(M)](dr) = [raise;U](d2) = waly(inj2[U](d2)),
since valy is a mono, inj,[M](d1) = inj2[U](ds). Hence there is a morphism 1 — ()
mediating the pair [M](d;) : 1 — [7] and [U](dz) : 1 — E. Therefore, the category is
trivial. 0

We find the above semantic structure in Cpo, the category of cpos (complete posets;
no least element required) and continuous functions. This category has the universal
structure required of models of MLy (X). In particular, (X, 5;)+ (X, Co) = (XWX, C),
where W is the operation of disjoint union and, for 4, j € {1,2}, inj;(z) C inj;(y) if and
only if ¢« = j and = C; y. However we choose F, the injections inj, and inj, satisfy the
additional condition (2). Cpo has a strong natural numbers object (w, C;4), where T, is

the discrete ordering. The obvious z and s satisfy the additional condition (1).

Lifting is defined by adjoining a least element. This operation is the object map of a
lifting monad defined by an adjunction Cpo — pCpo, as described in section 2.5. The
category pCpo has cpos as objects and partial continuous functions as morphisms. The
domain of such a function f : A — B is a Scott-open subcpo of A. We write “f(d) |”
to mean that d is in the domain of f. If f(d) | and f(d) = ¢ we write “f(d) | ¢.” The
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category pCpo is Cpo-enriched, with f C g : A — B if, for all d € A, f(d) | ¢; implies

g(d) | co for some ¢y such that ¢; C cs.

The information carried by an exception is its name € and its argument of type ((e).
Since the handling of an exception requires a case analysis over the name, it makes sense

to think of exceptions as elements of an £-indexed sum

E Z[[C(e)]] (3.3)

ee€

This equation is in fact recursive: arguments of exceptions can be arbitrarily typed
and, in particular, they can be programs raising exceptions, so that E may again pop
out of any of the summands [((¢)]. Following the approach in [Fio94b], we look for a
solution to (3.3) in the category of partial maps (pCpo). This category has only partial
exponentials, that is objects of the form A — B,. However, this is not a problem,
since we assumed that ((¢) = (((¢)]) and hence all exponentials in (3.3) are of the form

A—TB.

It is possible to solve recursive domain equations X = F(X, X) in pCpo when the
functor F' : pCpo® x pCpo — pCpo is locally continuous (the idea of using categories
of partial maps for denotational semantics is originally from [Plo85a] and was recently
developed in [Fio94b], to which we refer for details). Using this feature, we obtain the
object E to interpret exceptions as the minimal invariant [Fre90] of a suitable functor
defined below. As we shall see, the invariance of E yields a canonical family of operations
€ and €, while minimality yields a universal property to be used in the adequacy proof of

section 3.7.

Let F' be the family of functors F, = pCpo® x pCpo — pCpo, indexed by the types

of TMLE, defined by simultaneous induction as follows:

Fnat(X7 Y)

qn,
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Fexc(ny) = Y7

For(X,)Y) = F,(V,X) = (F(X,Y)+Y)l,

where (_) — ()1 is partial exponentiation. All functors in F' are locally continuous and,

hence, 50 is Fe(X,Y) = Y ce Fr(o(X,Y). Let E be the minimal invariant object of Fg.
It is easy to verify that [o]rmre = F,(E, E). Then,

E=) Fo(E,E) =) _[¢(€)lrare =D _[¢()]mLrs):-
e el ee€
Let a: F¢(E, E) — E be the above isomorphism; we call € : [((¢)] — E the compon-
ents of «, that is, a(e,d) = e(d). Moreover, since E contains only elements of the form

€(d), the equations (3.1) and (3.2) define € completely.

Remark. Unlike ML, TMLE has no facilities for declaring exceptions. Of course, the
monad TX = (X + E), could not model dynamic creation of exceptions, as FE would
have to change dynamically in order to accomodate new exceptions. To capture such
a situation, a “possible world” semantics can be adopted, like in [OT92] for modelling

dynamic allocation.

3.6 Semantic approximation of TMLE programs

Composing the translation ([_]) of section 3.4 with the interpretation of the metalanguage
defined in section 3.5, we obtain an interpretation [ ]rarr of TMLE. To make sure that
[7rr e agrees with the operational semantics (computational adequacy), one would like
to show that, if a program denotes a natural number n, then it evaluates to n. Proving
such a statement is not easy, since straight induction on the structure of the program fails
in the case of function application. Hence, the inductive hypotheses must be strenthened

and this leads to proof techniques involving logical relations (see section 2.4).
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Here we show the existence of a family of logical relations <, which we call formal
approximation (see below) between semantic objects and TMLE programs. This family
is used in the next chapter to show that [ ] is computationally adequate. We believe
that < is also interesting in its own right, as it provides an example of a logical relation

involving computational types.

In [Plo91a], a family of relations <, between semantic values in [o] and canonical
terms of type o is defined for a metalanguage with recursive types. Using such relations,
one can write a statement 91 <, M implying that the program M terminates if the
mathematical expression 9 denotes. Then, computational adequacy is proven by showing
that [M] <, M. Sometimes the argument is complicated by the fact that <, cannot
be defined by induction on ¢, and hence a lengthy proof is required of the existence of
such a relation. In the case of Plotkin’s metalanguage, the problem arises from recursive

types; for TMLE, it arises from the recursive type of exceptions.

We call Exp, the set of all closed TMLE terms of type ¢ and Can, C Fxp, the set
of all strongly canonical terms. Following [Plo91a], we look for a type-indexed family
< of relations of the form <,C [o]rare X Can, to provide an appropriate notion of
semantic approximation of TMLE expressions. We require that the members of such a

family satisfy the following conditions:

Al. for all b € Can,, the set {d|d <, b} is closed under taking least upper bounds of

countable chains;
A2, n <par
A3. €(d) <exc €(b) if and only if d <¢(¢) b;
Ad. f <,.; (fnXx:0 = e) if and only if f(d) <, [b/X]e for all d and b such that d <, b,

where 901 <, e stands for the conjunction of the two statements:

B1. if 9 = val(d), then e ~» b, for some b such that d <, b;
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B2. if M = raise,(d) then e ~ raise, b, for some b such that d <exc b.

Considering B1, the relation <,C T'[r] x Ezp. can be viewed as extending <, over

computations and programs.

We call the members of a family satisfying clauses Al-4 formal approximation rela-
tions. Considering the mutual recursion in A3 and A4, such a family cannot be defined
by a simple induction on types. Moreover, let Rel be the complete lattice of type-indexed
families of relations R, C [o]rare X Can, ordered by type-wise inclusion; the operation
¢ : Rel — Rel obtained by reading clauses A2-4 as a system of equations R, = ¢, (R) is
not monotone, as R occurs both positively and negatively in the right hand side of A4.

Hence, < cannot be obtained by applying standard techniques of fixed point construction

to ¢.

Note that this same problem arises when computations use a memory where values
of arbitrary type can be stored. The following example generalizes the Tiny-ML example

considered in [Pit91], where memory locations could only contain integers.

Example. Let <, be the relation between semantic and syntactic states derived from
a family <,, where p assigns to each memory location [ the type p(l) of value stored in
it. In the case of state computations, the statement M =, e spells out as: if M | d
then, for all a, S, 5" s, if d(S) | (a,5") and S <, s, then there exist ¢ and s" such that
s,e~ s, cand a <, c and S'<, s" Note that the definition of <, depends on <, which

may involve types more complicated than o.

O

Following the approach proposed in [Pit93], we obtain a family of formal approxim-
ation relations from a suitably defined invariant relation on the recursive object E of
exceptions. The argument follows the trace of the proof of adequacy given in [Pit] for
a small fragment of ML with a single recursive datatype declaration. However, some

definitions and results obtained in that paper must be rephrased to apply to our setting,
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as they refer to the category Cppo, of cpos with least element and strict continuous

functions.

Definition 3.6.1 ([Pit, 4.1]) A relational structure R on a category C is specified by

the following data:
e for each object A of C, a set R(A) of ‘relations on A;’

e for each morphism f: A — B in C, a binary relation between elements R € R(A)
and elements S € R(B), written f : R Cg S (or just f: RC S). These binary
relations are required to satisfy the following properties:

-ida: R CR, for all R in R(A);
-if f and g are composable, f: RC S and g: S CT, then gof: RCT.

If R is a relational structure on pCpo, a relation S € R(B) is said to be admissible
[Pit, 4.3] when, for all R € R(A), the subset

[R,S)={f|f:RCS}
of pCpo(A, B) contains the always undefined function and is closed under taking least
upper bounds of countable chains (chain-complete).
Let F': pCpo® x pCpo — pCpo be a functor; an admissible action of F on a structure
R on pCpo is a family of operations Fu 5 : R(A) x R(B) — R(F(A, B)) such that

Cl. if S € R(B) is admissible, so is F4 (R, 5), for any R € R(A);

C2. if f: Ay — Ay is such that f: R, C Ry and g : By — By is such that ¢g: S; C Sy,
with Sy admissible, then F(f,g) : Fa, p,(R1,S51) C Fa,5,(R2,S2).

We usually drop the subscripts in F)y g. Of course, a functor may have more than one
admissible action on a relational structure, so it is actually by an abuse of notation that

we call an admissible action by the name of its corresponding functor.
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Let Can be the set {c¢: o |c € Can,}, that is, the set of all strongly canonical terms

tagged with their types; below, we use the following relational structure R on pCpo:
e a relation on R(A) is a subset of A x Can;
e f:RC Sifand only if, for all (d,b:0) € R, f(d) | d implies (d,b:0) € S.

Usually, we drop the type tag. It is easy to see that a relation S in R is admissible if
and only if, for all b, the set {d|(d,b) € S} is chain-complete. Admissibility is used in
the proof of theorem 3.6.2.

Let A be a cpo; we call Raam(A) the set of all admissible relations in R(A). Clearly
Raam(A) is closed under taking arbitrary intersections and so it is a complete lattice

ordered by inclusion.

The inverse image of a relation R € R(A) along a partial function f : B — A is
defined as f*R = {(d,b)|if f(d) | d, then (d\b) € R} € R(B). Clearly, f: ffRCR
and, if f : S C R, then id : S C f*R. The operation f*:R(A) — R(B) is monotone and
it satisfies idy = idgay and (fog)" = g"= f*. Moreover, it is easy to verify that, since

the domain of f is Scott-open, f* preserves admissibility.

Theorem 3.6.2 Let ' : pCpo® x pCpo — pCpo be a locally continuous functor with an
admissible action on R and let o : F(D, D) = D be its minimal invariant object. There
ezxists an admissible relation A € R(D) such that

-a: F(AA) C A and

-a T A CF(AA).

An admissible relation A satisfying these conditions is called F'-invariant. In [Pit] it
is shown that an invariant relation for a locally continuous F' : Cppo ¥ x Cppo, — Cppo,,

if it exists, is unique; the proof also adapts to pCpo.

To prove theorem 3.6.2, we need the following:
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Lemma 3.6.3 Let F', D and « be as above; a relation A € R(D) is F-invariant if and
only if A = (a )" F(A,A).

Proof. (If) Using f: f*R C R,
- a:F(AA) = (aea) F(AA) = (o) F(A,A)) = a*A C A and
- a ' A= (a ) F(AA) C F(AA).
(Only if) Noticing that R C S if and only if id : R C S,
- composing a: F(A,A) C Aand a ' : (a ') F(A,A) C F(A,A) we obtain
id =aca " (@) F(A,A) C A, and
- since f: R C S implies id : R C f*S,
a 't AC F(A,A) implies id : A C (o) F(A, A).
0J

Using the lemma, we prove theorem 3.6.2 by showing that there exists a fixed point

of the operation ¢ : Rugm (D) — Raam (D) defined as
¢(R) = (o) F(R, R).

We follow the trace of [Pit, section 4], to which we refer for more detail. First,
we separate and negative occurrences of the variable R in ¢(R) and obtain the functor
¥t Radm(D)? X Ragm(D) — Radm(D), where (R, S) = (a™')*F(R,S), from which
®(R) can be recovered as ¥(R, R). “Dualising” 1, one obtains a monotone function
U1 Radm(D)” X Radim(D) = Radm(D)” X Ragm(D), i-e. (R, ) = (4(S, R), (R, 5)).
Then, the Knaster-Tarski fixed point theorem yields a pair of admissible relations
(A, A7) = PI(A7,AT) = (W(AT,A7), (A7, AT)). From the universal property of
this object it follows easily that AT C A™.

The opposite inclusion also holds. In fact: Let 6 : pCpo(D, D) — pCpo(D, D) be
defined as 6(f) = a~F(f, f)ea~". Since F is a locally continuous functor, § is continuous.
Since A™ = (AT, A7), we have id : A~ C (o ')*F(A™, A™). Composing this inclusion
witha ™' : (@ ) F(AT, A7) C F(A', A7), weobtaina™' : A~ C F(AT,A™). Similarly,
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one obtains o : F(A7,A%) C A*. Given f: A~ C A", the admissible action of F' yields
F(f,f): F(A", A7) c F(A™,A™), which, composed with the above inclusions, yields
5(f) =a-F(f,f)ea™' : A7 C AT. Hence, § restricts to [A7,AT] — [A7,AT]. Since
[A~, A™] contains the always undefined function and it is chain-complete (because A" is
admissible), the least fixed point of § is in [A™, A™]. Since, by the universal property of
D, this fixed point is the identity, id : A~ C A" yields A~ € A". Therefore, A~ = A"
is a fixed point of ¢ as required. This concludes the proof of theorem 3.6.2.

O

Let F be the family of functors defined in section 3.5; a type-indexed family F', whose
elements F, are families of operations (Fj,) 45 : R(A) x R(B) — R(F,(A, B)) is defined

as follows:

Frat(R,S) = {(n,n:nat)|n e N},
Fexc(R,S) = {(d,b:exc)|(d,b:exc)e S},
F, (R S) = {(f,fnx:0=e:0—7)|forall (d,b:0)ec F,(S, R),
- if f(d) | val(d') then [b/X]e ~» b and (d,b': 7) € F-(R,S):

- if f(d) | raise,(d’) then [b/X]e ~ raise, (V') and (d,b: exc) € S}.

Proposition 3.6.4 For all TMLE types o, E, is an admissible action of F, on R.

Proof. We prove condition C1 by induction on the structure of o, simultaneously for
all members of . The cases where o is nat or exc are trivial. As for 0 — 7, let
S € R(B) be admissible, let R be any relation in R(A) and let (f;) be a countable chain
of elements of F,_,(A, B) such that, for all i € w, (fi,fnx:0=¢) € F,_.(R,S); we
show that (f,,fnx:0=e¢) € F,_.(R,S), where f, = U(f;). Let (d,b) € F,(S,R). If
fu(d) |, there must exist an n such that f,,(d) | for all m > n and f,(d) = U{fi1n(d)).
If f,(d) | val(d), then, it must be f,,(d) | val(d,,), and hence [b/X]e ~» b for some b’
such that (d,,, V') € Fy(R,S) for all m > n. Since d' = L{d;,), applying the inductive
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hypothesis to F., it must be (d, V) € F.(R,S) as required. A similar argument yields the
required property when f,(d) | raise,(d’) and this concludes the proof of condition C1.
Note that the determinacy of evaluation in TMLE is used in the above argument (e.g.
by assuming that there exist one b’ which works for all m > n). As expected, this fails in

the case of unbounded nondeterminism.

For CQ, let Rl S R(Al), RQ S R(A2)7 Sl S R(Bl) and SQ S R(BQ), let f . A2 — Al
be a morphism such that f: Ry C Ry and let g : By — By be one such that g : S; C Ss;

we show that F,(f,q) : (Fv)a,.B,(R1,51) C (Fy)a,.8,(R2,S2). Again, the proof is by in-

duction on the structure of o, where the cases 0 = nat and o = exc are trivial.

We show F,_..(f,q): FUHT(Rl,Sl) C Fo-g,f(RQ,SQ). Let h € F,_.(A, By), that is,
h: F,(By, A1) — (F;(Ay, B1) + B1), we are required to prove that, if (h,fnx:0 = e)
is in F,_,(Ry,S)) and F,_.(f,g)(h) | k, then (k,fnx:0 = e) is in F,_(Ry,S,). Note
that k = For(f, 9)(h) = (F=(f,9) + 9)oheFo(g, f).

Let (d,b) € F,(S,, Ry). Assume that k(d) | val(d;). There must be a dy such that
W(Eo(g. £)(d)) | val(dy) amd Fy(f,g)(d) | dh. Since h(Fy(g. £)(d)) | val(dy), it must be
F,(g, f)(d) | ds. Then, by the inductive hypothesis on F,(g, f), (ds,b) € F,(S1, R;) and
hence, from the assumption that (h,fnx:o = e) € F,_,(Ry,Sy), it follows that there
exists a b’ such that [b/X]e ~ b and (dy, V') € Fy(Ry, S;). Using the inductive hypothesis
on F,(g, f), we get (dy, V') € Fy(Ry,Ss). So, we have shown that, if k(d) | val(d;), then
[b/X]e ~ b and (di,b) € Fy(Ry, S).

On the other hand, if k(d) | raise(dy), it must be h(F,(g, f)(d)) | raise(dy) for some
ds such that g(dz) | dy. Following the same reasoning as above, we obtain Fy (g, f)(d) | ds
for some d3 such that (ds,b) € Fa(Sl, Ry). From the assumption on h, there must exist
a b’ such that [b/X|e ~~ raise,(b') and (d2,b') € S;. Since g:S; C S2, we obtain
(d1,b') € Sy as required. So, we have shown that (k,fnX:0 = e) is in F,_,,(Ry, S,), and
hence F,_..(f,9g) : FUHT(Rl, S1) C FO-A,T(RQ, Ss) as required. 0

In view of the above proposition, we shall remove the tilde from F. Note that condition

(2 is satisfied by the members of F' without the admissibility condition on .S5.
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Theorem 3.6.5 There exists a type-indexed family of relations <,C [o]rmre X Can,

satisfying the clauses A1-4.

Proof. The family of operations (Fg)ap : R(A) x R(B) — R(Fz(A, B)) defined as
Fe(R,S) = {((e,d),e(b) : exc) | (d,b: ((€)) € Feo(R,S)} is an admissible action on R
of the functor Fg defined in section 3.5. This can be shown with routine calculations
using proposition 3.6.4. Let A € R(F) be an invariant relation of Fg, which exists by
theorem 3.6.2. Note that, since o '(e(d)) = (e,d), the inclusion a™' : A C Fe(A, A)
implies that any pair in A is of the form (e(d),e(b) : exc), and hence A = Feyc(A, A).

We show that the relations <,% F,(A, A) form a family of approximation relations.

First, note that, for all o, F,(A,A) C [o]rmre X Can,. Moreover, since A is ad-
missible, so is F,(A,A) and hence clause Al is satisfied. Clauses A2 and A4 are also
satisfied, trivially. As for A3, we have to show that (e(d),e(b) : exc) € A if and only if
(d,b : C(€)) € Fro(A,A). Since o' : A C Fe(A,A), if (e(d),e(b) : exc) € A, then
((e,d),e(b) : exc) € Fg(A,A) and hence (d,b : ((€)) € Fre(A,A). Conversely, if
(d,b:((€)) € Fro)(A,A), then ((e,d), e(b) : exc) € Fe(A,A) and (e(d), e(b) : exc) € A
follows from « : Fg(A,A) C A. 0

3.7 Computational adequacy

One of the criteria traditionally considered in the literature to establish how well de-
notational semantics captures the observable behaviour of programs is computational
adequacy. Adequacy is concerned with the data produced by programs. For example, it
requires that, if v is a canonical term of ground type, [M N] = [v] if and only if M N ~ v.
However, it does not say how [M] should behave when applied to possible elements of
its domain which are not denoted by any N in the language: adequate models may fail
to equate the denotations of two terms which agree on all operational observations. In

[Blo88] and [Mey88], a denotational semantics is said to be computationally adequate
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with respect to a set O of observations when, for all closed terms M and M’ of ground
type, [M] = [M'] if and only if M =» M’ that is if and only if M and M" agree on all

observations in O.

Here we use operational semantics to observe TMLE programs. Therefore, since we
interpret the programming language via a translation into the metalanguage, it makes
sense to state computational adequacy as the requirement that the theory of the metalan-

guage and the operational semantics agree: let e be a closed TMLE program of type nat,

F (e]) = (n)) if and only if € ~> n.

Remark. A stronger version of the if direction of this statement holds, as shown by
theorem 3.7.1, in which no restriction is put on the type of e. However, the only if direction
does not apply to arrow types or exceptions. Since the latter may include parameters of
arbitrary type, equations such as (e(fnX:o = z)]) = (e(fnX:0 = (fn X:0 = z)z))]) are
clearly derivable in MLy(X) but neither of the two TMLE terms involved evaluates to
the other.

Remark. If the programming language allowed nondeterministic computations, the
above statement of adequacy would not do: equality must be replaced by a membership
predicate, relating programs with the values they may possibly produce. Note that
membership is an example of evaluation relation <=xC X x T'X, which we met already

at the end of section 3.3. Using such predicates, adequacy can be rephrased as follows:

Fn < (] if and only if e ~~ n.

Theorem 3.7.1 (Adequacy: if) Let e and ¢ be closed TMLE programs, with ¢ canon-
ical; if e ~ ¢, then F (e])) = ().

Proof. The proof is a rather lengthy induction on the derivations of operational judge-

ments. As an example we consider derivations of e; handle ¢(X) = ey ~» ¢ from (hnd3).
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It must be that e; ~ raise, €(b) and [b/x]es ~» ¢ with shorter derivations and hence,
by inductive hypothesis, (e;]) = (raise, ¢(b)]) and ([b/x]es)) = (c]) are derivable. Then,

omitting type indices:

(e1]) = (raise €(b))
(e1]) = let x < wval(e|b|) in raise(x)
(e1]) = raise (e|b])
handle .((e1]), Ax. (e2])) = handle (raise (¢|b|), A x. (e2)) ([b/z]e2)) = (c])
handle (((e1]), Az (e2])) = (M. (e2]))[D] [16]/x](e2) = (]
handle (((e1]), Az. (e2])) = (]
(e1 handle e(x) = e2]) = ()

An immediate consequence of the above and theorem 3.5.1 is the following:

Corollary 3.7.2 Let e and ¢ be as above; if e ~ ¢, then & [e]|ryre = [c]rmLE-

In order to prove the “only if” direction of the adequacy theorem, we use the fact
that all TMLE programs are semantically aproximated by their interpretation. This is
established by the following lemma, where < and < are the families of approximation

relations described in the previous section.

Lemma 3.7.3 Let ' e : 0 be a TMLE program, where I' = (X1 : 01,... Xy : 0y), and
let d; <,, b, for 1 < i <mn; then, [(e)]r(di....,dn) <o [bi/Xi]e.

Proof. We write [e](d) for [(e)]r(di,...d,) and [b]e for [b1/X1] ... [bn/Xn]e; for such d
and b, we shall understand that d; <, b;, for 1 < i < n. The proof is by induction in the

derivation of I' F e : 0. The cases where the last rule applied is (var) or (n) are trivial.

(Op). [Op(er,e2)](d) = let(Na : M. let(Ny : M. val (op (z,y))) [ea] (d)) [er] (d); if this

expression denotes val(m), then [e;](d) cannot be L since (let f) is strict, for any f,
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and val (m) = valy (inj; m) is different from L. Similarly, [e1](d) cannot be raise(z). In

fact, from

let (...)raise(z) =
let) (case((...), raise)) valy (injo z) =
case ((...), raise,injs(z)) =

raise (2)

it would follow wval, (inj; m) = waly (injs z), which cannot be, since inji(m) # injs(2)
and val, is injective. Therefore, [e;](d) must be wval(n;), for some n;, and hence
[Op(e1, e2)](d) = let(Ay : M. val(op(n1,y))) [e2] (d). By inductive hypothesis, we can
assume [ble; ~ by, for some by such that n; <pat by, which means that b, = n;. By
a similar argument, we obtain [b]ez ~» Ny and m = op(ni,ny). Then, from (Opl),

[0]0p(eq, e2) ~ M.

Alternatively, assume [Op(ey, e2)](d) is raise(d). As [ei](d) cannot be L, it must
either be val(n) or raise(z). In the first case, we can assume [b]e; ~ n. Moreover, it is

easy to see that [es] (d) can be neither a value nor L. So we assume [eo] (d) = raise (w).

Then,

raise(d) = let (Ax : M. let (Ay : N. val (op (x,y))) raise (w)) val (n) =
let( Ay : N.val (op (n,y)))raise (w) =

let) (case(Ay : M. val(op (n,y)), raise))valy (injs w)

case( Ay : M. val (op (n,y)), raise , inja(w)) = raise (w)

forces w = d. The inductive hypothesis on [es](d) yields [b]es ~ raiseneb for some b
such that d <exc b. Then, using (Op3), we obtain [5]0p(ey, e2) ~ raiSenath as required.

A similar argument yields the result in the case of [e1](d) = raise(2).

(if). [ifethene; elseey](d) = let[Az: 1. [ei](d), Az : 0. [es] (d)] [e](d); assume
this expression denotes val (d). Since it must be [e] (d) = val (n), we can assume [b]e ~~ n.

If n = 0, from the definition of [_,_], we obtain [ife thene; else ex](d) = [ei](d).
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Then, assuming [b]e; ~~ b for a b such that d <, b, the result follows from (if1). Similarly,
the result follows from (if2) when n # 0. The case where [ife then e, else ey](d) is

raise (d) follows the same pattern as for (Op).

(fn). Since [fnx:0 = ¢€](d) = val(\x : [o].[e](d)), we are required to prove that
Az [o].[e](d) <,—. Fnx:0 = [ble. This amounts to showing that, for d and b such
that d <, b, [e](d, d) =, [b,b]e, which is immediate by inductive hypothesis.

(appl). [erea](d) = let (A f : [o] — T[7]. (let f [ea](d))) [e1] (d). Assume this expres-
sion denotes wal(d). As above, [e;](d) must be val(f), for some f, and so we have
[erea](d) = let f[ea](d). By the inductive hypothesis on ey, [ble; ~ fn X:0 = e, with
[ <o—r TnX:0 = e. By a similar argument, [eo](d) = wval(dy), [erea](d) = f(dv),

[b]ea ~ by and dy <, by;. Then, from the assumptions, val(d) = f(d1) =, [b1/X]e ~ by

and d <, by. Applying (appl), we obtain [b](ejes) ~ by as required.

Alternatively, if [eies](d) = raise(d), [e1](d) must be either val(f) or raise(z). In
the first case, we can assume [ble; ~ fnX:o0 = ¢ and f <,., fnXx:0 = e. From
let f[es](d) = raise(d), [e2](d) can be either val(d;) or raise(z). In the first case, we
can assume [b]ey ~ by, for some by such that d; <, b;. From the assumptions, we obtain
raise(d) = f(dy) =<, [bi]e and hence [bi]e ~ raise,b for some b such that d <exc b.

Then, from (appl), [b](e1,e2) ~ raise, b as required. The cases where e; or e, raise

exceptions follow the same routine.

(6). [e(e)](d) = let(Ax : [C(€)]. val(e(x)))[e](d). Assume this expression denotes
val(d). Tt cannot be that [e](d) = raise(d;), because this would imply the identity
val(d) = let) (case( Az : [((€)]. val(e(x)), raise)) val, (injody) = raise(d;). Hence, it
must be [e](d) = val(d;) and we can assume [b]e ~» b, for some b such that di <¢( b.

From (el), [ble(e) ~ €(b). From wal(d) = let (Ax : [¢(e)]. val(e(x))) val(dy) = val(e(dy)),

we have d = €(dy) <exc €(b) as required.

Otherwise, if [e(e)](d) = raise(d), it is easy to verify that there must be a d; such

that [e](d) = raise(d;) and therefore we can assume [b]e ~ raiseb, for some b such

that d; <exc b. Hence, applying the rule (¢2), we obtain [b]e(e) ~» raiSeexc b. Moreover,
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from raise(d) = let(Ax : [((€)]. val(e(x))) raise(dy) = raise(dy), it is d = dy <exc b as

required.

(raise). The expression [raise,e](d) = (let raise)[e](d) cannot denote a value.
Assume it denotes raise(d). Since [e](d) cannot be L, it must be either val(d;) or
raise(d;). In the first case, we can assume [ble ~ b, for some b such that d; <exc b.
Moreover, from raise (d) = (let raise)(val dy) = raise(d;), it follows that d = d;. Then,

by (rsl), [b]raise e ~ raise,b as required.

Otherwise, if [e](d) = raise(d;), we can assume [ble ~» raiSeexcb, for some b
such that d; <exc b, and hence, by (rs2), [b]raise, e ~ raise,b. Moreover, from
raise (d) = (let raise) (raise dy) = let, (case(raise, raise)) valy (injody) = raise(dy), it

follows that d = d; and hence d <exc b as required.

(handle). [e; handle e(X) = ex](d) = let) (case(val,e)) [e1](d), where &; stands
for A\ : E. case(Ax : [¢(e)]. [e2] (d), raise , €x). Assume this expression denotes val(d);
then, [ei](d) denotes either val(d;) or raise(d;). In the first case, we can assume that
[D]ey ~~ b, for a b such that d; <, b. Then, by (hnd1), [b](e; handle €(X) = e3) ~ b and,

from wal (d) = let, (case (val,ey)) val(dy) = val(dy), we have d = dy <, b as required.

If [e1](d) = raise(d;), we can assume [b]e; ~ raise, b; and d; <exc b1. Moreover,
val (d) = let, (case(val,@)) raise(dy) = @ (dy) = case(Ax : [((e)]. [e2](d) , raise , €dy).
From the definition of <exc, it must be d; = €1(dy) and by = €1(b2), for some €; and

dy <¢(ep) b2. Moreover, it must be € = €; because, otherwise,

val (d) =

case(Ax : [C(e)]. [e2] (d) , raise , E(e1 da)) =
case(Ax : [C(e)]. [e] (d) , raise , inja(erda)) =
raise (e1(dz)).

Hence, from €(ed;) = inji(d;), we obtain val(d) = [e2](d,ds) and so we can assume
[, ba)ea ~ b, for some b such that d <, b. Then, [b](e; handle €(X) = e3) ~ b follows

from (hnd3) as required.
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Finally, if [e; handle e(X) = ex](d) = let)(case(val,&)) [e1](d) = raise(d), then
[e1](d) can be neither a value nor L. So, it must be [ei](d) = raise(d;) and we can

assume [ble; ~» raise, by, for some by such that di <exc b1 As above, it must be

dy = €1(d2) and by = €1(b2), with dy <¢(,) b2. From the assumptions, we have:

[e1 handle €(xX) = ex](d) =
let (case (val,ey)) raise(e; dy) = €x(€1 d) =
case(Aw : [¢(€)]. [e2] (d) , raise , E(e1 d2)).
If € = €1, we obtain raise (d) = [es](d, d2), and we can assume [ b, bs]es ~~ raise, b, for
b such that d <(( b. Then, applying (hnd3), [b](e; handle e(x) = e3) ~ raise, €(b) as
required. Otherwise, if € # €1, we obtain raise (d) = raise(dy), which implies d = dy and
hence d <¢(,) b2, Moreover, applying (hnd2), [b](e; handle e(x) = e2) ~~ raise, €;(bs)

as required. 0

Theorem 3.7.4 (Adequacy: only if) Lete be a closed TMLE program of type nat; if
F (e]) = (n) then e ~~ n.

Proof. By soundness of MLy(3), it is required to prove that, if [e]rarp = val(n), then
e ~> N. Assuming [e]rymre = val(n), lemma 3.7.3 ensures that there exists a b such that

e ~» b and n < natb. By definition of < nat, b must be n and hence e ~> n. ]



4 Evaluation Logic

In Moggi’s categorical semantics of computations, a strong monad T provides the ab-
stract structure for interpreting computations: it provides computational types T'X, for
modelling programs computing values of type X, and a canonical lifting of computations
with a parameter of type X to computations with a parameter of type T'X. In this frame-
work, composition of programs is captured with no commitment to any specific form of

computation.

Evaluation Logic (EL) applies the same idea to first order predicate calculus: pre-
dicates ¢ over values of type X lift to predicates over programs of type T X, expressing
the property of producing values satisfying ¢, independently of the notion of evaluation.
Since the term language of the logic, that is the computational lambda calculus, stems
from an attempt to explain computation abstractly, EL’s semantics calls for an abstract

understanding of the interaction between logic and computation.

Typically, interpretation of programs require domain-like objects. Categories of such
objects can hardly accommodate anything more than a geometric logic. However, there
are nonobservable properties, such as “f is total,” which can be expressed in EL, viz.
Vn.(x < fn) true, but cannot be classified in a category of predomains. Even if not
classifiable, such predicates could still be interpreted in such a category, without resorting
to topos-teoretic structure. Nevertheless, as shown in section 4.4, having a subobject
classifier allows a “standard” interpretation of the logic from the categorical structure
of a strong monad T. Since standard interpretation is desirable for modularizing the
construction of categorical models, as we see in chapter 5, we regard models with a

classifying object as desirable.

80
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An expressive program logic with a standard semantics can be obtained in the setting
of synthetic domain theory. Based on the slogan that domains are sets, synthetic domain
theory seeks a category C with all good properties for interpreting computations and
which is fully reflective in an ambient topos &£, with all good properties for interpreting
logics. There are many significant examples of this situation among subcategories of
PERs in the effective topos. Since standard models require a strong monad 7" to “act”
on predicates, which live in £, we must understand under what circumstances 7', whose
natural domain is the category C, where computations run, can be assumed to live in &,

where the logic is interpreted.

In section 4.1 we introduce the calculus. Section 4.2 presents Pitts’ original semantics
[Pit91] based on hyperdoctrines. The following three sections describe a standard inter-
pretation of EL based on the simplifying assumptions that a strong monad 7" is available
in the category £ where the logic is interpreted and that it has good interaction with
the logical structure. Section 4.6 shows that the first of these assumptions can be made
with no loss of generality because any monad T on a category C can be extended to a
monad 7" on an ambient category £ in which C is fully reflective by composing 7" with the
reflection. While the construction of T' is well known, we claim the observation that the
category of T-algebras is equivalent to the category of T -algebras (theorem 4.6.3). This
equivalence shows that 7" is in a sense “minimal” among the monads on £ which extend

T. We also find necessary and sufficient conditions to make T strong when 7 is strong.

Section 4.7 describes a more general standard semantics for Evaluation Logic, intro-

duced in [Moga] to overcome the failure of the second of the above assumptions.

In the last section we propose a new standard semantics based on evaluation relations.
We already came across such relations on several earlier occasions: in section 3.3 we gave
an example of their use for expressing general axioms of a computational metalanguage,
while in section 3.7 we suggested the use of evaluation relations to state metatheoret-
ical properties such as computational adequacy. Moreover, in section 4.4 we show the

pragmatical advantages of using such predicates in a program logic: in the context of
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Evaluation Logic, they provide left and right rules for the box modality (see next sec-

tion), thus making the proof system more manageable.

Evaluation relations can be defined from an endofunctor and first order quantification
and hence they may provide a standard interpretation of Evaluation Logic when the
structure required in [Moga] is not available. We also show how our definition relates with
the one in [Mogb| where higher order structure is required. This is our main contribution

in this chapter.

Some of the propositions stated below are left unproven. When this happens, the
result is either well known or it follows from routine calculation or the proof is available

in the cited literature.

4.1 The calculus

Evaluation Logic is a typed predicate calculus with equality and “evaluation” modalities

based on the computational lambda calculus presented in chapter 2.

The types and terms of the logic are the same as in section 2.3. The well-formed
formulae are given by formation judgements I' = ¢ prop which are derived from the

following rules:

- false prop

'-M:7 THEN:7
I'-M =N prop

I'=¢ prop T F prop
I'=¢ DY prop
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I'=¢ prop T F prop
I'E ¢ Ay prop

I'=¢ prop T F4 prop
I'E oV prop

Ie:7F ¢ prop
'EYz:T1. ¢ prop

Ie:7F ¢ prop
'Edx:7.¢ prop

e:t=¢prop T'EM:TT
L'k [x < M] ¢ prop

e:t=¢prop T'EM:TT
I'F (x < M) ¢ prop

We write “true” for * = % and “—¢” for ¢ D false. The modal operators above are
called necessity and possibility and will sometimes be written “01” and “(¢.” We assume
that such operators have the same precedence of V and 9, which we assume higher than

that of all other logical connectives.

The intended meaning of [z < M| ¢ is that for all values = to which M : TX
evaluates, ¢(z) holds, while (x < M) ¢ says that there exists a value x to which M
evaluates such that ¢(z). Indeed, [J and ¢ are more quantifiers over values produced by
computations than they are modalities in the traditional sense. It may help the intuition
to consider the following set theoretic interpretation for computations with side effects.

Let the computational type TX be defined as (X x S)7.
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[w:TX Fz<=w| ¢ prop] = {w]|Vs,x, s ws=(z,5) D ¢(x)} (4.1)

[w:TX F (x < w) ¢ prop] = {w|Is,z,s-ws=(x,s)A¢d(x)} (4.2)

The basic truth judgements of the logic are intuitionistic sequents in context, written
I'A F ¢, where I' is a type context, A a finite set of formulae and ¢ is a formula,
expressing the fact that ¢ is logically entailed by the assumptions in A. We write ' - ¢
for T;0 F ¢. In [CP92] it is argued that, an intuitionistic framework is more suitable

than a classical one for capturing the behavioural properties of computation.

The rules for deriving truth judgements include the axioms of the computational
lambda calculus introduced in section 2.3, the standard rules for intuitionistic predicate
calculus with equality, and the following rules concerning the evaluation modalities. We
divide them into general and special depending on whether or not they describe inferences
that can be made for any notion of computation. Furthermore, we distinguish between
rules that involve only the structure of a strong endofunctor and rules involving the

operation of a monad.

General axioms for strong endofunctors:

I'EM:TT 'EM:Tr
O_true O_false
'k [z < M] true I'F —(z < M) false
| A AN
O_intro x & FV(A)

Doz:Tr Az <=z ok [x <= 2]y

| AN N
O_intro x & FV(A)
Dz:TriA{z<=2)pF (<= 2)¢
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'EM:Tt T,x:1tkF¢prop T,x:7F prop

-

N R e Mol M UF e M (@A)
'=M:Tr T,x:17kF¢prop T,x:7HF prop

o-v [i{z <= M) (pV)F (< M)oV (e < M)y
'EM:Tt T,x:1tkF¢prop T,x:7HF prop

0.0

[i[z <= M] ¢,(z <= M) ¢ F (z <= M) (¢ A )

General axioms for strong monads:

'-M:7 T,xz:7F ¢ prop '-M:7 T,z:7F ¢ prop
O_val O _val

Ly ¢(M) b [o < val(M)] ¢ Iz < val(M)) ¢ b 6(M)

'=M:Tr Thx:7tHN:To TI'y:ot ¢ prop
i< M) ly<=N| ok |y« (let x< Min N)| ¢

O_let

'-M:Tr Thx:7tEN:To TI'y:otF ¢ prop
Ii(y<(let v<=Min N))opF (x <= M) (y<= N) ¢

O let

Special axioms for strong endofunctors:

I'Eo¢prop T,x:7HF prop

)

oD [w< Mk [z < M (¢
1y '-M:Tt T,x:71,y:0F ¢ prop
) Vy:o[xr<=M bz <= M Vy:0. ¢
5 '=M:Tr T,x:1,y:0F ¢ prop
=

Li{x<=M)3y:0.¢F 3y 0. (x <= M)

'-M:7 'eEN:7 T'EL:To TI'x:0F ¢ prop
M =NANz<Ly¢ (x<L)(M=NAO9)
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Special axioms for strong monads:

'=M:Tr Thx:tEN:0 T'y:ot ¢ prop
o (H for O_T7)
[ [y <= (let < M in val(N))] ¢(y) F [z <= M] ¢(N)

'-M:7 T,xz:7F ¢ prop
O_val” (H for O_val™)
s [z < val(M)] 6+ 6(M)

'-M:Tr Thx:7tHN:To TI'y:oF ¢ prop
O_let™ (- for O_let™)
Iily<(let x <=M in N)| oF [z <= M] [y < N| ¢

Note that the opposites of (1A, ¢_V, - D, IV and {_3 follow from Cl_intro, {_intro
and the usual axioms for A, V, D, V and 3. Except for quantification (V and 3) and
implication (D), which are not considered in [Pit91], Pitts’ axioms are the same as the
above general and special axioms, provided A is empty in O_intro and {_intro. The

reason for such a restriction is discussed in section 5.3.

Remark. The above axioms are presented so as to match the (T, val, let) view of a
strong monad. In [Mogb|, a different set of axioms is given, matching the (T, 7, u,t)
view. Moggi’s axioms are equivalent to our general rules for necessity plus 7", In
particular, Moggi’s [_y is an instance of (_let, (I_t* follows from CI_A and T, while
0T follows from _val and [J_let. Note also that T follows from _val® and [J_let.

Remark. [ val™ implies the mono requirement, that is val(M) = val(N) - M = N.
In fact, taking ¢(z) = (z = N), we have:
O(N) F [z <= val(N)] ¢(x) b [z <= val(M)] ¢p(x) - (M) = (M = N).

Remark. As pointed out in [Pit91], the following evaluation properties of a program

M : Tt can be expressed in the logic:
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“M can evaluate to v” (written v <= M): (z < M) (z =)
“M can produce a value” (M |): (x <= M) true
“M cannot produce a value” (M 1}): [z <= M] false

Others, such as “M must evaluate to v” cannot be expressed.

4.2 Hyperdoctrine semantics

Pitts’ interpretation of Evaluation Logic is based on Lawvere’s categorical notion of hy-
perdoctrine ([Law69,Law70]). Such a notion can be variously specialized in order to suit
the particular features of the logic being considered. We first focus on the connectives of

the calculus presented in section 4.1 and later on the modalities.

Definition 4.2.1 A first order hyperdoctrine over a category C with products is a pseudo-
functor H : C** — Preord such that:

e cach fibre H(X) is a Heyting prealgebra, that is it has finite meets, joins and Heyting

implication; moreover, the functions H(f) preserve this structure;

e for all projections tx : Y x X — Y, the functions H(wx) have left and right adjoints
dx A H(wx) 4 Vx satisfying the Beck-Chevalley condition: for all f: A — B,

H(f)

H(B) H(A)
Hx,VxT = Tﬂx,vx
H(B x X) Hf % X) H(A X X)

In the above definition C is called the base category; meets and joins are written A

and V, with T and 1 the empty ones; Heyting implication, written =, is such that
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(1) Ao = ¢ = (.); the functions H(f) are called reindering and written f*. If posets are

used instead of preorders, H is a functor and the diagram above commutes strictly.

Note that, when infinite joins are available, and reindexing preserves them, an ad-
junction f* 4 V; is obtained by defining V¢ = V {¢]| f*¢ < ¢}. Similarly, 3; - f* is

obtained from infinite meets.

Remark. To model a calculus including a formal treatment of proofs, a more general
notion of hyperdoctrine would be required, where fibres are general categories. On the
other hand, we do not require the fibres to be posets so as to have hyperdoctrines of

classes of admissible monos, as in section 4.3.

Definition 4.2.2 A first order hyperdoctrine H is said to have equalities if there exist
left adjoints Iaxia to reindexing along morphisms A X id : Ax B — (A X A) X B satisfying
the Beck-Chevalley condition:

H(A x A) H((A x A) x B)
da = THAxid
HA 8 H(A x B)

Writing “=" for 3T, the above adjunction states that z,y : X;z =y F ¢(z,y) if and
only if z : X;true - ¢(x, ).

Digression on Frobenious reciprocity. In [Pit91], where the logic features no con-
nective D and the fibres need not have exponentials, the functions Ja;q are required to

satisfy Frobenious reciprocity:

Definition 4.2.3 Let f : A — B be a morphism in a category C and let 35 - f* for

a hyperdoctrine H on C. We say that 3y satisfies Frobenious reciprocity when, for all
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¢ € HA and ¢ € HB,
(Fro) N = 3@ A ).

The logical intuition behind Frobenious reciprocity is that 3y. (¢(x, y) A ¢ (x)) if and
only if (Fy. ¢(z,y)) A (z). The following proposition shows that, in a first order hyper-
doctrine, all functions 3 satisfy this property.

Proposition 4.2.4 Let f be an arbitrary morphism in a category C, and let 3y 4 f* for

a first order hyperdoctrine over C. The function 35 satisfies Frobenious reciprocity.

Proof. There is an obvious morphism J(¢ A f*1)) — (3y¢) A 1. The inverse to this is

obtained by exploiting the fact that f* preserves exponentials in the fibres:

(@A) = e N [7Y)
SN — 3o N )
¢ — (f) D [ 3o N [Y)
¢ — [( D 36N )
o =¥ D IO fTY)
(Frd) N = Ty (@ A f7)

O

The definition of hyperdoctrine is often given (e.g. [Pav90]) by requiring left and right
adjoints to reindexing along arbitrary morphisms. However such adjoints can be obtained

from the adjoints along projections when the hyperdoctrine has equality:

Proposition 4.2.5 For a first order hyperdoctrine with equality on a category C with
products, there exist left and right adjoints 3y - f* &Yy for any morphism f in C.

Proof. Let I''z : AF M(zx) : B; logically, the proposition I,y : B + 3y (é(z)) prop
is defined as Jz.(y=M A ¢) and I',y : B = Vy(o(z)) prop as V. (y =M D ¢). The
bijection defining the adjunction for Vj, is shown below while that for 3, is derived

similarly.
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Loz Ay (M) o(x)
Uy, B,w: Ai(y) Ny = M+ ¢(x)
Uy, By Ap(y) Fy =MD é(x)
Iy, Biv(y) FVa. (y=M D ¢(z))

O

First order predicate calculus with equality is interpreted in a first order hyperdoctrine
with equality H as follows. A formation judgement I' - ¢ prop is interpreted as an object
of H[I'], which we write “[¢]” or even “¢” when no confusion arises. A truth judgement
[ A F ¢ is true when A A < ¢ in the poset [I']. The interpretation [-] of a formula is

recursively defined as follows:
[false] = L
[M=N] = =(M,N)
[6D¢] = o=
[oAY] = dnd
[ovy] = v
[Vz:X. ¢] € Vxo

[Bz:X. ¢] € 3Ixo
We now turn to the evaluation modalities.

Definition 4.2.6 (Pitts) Let T be a strong monad on a category C with products; a
T-modality on a (first order) hyperdoctrine H over C is specified by a family of order-
preserving functions

DA,B . H(A X B) — H(A X TB),

one for each pair of objects A and B in C, satisfying the following conditions:
o (naturality) for all f : A — B inC, Oaco(f x ide)" = (f X idre) -Ope;

e (unit) for all A and B in C, (ida X valg)* O p = id;
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o (lifting) for all f : Ax B—TC inC, Oape(m, f) <Oac = (m, (let f)) -Oac.

T-modalities [J and ¢ are used in [Pit91] to interpret the evaluation modalities as follows:
[,2:TrF[x<2]¢] = Or.é

[T,z:TTF (x < 2) ¢] ot Or+¢

The general and special axioms of section 4.1 are sound with respect to the above inter-

pretation, provided [J and ¢ have the following properties:
e [ preserves finite meets;

e { preserves finite joins;

0o A DY < O(d A);

Iaxia(OP) = 0T axiad;
e [] commutes with Vx;

O commutes with Jx.

In [Pit91], several examples of operators in concrete models are given. Among them,
the modalities for computations with side effect are based on a hyperdoctrine H over the
category of cpos such that H(A), that is the semilattice of propositions on A, contains

subsets of A x S, where S is the cpo of states.

The interpretation of Evaluation Logic just described requires the additional structure
of a hyperdoctrine and T-modalities. However, a particular hyperdoctrine may be avail-
able on the category C, for which an appropriate modality for interpreting [J (possibly
not T-modal, but still validating the general axioms) can be defined automatically from
the monad T'. Moreover, if such a hyperdoctrine has higher order structure, an appro-
priate modal operator { can be defined from [J. Moggi calls such models “standard.”
We present standard interpretations in sections 4.4 through 4.7 after few mathematical

preliminaries.
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4.3 The logic of a class of admissible monos

In “standard” models, the structure required to interpret the logic is to be found in the
same (base) category where types are interpreted. The idea is to define modal operators
by making the categorical gear for interpreting computational types act upon that for

interpreting the logic.

Logical structure can be found in topoi. They provide models for higher order logics,
where predicates on a type A are interpreted in the category Sub(A) of subobjects of
A. Such an interpretation relies on several features of topoi: for example, for every A,
Sub (A) is a Heyting algebra; for any f : A — B there is a (logical) structure-preserving
reindexing functor f* : Sub(B) — Sub(A) with left and right adjoints; €2 is an internal

Heyting algebra, and so on.

Various fragments of logical systems can be interpreted in arbitrary categories in
which only restricted classes M of subobjects are considered. For example, geometric
logics such as that described in [Vic89], with operators \/ and A, can be modelled by the
algebra of “observable” properties of cpos, where elements of M are domains of partial

continuous functions or Scott-opens.

First we show what kind of structure M in a category C allows interpretation of
predicate calculus. Then, in order to find suitable interpretations for the evaluation
modalities, we study the interaction between structures M and strong monads for inter-
preting computation. Here, M-functors and M-natural transformations are introduced.
We use fibrations to show how such objects arise naturally as 1 and 2-cells in a 2-category

of categories with structure.

Definition 4.3.1 A class of display maps D in a category C is a collection of morphisms

of C such that:

e D contains all the identities;
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e D is closed under composition;

e ifd e D and f is an arbitrary morphism in C with the same target, a pullback of d
along f exists and, for any such pullback, f~'d € D.

In [Tay92], Taylor adopts a more liberal approach in defining the notion of display

structure, which is a class of morphisms closed under a functorial choice of pullbacks.

Display maps arise in categorical models of dependent types, where they act as pro-
jections of dependent contexts: for every type 7 depending on a context I', a context
I',z : 7 is defined together with a projection I',z : 7 — I' for modelling weakening. The
“comprehension” of 7 in I', x : 7 can be abstractly modelled as follows. Let C— be the
category whose objects are arrows of C and morphisms are commuting squares and let

cod : C— — C be the codomain fibration.

Definition 4.3.2 (Jacobs) A comprehension category is a functor P : £€ — B~ such
that:

e cod°P :E — B is a fibration;

o if f is cartesian in &, then Pf is a pullback in B.

The idea is that, if ¢ and 7 are objects in the fibre over [I'] interpreting types
['F o type and T' - 7 type, the (weakened) judgement I',x : 7 F o type is interpreted
by reindexing o along P7 : [I',z : 7] — [I']. In [Jac91], Jacobs defines display maps to
be morphisms of the form P7. This is slightly more general than definition 4.3.1, as we

argue below.

Proposition 4.3.3 Let D be a class of display maps; let D also indicate the category
whose objects are elements of the class D and morphisms are commuting squares. The

inclusion D — C™ is a comprehension category.
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W

This proposition justifies the use of terms such as “fibres,” “reindexing” etc. in the

context of a category with a class of display maps.

It is easy to verify that D <— C—~— C is a fibration whose cartesian morphisms are
pullback squares. Morphisms in the fibre D4 over A are commuting triangles, and the

reindexing functor f* is pulling back along f.

On the other hand, if an inclusion £ < C ™ is a comprehension category, the objects
of £ need not yield a class of display maps. In fact, such a class must be closed under
any choice of pullbacks, and hence all isomorphisms must be included in it. Hence, for
example, the class of all identities is not a class of display maps although it forms a

comprehension category &€ =C — C .

Definition 4.3.4 Let D be a class of display maps in C; a fibration p : &€ — C is said to
have D-products (D-sums) when:

e for all d € D, d* has right (left) adjoint, written d* 4Vy (44 d*);

e the Beck-Chevalley condition holds, that is, for all pullbacks of elements d € D
as below, the canonical natural transformation g*Vq = Yo f™ (Fof™ = ¢"3a) is an

1somorphism.

When p : £ — C is understood, we say that £ has D-products (sums). We understand
that a class D of display maps is the source of the fibration D — C~ — C.

Let C be a category with binary products. The cartesian projections of C, that is
morphisms that are part of a product diagram, form a class D, of display maps. We say

that a fibration has indered products (sums) if it has D, -products (sums). Similarly, if
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S is an object of C, the class of morphisms - — A such that S « - — A is a product
diagram forms a class Dg of display maps and a fibration with Dg-products (sums) is
said to have S-indexed products (sums). If 7: A x S — A isin Dg and A is understood,

we write Vg for V..

Proposition 4.3.5 Any class D of display maps has D-sums, where ;b = d-b.

Proposition 4.3.6 Let D be a class of display maps. All fibres D4 have terminal object

14 and binary products a X 4 b o Ip(b*a) and reindexing preserves them.

It is well known that, if C is a category with finite limits, C— has C -products if and
only if all slice categories C/A are cartesian closed and reindexing preserves such structure
(that is: cod : C”— C is a fibred CCC). This result can be generalized to arbitrary classes

of display maps. Here we show one direction:

Proposition 4.3.7 In a class of display maps D with D-products, all fibres have expo-

nentials and reindexing preserves them.

Proof. Let b : B — A in D; the exponential (_)° in the fibre D4 is defined by the
equation d* ¥ V,b*d, as shown by the following figure:

In order to show preservation of exponentials, let b,d € D4 and let f have codomain A

in C. Applying the Beck-Chevalley condition to the square
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we obtain: f*(d") & FVb*d 2 Vg b d 2V s (F0) F1d L (F2d) . O

Definition 4.3.8 (Rosolini) A class of admissible monos M is a class of display maps

whose elements are all monos.

Elements of a class of admissible monos can be used for interpreting formulae in
different fragments of predicate calculus, each fragment requiring different properties of
M. A trivial example of class of admissible monos in C is that of all isos in C, modelling
the predicates true. This class is reflective in C™, with the unit of the reflection mapping
f:A— Btoidp. If C has strict initial object 0, that is one such that any map into it
is an isomorphism, false can be interpreted by adding to the above class all morphisms
0 — A. The collection of all monos in a category C with pullbacks forms a class of
admissible monos M. If C is a topos, there is a reflection C~— M, whose unit 7y is the

image of f.

With the structure described so far, we can interpret the negative fragment of predicate

calculus with equality: let M be a class of admissible monos such that:
e M has M-products;
e ANe M;
e M has indexed products.

From proposition 4.3.6, each fibre has a terminal object to interpret true and binary

products to interpret A. The first condition above allows the interpretation of implication,
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as shown by proposition 4.3.7. The second implies that A x ¢d € M. The third condition

yields Vx for all types X (and, since M has equalities, also V; for arbitrary f).

The interpretation of disjunction requires additional closure properties of M. One
way to proceed is to assume sums in C and a factorization system (see section 4.7), so
that AU B ~ C' is the image of the mediating morphisms A + B — C. The expected
properties of |J, such as idempotence, hold in this setting. Another way is to use the
same construction as in Sets, that is pulling back A along B and pushing out the result.
However this construction yields an idempotent opertator only when C is a pre-topos. A

third possibility is to resort to higher order structure:

Definition 4.3.9 Let C be a category with terminal object 1. A monomorphism
T :1 — ¥ is called a classifier if, for every f in C with codomain ¥, f'T eists
and, moreover, f T = ¢ 'T implies f = g. A mono of the form fT is called a
Yi-object and f is called its classifying map. A classifier is called a dominance if the class

of X-objects is closed under composition.

Clearly, the ¥-objects of a dominance form a class of admissible monos. Alternatively,
one can waive the condition that a classifier has domain 1 (then, for example, idy would
be one) and define a dominance as a classifier whose ¥-objects form a class of admissible
monos. Then, the domain of a dominance is forced to be a terminal object in C because

the identities are classified.

There can be several (not isomorphic) dominances in a category. For example, in the
category Cpo of cpos and continuous functions, id; is a dominance classifying the class
of all isos, while T : 1 — {1 < T} classifies the Scott-opens. The two-element poset
{L < T} is called Sierpinski space.

If the class M of ¥-objects of a dominance satisfies some of the closure properties

described earlier in this section, one can interpret first order predicate calculus in M.

Proposition 4.3.10 Let T be a dominance in a category C and let the class M of its
Y-objects have indexed and M-products. The fibres of M are Heyting prealgebras, rein-
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dezing preserves the structure and has left and right adjoints satisfying the Beck-Chevalley

condition.

The idea is to view X as an “object of propositions” and to define first order logical
operators using implication and (higher order) universal quantification. In particular, let
] 7 T be the mono interpreting the generic predicate I',£ : ¥ = & prop in Mryys and
let V¢ stand for Vy; from = and Vx, which we get from the above structure as shown

earlier, we define L, V and Jx in Mr as follows:
L = Vg

oV = Ve((p=8 = (W= =
xg = Ve(Vx(op= &) = &),

Remark. The structure described in proposition 4.3.10 defines a tripos ([HJP80]) in
C. In fact, tripoi are more general structures, which only require a generic predicate (T
for the fibration M) where no uniqueness is required of the classifying maps. However,
uniqueness makes it easy to find “horizontal” (that is internal) structure corresponding
to that just described. For example, Vg yields a map C(A x B,X) — C(A, ¥) natural in
A; hence, applying Yoneda to C(_, ) = C(_ x B,X) = C(_,¥), we obtain an internal
Vg: 2B 3

4.4 Endofunctors and classes of admissible monos

What is still missing of a standard model of EL is the modalities. In this section we
describe a simple interpretation of [J and ¢ in a category with a class of admissible
monos and validate the axioms for strong endofunctors, while in the next section we deal

with the ones for monads.

Let C be a category with a class of admissible monos M as in proposition 4.3.10,

and let (T,t) be a strong endofunctor mapping M to M; the following semantics for



4. Evaluation Logic 99

the evaluation modalities, proposed in [Mogb], is called standard in the sense that it is

completely determined by the strong endofunctor (7', t):

(43) ' : X ¢ prop o
' Cw: TX F [x < w]| ¢ prop Or x¢ =t xT¢
INe: X F ¢ pro
4) ¢ prop ¢

Dow:TX F (x < w) ¢ prop Or.x¢ = Ve(Orxs x (¢ = &) = €)

The interpretation of { suggests that in a higher order Evaluation Logic, possibility

can be expressed in terms of necessity:

(xe=2)p EVE S ([re=2] (0DE) D).

Note that (4.2) of section 4.1 is obtained by interpreting this formula in the category of

sets.

Lemma 4.4.1 The axiom C_A is sound with respect to (4.3) in a category with a class of
admissible monos M when T preserves meets. All other [J-ed general axioms for strong
endofunctors are sound with respect to interpretation in a category with the structure

described in proposition 4.3.10. In particular, (1 is sound when  is interpreted as in

(4.4).

Proof. All diagrams involved in the proof of proposition 4.4.1 are quite simple. To give

an example, we show that [J_¢ is a consequence of the axioms for V and [I:

¢, U, (AY)DEF &
¢, (@AY)DEF D¢
[z <=wl ¢, [z <=w (0AY)DE) F [z <=w] (¥ DY)
[t <=w] ¢, [z=w] (pAY)DE), [t=w] (DD F &
[r=w ¢ [r=w (DD F [we=w (9AY)DE) D
[t =w] ¢, VE(lz =w] (v D) D¢ F VE([r <=w] ((9AY)DE) D)
[t <=w] ¢, (z=w) F (z<=w) (oY)
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O

In order to validate the axioms for ¢, additional properties are required of (1. Such

properties are expressed in the logic by [1.V and [J_ D.

Definition 4.4.2 (Moggi) Let C, (T,t), M and O be as above and let M have D-
products, for D a class of display maps. We say that [J commutes with D-products if

diagrams of the following form commute: let d: A — B in D,

O
MA><C 4.¢ MA><TC

vcl><id vcl><id

MB><C MBXTC

Up,c

.V, which is known in the context of modal logics as Barcan formula, is just the
EL spelling of the diagram above, with D = D, the class of cartesian projections. It is
easy to verify that [J_ D is sound when M has M-products and [J commutes with them.
Note that, in any fibred cartesian closed M, for m : B — A € M, m" always has a right

adjoint V,,,. In fact, defining V,,n = (men)™, we have:

Ma(l, (mon)™) 2 Ma(l x4 m,mon) = Ma(mem'l,men) =2 Mg(m*l,n).

Theorem 4.4.3 The general and special axioms for strong endofunctors are sound with
respect to interpretation (4.3,4.4) in a category as in proposition 4.3.10 when O commutes

with indexed and M-products.

To prove this theorem, we introduce evaluation relations (a <4 w), to be read “pro-
gram w evaluates to value a,” over A X T'A, and use them to obtain “left” and “right”
rules for [J. This makes the proof theory of the logic more manageable. Following the

same idea of (4.4), define:

a=sw L Ve:24 ([z<w] o(x) D ola)) (4.5)
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as in [Mogb]. It is quite easy to verify that [z < w] (z < w) holds in all models satisfying
OV and O_ D [Mogb, Theorem 2.13]. We call the following derived rules, (J_right and
Cl_left respectively:

Az <= wkhk ¢(x)
x g FV(A)
A [z < w] (r < w)F [z < w]| ¢(x)
AF [z < w] ¢(x)
AFM<=w
AFVYP ([r < w] P(x) D P(M))
A, p(M) -4 At [z <= w] ¢(z) D (M)

Az <= w] ¢(x) -1

Note that, using [J_left, one can derive the converse of [J_right. Theorem 4.4.3 follows
from Lemma 4.4.1 by showing that all general axioms for {) and special axioms for strong
endofunctors are derivable from the axioms for [, (J_right and [_left. As an example,

we show the derivation of {_V:

O, 0 DEFE r<wkr<sw

_left
r<=w, g lr<=w (pDEFE
r<=wdFVE(r<=w (D) DE) ...same as before
r<=w, ok (z<=w) oV (e <=w) Y r<=w Yk (z<sw) oV (c<=w) Y

rEw, oV E{r<sw) oV ie<=w)y
r<wk (V1Y) D ((x < w) oV (z <= w)y)
Flz <= w] (0VY) D ({z <= w) oV (r < w)y))
VE([z=w] (V) D) DO (=w) oV iz<=w ¢
(r<=w) (V) F(z<=w)oV (r <= w)

Cl_right

Note that the condition of Lemma 4.4.1 that T preserves meets in the M-fibres
disappears in the above theorem since [J_A is a consequence of [1_ D and [0V as shown

below:
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[r<=w] ok [z <=w] ¢ [r<=w| Yk [x<=w] Y

[t <= w| p,xr<=wk ¢ [t <= w| Y, x<=wky

[z <= w| ¢, [r=wv,r=wk oA
[z <= w] ¢, [z = wl Y, [z <= w] (9AY)

4.5 Monads and classes of admissible monos

Proposition 4.5.1 The general axioms for strong monads are sound with respect to

interpretation in a category with the structure described in proposition 4.3.10.

Next, we study the interaction between a class of admissible monos M and a strong
monad 7" in order to find suitable conditions for validating the special axioms for strong

monads.

In models satisfying [J_T™, substitution in modal formulae corresponds to pullbacks.
A minimal condition for the latter is that T preserves pullbacks of elements of M along
morphisms of the form f x id. Moggi calls such functors strongly mono preserving and
notices that they are not closed under composition. This may be unfortunate, since one
cannot verify this property for complex functors by verifying it holds for their components,
as we do in the next chapter. Definition 4.5.2 below imposes a stronger requirement on
functors T' that is preserved under composition and guarantees a good behaviour of the

modalities under substitution.

Comprehension categories are the objects of a (two-)category Comp whose morphisms
P — Q are fibration morphisms (F, G) : cod - P — cod - Q making the following diagram

commute:

& ¢ H
P . e
c~ B~
cod$ P \L cod
C B
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From this diagram it is clear that, when £ and H are classes of admissible monos (or,
for that matter, classes of display maps), and P and Q the inclusions, G is completely
determined by F'. In this case, we write F": £ — H the restriction of the homonym-
ous functor C~— B~. We call Caty; the full subcategory of Comp whose objects are

categories with a class of admissible monos.

Definition 4.5.2 Morphisms in Catyr are called M-functors.

Unfolding this definition, an M-functor (C, M) — (B, N) is a functor F' : C — B such
that m € M implies F'm € N and F preserves pullbacks of elements of M (the cartesian
morphisms of cod-P). Obviously, M-functors are strongly mono preseving, thus making

O commute with substitution.

Remark. An M-functor F': C — D is a functor that lifts to the categories of partial

maps, that is to a functor pF' : pC — pD (see 2.5).
O

When T is an M-functor, [J_T™ is sound. In fact, note that, for N : 7 — o, the sequent
w: Ttk let x < w in val(N) : To is interpreted as TN and hence 0T corresponds
to the implication (T'N)*T'¢ D T(N"¢), while the opposite holds because (T N)*T'¢ is a
pullback.

Digression on enriched M-functors. Let M be a class of admissible monos in
a category C enriched over itself and let C have pullbacks of morphisms of the form
(me_) : [X, dom(m)] — [X, cod(m)], for m € M. Then, M is a C-category. In particu-
lar, for m: A — B and n: C'— D in M, the object [m,n] is the vertex of the vertex of

the (inner) pullback square in the diagram below.
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[m, 7] T4, [TA,TC]
st \LJ \Lno
B.D] = [AD] Tre-
‘) S
[TB,TD)] [TA,TD]

_oT'm

The morphism mediating the pair ids : [A,A] «— 1 — [B,B] : idp is the identity
map id,, : 1 — [m,m] and composition is similarly defined. It is easy to verify that
cod : M — C is a C-functor with the projection m : [m,n] — [B, D] as strength.
Moreover, a strong endofunctor (7', t) : C — C lifts to a strong endofunctor (T";¢™") on M
with ¢~ [m,n] — [T'm, T'n] the morphism mediating [T'A, TC] "< [m,n] "*3" [TB, T D]

in the diagram above.

A strong M-endofunctor is a strong endofunctor T such that the morphism of C-
endofunctors T'ecod = cod T ": M — C is a morphism of fibrations.

O

In order to validate the val™ and let™ axioms, we introduce the two-categorical notion
of M-cartesian natural transformation. Caty, is a two-category whose 2-cells F' = G
are natural transformations o : F' = G making the following diagram commute: writing

o, =(oa,0)form: A — BeM,

F*}
M \\) o~ N
G*}
cod cod
F
C ‘\/‘ o B
G

Definition 4.5.3 Given M-functors F' and G, a natural transformation o : F = G is

called M-cartesian when the components of o~ are catresian.
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Unfolding this definition, o : F' = G is called M-cartesian when the naturality diagrams

are pullbacks:

Examples of M-cartesian natural transformations are the unit of the lifting monad
described in 2.5 and that of the state readers monad described in 5.1. A nonexample is

the unit of TX = 1.

Proposition 4.5.4 M-cartesian natural transformations are closed under horizontal and

vertical composition.

In particular, if (T,t") and (S,t°) are strong M-endofunctors with ¢t* and t° M-
cartesian, then t7° is also M-cartesian, just by straight composition of pullbacks. The
condition that the tensorial strength ¢ of an M-functor 7" is M-cartesian can be expressed

in Evaluation Logic with the following equivalence:

x:7E¢ prop T,y:o0F 1 prop
Dox:r,z:Tojly<=zl (pAY) oAy <= 2] ¢

Ot

While the left-to-right entailment holds in any model of the general axioms, [1_t* does
not hold, for example, when computations may fail to terminate, since any nonterminating
z would make the formula to the left vacuously true. An immediate consequence of [J_t*

is:
Doz:Trjr<=zlobF¢ o & FV(9).

When 7 is M-cartesian, [_val™ is sound. Moreover, {_val™ can be derived from (_val*

even in models where [J_ D and .V do not hold. In section 4.1 we remarked that the
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mono requirement follows from Cl_val*. Now we show that, in models satisfying this rule,

the components of 7 are strong monos.

We write f | g, for two arbitrary morphisms f and ¢ in a category C, when they
satisfy the following diagonal fill-in property: for all v and v such that ve f = gou, there

exists a unique h such that

The strong monos of C are the monos m such that e | m for all epis e in C. Any
equalizer is a strong mono. When n is M-cartesian, its components are equalizers, as

shown by the following diagram:

When T is an M-functor and p is M-cartesian, [J_let* is sound. From [_let*, (0. D
and [J_V, one can derive {_let*. The property that u is M-cartesian is expressed in [Mogb]
by the axiom [_u*, which is an instance of [l_let*. As we shall see in section 5.3, such
a property gives to O a stronger modal flavour: in the formula [x < M] ¢, whatever

evaluation goes on in ¢, happens “after” the evaluation of M.
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4.6 Monads in the ambient category

Let C be a full reflective subcategory of £, let R 4 I be the reflection, with unit p and
counit €, and let T = (T, n, 1) be a monad on C. The adjunction F*R 4 IU” shown in

the diagram below defines a monad T on &.

Note that, since I is full, € is invertible, and €' = px. The unit of T is 7 = nRep,
the multiplication is i = uR-T(pT R)™*, while the counit of the adjunction FTR 4 1U"
IS €0TX X = oonp;(1 : wrx — «. The functor K : ¢t — ET of comparison with algebras
is: K(a:TX — X)=1U"¢, = a-Tpy'. Below we prove that such a functor is half of
an adjoint equivalence of categories. This result shows that the extension 7' of T to the
ambient category, which is needed for a standard semantics of Evaluation Logic, is in a

sense “minimal.”

Lemma 4.6.1 Any full reflective subcategory C of a category & is closed under retrac-

tions. In particular, if A is a retract of some object in C, then ps : A= RA.

Proof. Let A% B2 A=id, with B in C and let k = bopg' e Ra : RA — A. Then:

kops =bopg' e Racpa = bepy oppea = id 4 and
pack = pacbopy'eRa = RboRa = id pa.
OJ

Corollary 4.6.2 Let H: J — C and let v : | = I H be limiting in E; then p; is an iso

and vop, ' : IRl = I H is also a limit in € with vertez in C.
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Proof. Let h: IRl — [ be mediating for the cone (pIH) 'oIRv: IRl - I H as in the

diagram.

14
l IH
pzl Th pIHl T(/)IH)1
IRv
IRI IRIH

From vehep = (pIH) '« IRvep, = v it follows that hep, = id;. Then Lemma 4.6.1
applies and TR[ € C is a limit for I H. ]

Note that lemma 4.6.1 is also a direct consequence of its corollary since sections are

limits. In particular, if A % B 5 A= id 4, a is a split equalizer of a-b and id p.

Theorem 4.6.3 Let T be a monad in a category C which is fully reflective in a category
E and let T be the extension of T to & obtained as above. The category of T-algebras is

equivalent to the category of T-algebras and the comparison functor K 1is the equivalence.

Proof. Let H: &L — C” be the functor mapping o : TRA — A to pacaand h: a — (3
to R(h). Note that H(h) = (poh)T, where (_)T is the natural isomorphism given by R 4 I
and inverse to (_cp). We prove the theorem by showing that H is full (i) and faithful (ii)
and that every T-algebra « is isomorphic to the H image of the T-algebra Ko (iii).

(i) Let @ : TRA — A and 3 : TRB — B be T-algebras, and let f : H(a) — H(S)
be a morphism of T-algebras. Calling h : A — B the morphism BT (fopa)ena, a simple
calculation shows that pgpoh = fops and hence H(h) = (,oBoh)]L = (fopA)T = f.

(ii)) Let h,k : A — B be a morphisms between T-algebras a and 3 as above and
let H(h) = H(k). Since [ is a retraction, by lemma 4.6.1 pp is an iso. Then, pgoh =
H(h)opa = H(k)opa = ppok implies h = k.

(iii) Let o : TA — A; the unit py : A — RA, which is an iso because A is in C, lifts

to an isomorphism a — H K« of T-algebras. Moreover, it is routine to verify that H is
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left (and right) adjoint to K, where, for « : TRA — A and 3 : TB — B, the transpose
of f:a— Kfis fT : RA — B viewed as an algebra morphism Ha — f3. ]

Next theorem establishes a necessary and sufficient condition for the reflection R of
£ in C (not necessarily full), and hence for the monad T obtained as described above, to

have tensorial strength.

Theorem 4.6.4 Let C be a reflective subcategory of a category £ with products, let R be
the reflection, with unit p, and let T = (T, n, p) be a monad on C. The monad T defined

as above has a tensorial strength if and only if R preserves products.

Proof. (If) This is an immediate consequence of A. Kock’s result in [Koc72|, which
establishes a one to one correspondence between strengths and monoidal structures for
monads over symmetric monoidal closed categories. In particular, if the the natural
transformation {45 : RA x RB — R(A x B) is the monoidal structure of R, then
TAB Le ape°(pax1)is a tensorial strength. However, monoidal functors are not required

to preserve the monoidal structure, i.e. £ need not be an iso, so we have to work in the

only if direction.

(Only if) We show that 4 p & pasxpeRrp acrrap: RAX RB — R(A x B) is inverse
to the transpose (pa x pg)' of pa X pp (since I preserves limits, we won’t distinguish
between products in C and in £). To show &4 p is a right inverse we prove that {4 go (pa ¥

pB) e paxp = paxs. In fact,

Eape(pax pp)lepaxs =

§a,o(pa X pp) =

pasxpeRrp acrrape(l X pp)e(pa x 1) =
paxBeRrp acpraxpe(pa x 1) =
HAxB°PR(AxB)°Ta,B°(pa X 1) =

rape(pax1)=paxs.
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By a similar chase, {4 p is also shown to be a left inverse. Here the fact that (pa X

pp)! = (Rr, Rr) is also used. 0

Note that the property of preserving products is satisfied by interesting known re-
flections of the effective topos &Eff. For example, the category of strictly effective objects
in &ff is an exponential ideal (that is X is strictly effective for X strictly effective and
arbitrary Y') and this is necessary and sufficient condition for a full reflection to preserve

products.

Proposition 4.6.5 Let T, T, R and p be as above. If T has tensorial strength t and R
preserves products, T has tensorial strength fAB d:#TﬁA’BotRA’RBo(pA x 1), where & is the

tensorial structure of the reflection.

The extension of T to the ambient category £ presented above has the questionable
feature of mapping everything inside C. For example, if T is the identity on C, T is the
reflection R, while the identity on £ would be a more natural choice. Moreover, when
the interpretation described in 4.4 is adopted, T may not have nice interaction with M
even if T does. In section 5.2 we adopt a different solution to extend the monad (- x S)*

for side effects.

4.7 Standard semantics

There are significant cases in denotational semantics where the interpretation (4.3) of
[J described in section 4.4 goes wrong. For example, let T" be Plotkin’s powerdomain
functor TX = F(X ), where F'A is the free semilattice over the cpo A. In [Moga], Moggi
noticed that this functor fails to map monos to monos and proposed a new semantical
framework for interpreting EL, where extra structure is required in the category hosting
the logic while less is expected from the monad T over the category hosting programs.

We only give a sketchy account of this setting (see [Moga| for details) since the simpler
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interpretation described above is enough to present our next application. It is assumed

that:

e a stable factorization system (E, M) is available in a category £ with finite limits;

e cod : £ — & has a full reflective subfibration ¢ : C — &;

T
—

® ¢\, ¢is a monad fibred over £.

Via the reflection £~— C, T is extended to amonad T : E~— £~ fibred over & as done
in section 4.6, thus allowing interpretation of computational types in £. However, the
above setting is more general, since dependent types are also supported. While describing

our notation, we recall the standard interpretation of dependent types in a fibration

E—=E.

Contexts are interpreted as objects of £ and we write them as sequences (A, B...)
of types. Types I' b A type are morphisms (I';A) — I" of £&. Terms I' = M : A are
morphisms M : I' — (T", A) such that AeM = id. Propositions I' - ¢ prop are monos
— I' in M. For the interpretation of val and let, note first that, from a monad 7T fibred
over &, one obtains a strong monad T in each fibre £/, and hence a strong monad T} in
€ = £/1. While the interpretation of wval is quite straightforward, some attention must

be paid to the binding discipline of let:

I'o,7types TTEN:To 'x:obFM:TT
I'let x<=NiwnM:TT

The interpretation of let is [let 2 < N in M] = poTrM" N, as in the diagram below:

/

T,o,TT) —= (I, T7)

) T
(I, T (I, To)
M MI /
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Remark. Note that, while M may “depend” on x, not so its type. This situation can
be generalized by assuming an evaluation predicate o «— (<=,) - T'o as in section 4.8.
Then, from a type I'z : o = 7 type, a new type I',w : To - Ilx <= w. T type is obtained
by pulling back 7 along v and then applying V.

OJ

The factorization system comes in for interpreting [1. Different factorization systems
may be available in a category C and each choice may allow interpretation of different
logical features. For example, the regular monos in the category of w-sets have a classifier
1 — V2, which allows interpretation of higher order quantification. Below we provide

the relevant definitions and sketch the interpretation of [J.

Definition 4.7.1 A factorization system in a category C is a pair (E, M) of classes of
morphisms of C such that: (A) both contain all isos and are closed under composition and
(B) all morphisms in C are uniquely (up to isomorphism) of the form meoe for m € M
and e € E. A factorization system is called stable if pullbacks of mee, for m € M and

e € E, factorize into m'-e’ as below:

On factorization systems see [FK72] and the more recent [CJKP94]. Asin [FKT72], we
write H' < {ein C|Vh € H.e | h} and H* = {m in C|Vh € H.h | m}, for H a class of
morphisms in C and f | ¢ as in section 4.5. Proposition 4.7.4 gives an alternative view

of factorization systems.

Definition 4.7.2 A prefactorization system in a category C is a pair (E, M) of classes
of morphisms of C such that E = M' and M = E*.

Lemma 4.7.3 A factorization system is a prefactorization system.
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Proof. First we show that, for all e € E and m € M, e | m. Let vee = mou and let
u=A-5U ™ Candv =B <5 V ™, D be their factorizations. Then mem/se’
and m”-e"-e are both factorizations of the same morphism and hence there must be an
isomorphism ¢ : V — U making the appropriate diagrams commute. It is routine to
verify that m"-¢-e’ : B — (' is an appropriate diagonal fill-in morphism. The above
shows that £ C M' and M C E'. To see that M' C E, take f € M" and write it
f = mee; m has an inverse to fill in the square m-e = id- f. Hence f € E because of

4.7.1.(A). Similarly for E* C M. ]

Proposition 4.7.4 (E, M) is a factorization system in C if and only if it is a prefac-
torization system and all morphisms in C are of the form mee for some m € M and

ece k.

Proof. The “only if” half of this follows immediately from the lemma. In the other
direction, it is easy to see that F and M in a prefactorization system satisfy 4.7.1.(A).
Moreover, if a factorization f = moe exists for any f in C, it must be essentially unique.
In fact, from a square meoe = m's€’, one obtains two opposite fill-in diagonals which are

easily shown to be each other’s inverse. 0

Remember that a monomorphism (epimorphism) is called regular when it is an equal-
izer (coequalizer). A category is called regular when it has finite limits, coequalizers and
pullbacks of regular epis are regular epis. If m is a regular mono, e | m for any epi e.
In general, the converse does not hold, that is, elements of (regular monos)T need not be

epis. Same thing for monos and regular epis. However, it is the case that:

Proposition 4.7.5 Regular epis and monos form a stable factorization system (Egr, M)

n a reqular category.

Proof. Let mou = vee for m : A — B a mono and e : C' — D the coequalizer of f

and ¢g. The fill-in diagonal is the mediating morphism D — A obtained from ue f = uog.
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Then we only have to show that any f has a factorization f = moe for some m € M and
e € Eg, as the uniqueness follows from the fill-in property. Let (h, k) be the kernel pair
of f and let e : B — D be their coequalizer. Since foh = fok, we obtain a mediating m
such that f =meoe. Let (u,v) be the kernel pair of m. It is easy to show that, since e is
epi, so is the mediating g : A — C'; then, from ueg = vog we get u = v and hence m is a

1Mono. 0

Note that the class M of a (proper) factorization system in & is a class of admissible
monos and it extends to one fibred over £. A mono m € My x is a morphism in the fibre

C/T" and so is Im 7 X, Define Op xm € Mrrx to be the image of T'm.

Remark. It would be interesting to rephrase the above semantics in terms of an arbit-

rary fibration, using comprehension categories or, alternatively, locally small fibrations.

4.8 Evaluation relations

In the previous section we saw that a general standard semantics of the evaluation mod-
ality [J requires a category with a stable factorization system. We also saw that the
proposed standard interpretation of ¢ requires structure to support higher order quanti-
fication. When such structure is available, an evaluation relation (a <4 w) over A x T'A
can be defined from [J as in 4.5. However, given evaluation relations, only first order

structure is needed to define [ and ¢:

[z <=w| p(x) = Va:A xz<<=wDop(x) (4.6)

(x<=w)o(r) = Jo: A z<=wAo(x) (4.7)

Categorically, this corresponds to having a monic pair A < («<,) 22 TA and

defining O¢ as V,,(pi¢) and Q¢ as 3, (pio).

When [0 and ¢ are defined as above, all the axioms for strong endofunctors of sec-

tion 4.1 are derivable, from the rules of first order predicate calculus. Then, we observe
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that there are cases, for example when working in a logos [FS90, 1.7], in which O and ¢

can be defined from < but not vice versa.

Remark. Definitions (4.6) and (4.7) sometimes fail to yield the “expected” modalities.
For example, let T' be the monad for dynamic allocation of section 2.5, where (a < w)
is read “w represents the value a after a few allocations,” and new : T(Loc) is an
operation for creating new locations. While there is no value [ : Loc such that [ <= new,
(r <= new) true holds for a ¢ defined as in [Mogb, example 4.11].

O

In section 4.4, we also observed that, given an evaluation relation and rules for the
modalities in left and right form, such as O_left and [_right, inferences about modal
formulae are easier than by using the rules in section 4.1, where each modality is related
separately with each logical operator. The example was the derivation of {_V. Note that

O_left and O_right are derivable for OJ defined as in (4.6).

The above observations suggest that evaluation relations may yield both semantic and
proof-theoretic benefits: a more general standard semantics and a more manageable proof
system. A denotational account of evaluation could also allow a systematic approach to

the study of computational adequacy.

In most cases there is an obvious evaluation relation associated with each notion of
computation. Here are some examples (for the monad of dynamic allocations, described

in 2.5, we write o} : k — F"k for the morphisms o} = idy and o} = opnpo0}):

Notion of computation TA a<<=z
exceptions A+ FE inl(a) =z
side effects (A x S)° 51, 892. 2(s1) = (a, s2)
nondeterminism P(A) a€z
dynamic allocation (TA)k =3,.5 A(F"E) zr = (n, Aoj (ag))
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Given an endofunctor 7' : C — C, evaluation relations can be obtained from first order

structure as follows. Assuming a lifting monad ((-)1,6) (see 2.5) in C,

a2 = VA=A (THlz=(THz>D 3z : A fr =ba. (4.8)

For all monads mentioned above, this formula produces the expected evaluation rela-
tion. The purpose of the lifting is to have “enough” morphisms f over which to quantify,

even in degenerate cases such as A = 1.

Remark. If the mono requirement is satisfied (see 2.3), the above <« satisfies the axiom
a <= wval(a). If O is defined by (4.6), formulae such as (_let (4.1) can be derived from
a<let(f,z) DIr.c<=2zNa < fx.

O

Below we show the conditions under which (4.8) is equivalent to (4.5). Let ¢ : X — A;
we adopt the interpretation [z <= w] ¢ = 32 : TX. (T¢)z = w.

Theorem 4.8.1 If T preserves pullbacks of the unit 6 of the lifting monad, then (4.5)
implies (4.8).

Proof. Let f: A— A, and let ¢ be the domain of f:

]
¢ 0
A A,

Assuming (T f)w = (T0)w, there exists z : TX such that (T'¢)z = w:
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1 x
\%(\A
NN
¢ 0
A s Al

O
Theorem 4.8.2 If the unit 6 of the lifting monad classifies all predicates of the logic,

(4.8) implies (4.5).

Proof. Let ¢ be a predicate on A and let f be the transpose of the partial map [¢, @] :
A — A, that is:

¢
X A
|
¢ 0
A A,
/

Assuming [z <= w] ¢, that is a z such that (T'¢)z = w, one has:

(THw = (Tf)(Th)z = (TO)(Th)z = (TO)w
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and hence, from (4.8), there exists x : A such that fx = 6a. Then, a factorizes through

¢ because:

XJ A
b
A Al



5 Application: partial correctness

Partial correctness specifications are statements involving programs and assertions about
their states. A well known example of a formal calculus based on such specifications is

Hoare Logic (HL), which gives an intuitive grasp of simple whi le-programs.

To deal with more elaborate forms of computation than expressed by whi le-programs,
HL requires some alteration. For instance, expressions of the programming language can
be admitted inside assertions in so far as they are free from computational phenomena
such as nontermination, side effects or exceptions. This “mathematical purity” is violated

by many common programming devices such as function procedures, or block expressions.

In the block expression begin C' result E, for example, the command C' may fail
to terminate, in which case the value of the whole expression is undefined, or it may
modify variables which are not local to it. As for F, it may try to divide a number
by zero, which may raise some exception. All such cases invalidate Reynolds’ approach
to program specification and are in fact proscribed in [Rey81]. Tennent [Ten91] admits
possibly undefined expressions in the assertion language by introducing atomic formulae,
such as Kleene equalities, “localizing” the effects of nontermination. Still, it is not clear
how meaningful a reasoning can be carried out in the style of Hoare triples with partial

expressions.

As for expressions with side effects, noninterference specifications must be introduced
for reasoning about assignments. The problem, here, is that assertions may change the
state in which expressions are evaluated, as in the following instance of the assignment
axiom: {begin b := false result —b} b':= —b {begin b := false resultv'}, which is false

in all states where b is true. To prevent this, assertions should not interfere with the

119
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value of the expression being assigned, that is, in the example above, (b := false )#—b.
Sophisticated semantic tools must be used for languages with block structure to correctly
validate equivalences of programs involving nonlocal variables: possible world semantics

([0T92,0T93]) provides a safe barrier to affecting nonlocal states.

For more than two decades Hoare Logic has been adapted to cope with a variety of
computational features, including procedures, local variables, gotos and parallelism (see
[Apt81]). Most of the proposed variations have the flavour of ad hoc solutions: every time
a new set of proof rules and axioms are proposed to give an account of a programming
construct, new semantics and new proofs of soundness must be found, most of the time
from scratch. Such a painstaking process can be simplified and made more systematic by

basing the logic on an abstract notion of computation.

In chapter 1 we argued that Moggi’s approach to denotational semantics based on
monads supports a modular view of computation ([Mog90b,Wad92,CM93,Cen94]). The
problem of finding robust theories of computation, that is to find sets of proof rules and
axioms capable of surviving modifications to the semantics, can be addressed in the formal
framework of Evaluation Logic, which is based on Moggi’s monadic approach. Still, we
must first understand if, in this framework, simple things can be done in a simple fashion.

With this goal in mind, we set EL to work on partial correctness.

In section 5.1 we study the interaction between the monad TX = (X x.5)7 to interpret
possibly nonterminating computations with side effects and a class of admissible monos
M to interpret formulae. We give appropriate closure conditions on M to guarantee
a natural behaviour of formulae with respect to substitution and we validate axioms to
be used later on. In section 5.2 we adopt the semantic setting of section 4.6, where a
strong monad T is defined on a category C “of predomains,” which is fully reflective
in an ambient category £ “of sets.” We look for the abstract properties such models
should have in order to validate the axioms introduced in section 5.1. In particular, we
establish sufficient conditions for the monad TX = (X x )7, which we assume defined
in C, to extend directly to £, without using the reflection, as proposed in 4.6. It would

be interesting to see whether other variations of the side-effects monad, e.g. the ones
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involving Phoa and Taylor’s synthetic version of Plotkin powerdomains, would support a

similar extension.

Then we consider a different set of axioms, proposed by Pitts in [Pit91], where EL’s
evaluation modalities have a stronger modal flavour. In section 5.3 we present a transla-
tion of this calculus, which we call ELse, into EL making implicit state variables visible.
Using the results of 5.1 we show that the constants employed in this translation are

defined for a large class of models and that theorems are translated into theorems.

In section 5.4 we show that Hoare Logic translates very naturally in ELse without
committing to any of HL.’s assumptions as to the computational behaviour of expressions.
Again, all theorems in HL. are shown to be derivable in ELse. Moreover, the translation
extends to annotated programs, that is programs which syntactically include assertions
such as loop invariants, thus supporting Floyd-Hoare’s method of inductive assertions
(see [Hes92]) which is of practical importance in proofs of correctness. In 5.5 we develop
a full proof of correctness for a textbook example of a while-program for integer division
using, besides the axioms previously introduced, Scott induction. Section 5.6 discusses

the admissibility of this principle.

5.1 Nontermination and side effects

State readers. First we consider simple computations of the form QA & A° which
we call state readers. Note that, if M is a class of admissible monos, m € M need not
imply m* € M. For example, taking as M the class of Scott-opens in the category of
cpos and 1 : N — N, the property of being defined, n" is the nonobservable predicate

“f is total” on partial continuous functions.

Lemma 5.1.1 Let S be an object in a category C such that (_) x S 4 (_)°. For all objects
A in C, there is an adjunction 7 4V : C/A — C/A x S. In particular, ¥sf = 0" f5 for

n the unit A — (A x S)°, and vice versa f° = V€e* f, where € is the evaluation map.
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Lemma 5.1.2 Let M C M’ be classes of admissible monos both with S-products, and
let Vs and Y, be the respective families of quantifiers. If m € M then Vsm =V, m.

The above is an instance of a well known more general result, the absoluteness of

indezed products (see [HP89, proposition 2.8]).

Theorem 5.1.3 Let a class of admissible monos M have S-products Vg. For m € M,

m® 2Ve'm e M and Q 2 (1) is an M-functor.

Proof. (_)S preserves limits because it is a right adjoint, so it is enough to show that
m® € M if m € M. By lemma 5.1.1, there is an adjunction 7* - Vo My = Maxs,
where M’ is the class of all monos in C, and m® = V'e*m. Therefore, since M C M/, by

lemma 5.1.2, m® = V,e'm € M. 0

Breaking into the structure of state readers, we can express [] and computational
lifting for ()-computations in terms of V and A. Later we employ such axioms to validate

properties of more complex computations built from ().

Oz : X F o(x) prop
Lor:QX;Vs. o(r(s)) 4 [x < 1]y ¢(2)

0Q

x: Ak e(z): B
r:QAF let v <=rin [e(x)] = As.e(r(s))

let_Q)

Lifting. Let (1), be a lifting monad defined from a class of admissible monos N as
described in section 2.5. Like @ above, (), preserves monos, but m € N need not imply
m, € N. A counterexample is m : 0 — 1 when N is the class of Scott-opens. However,
the class of admissible monos M that we consider for interpreting the logic will contain,
in general, more than domains of admissible partial functions and should not be confused
with the class N of such domains from which (), is defined. We will assume N' C M.
Theorem 5.1.8 establishes a sufficient condition on a class of admissible monos M to

make (_); an M-functor.
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Lemma 5.1.4 Let f : B — A be a map in C. If f* 4VY; : C/A — C/B, then the
exponential y' is defined for all y in C/A and y' =V, f*y.

Proof.
T — fo*y
ffoa— [Ty

exaf=ffx—y

O

Lemma 5.1.5 Let m : B — A be a mono. If the exponential y™ is defined for all y in
C/A, then m* 4V, : C/A = C/B and ¥, f = (mo f)™.

Proof.

z — (mef)"

*
T XAam=moem x — mof

m'x — f

O

Lemma 5.1.6 If a lifting monad ((_) 1, n) is defined in a category C with pullbacks, then
ny AV, :C/AL — CJA. In particular, for f : B — A, ¥, f = x(ns, f) = f1L.

Lemma 5.1.7 Lifting preserves pullbacks.

Proof. Let Z = X x4Y be the vertex of the pullback of f along g, and let h: W — X |
and k : W — Y], be such that f,ch = g, ok. The mediating W — Z, is obtained from
the obvious mediating W' — Z, where W'= (h*nx) xw (k™ ny). 0

Theorem 5.1.8 Let a class of admissible monos M and a lifting monad ((-)1,n) be
defined in C, and let the components of n be in M. If M has M-products, (_), is an
M-functor.
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Proof. Let m : B — A in M. By lemma 5.1.6, V,, : C/A — C/A, exists and
m, = V,,m. By lemma 5.1.4, na-powers exist in C/A,, and, by lemma 5.1.5, we have

nA

(naem)™ =V, m =m,. But the exponential (n4-m)™ in C/A, must also be exponen-

tial in M4, , hence m; € M by hypothesis. Lemma 5.1.7 finishes the job. ]

Theorem 5.1.9 Let M be a class of admissible monos in C with M and S-products.
The strong endofunctor (_x S)5 is an M-functor and hence Oap : Maxp — Maxrs

commutes with substitution.

Proof. Since (-x S) is an M-functor for any M, the result follows from Theorem 5.1.3,

Theorem 5.1.8 and from the fact that M-functors compose. ]

Cartesian units. Now we consider a family of monads suitable for interpreting com-
putations with side effects. If T' is a strong monad, one can model T-computations with
side effects using the monad FT = T(_x S)°. For example, we just showed that (_x S)7
is an M-functor by showing that F preserves M-functors and that (_) is one. We shall
procede similarly to show that (- x S){ validates the axiom O_val* (see section 4.1). We
believe that one obtains greater insight into a notion of computation from an analysis
of constructors such as F above than from the study of the corresponding monad in

isolation.

Below we use EL to address the elements of a class of admissible monos M defined
in a category with a strong endofunctor 7. If ¢ € M, T¢ is written [z < z| ¢(z).
Similarly, a restricted form of the computational metalanguage can be used when only a
strong endofunctor (rather than a monad) is available on C; in this case, T'(f) is written
let x < z in val(f(x)). When several such endofunctors are involved, we decorate the

above operations with indices. For example:

(2= 2lre ¢(x) = [y < 2]z [ <= ylo d(x)

letrq © <= z in valpg(e) = lety y <= z in valp(let o, © < y in valg(e)).
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The condition that the unit of a monad T is M-cartesian is expressed in EL by the
equivalence [z < valr(z)]r ¢(x) = ¢(x). For example, let T be (_)°, from 0.Q we have:
[z <= val(z)] p(x) =Vs.o((As.x)s) =Vs.p(x) = ¢(x). Here we assumed that S is not
empty. Lemma 5.1.6 shows that the unit of (_), is also cartesian and hence, to get the

result for (_ x S), we only have to show:

Theorem 5.1.10 F preserves monads with cartesian units.

Proof. Splitting F7T into its components and spelling out the [J modalities for Q % (_)°

and R= (_x S) as shown above:

[ = 2]er 0(2) = [w = 2o [y < wir [v < yla () 2V s. 1,5 2(s)]r o(x)

Then, writing valrr(z) as As. valp(x, s) and assuming T satisfies [J_val®, we have:

[z <= val(z)] p(x) = Vs.|z,s'<= (As.valp(x, s))s]r ¢(z)

1

Vs. [z, s' < valp(x, $)]r ¢(x) =V s. p(x) = ¢(z)

O

Next we show that lifting preserves cartesian closed structure in the fibres. This is

more precisely stated below, in the corollary to the following more general:

Theorem 5.1.11 Let ((_).,n) be a lifting monad in C and let the exponential x¥ be
defined in C/A; then (x1)"* is defined in C/A, and (x¥) = (x ).

Proof. We show that there exists an isomorphism C(z, (z¥) ) = C(z, (z1)%), natural

in z:
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z— (¢¥) L =V, (2")

* Y
Npg — X

’T]:ZZXy—>l’

TIAO(TIZZ X Y) — naex

(TIAOUZZ) XYl — NA°T

na X (z2XyL) = (maxz) Xy, — naex

Z2XyL — (aex)™ =,

y— (l,l)yJ_

Corollary 5.1.12 Let a class of admissible monos M and a lifting monad {(-).,n)
be defined in C, and let the components of n be in M. If M has M-products, then

(m"™) L = (my)"™, for m and n in the same M-fibre.

Note that the equivalence established in the above corollary can be expressed in EL

as follows (a similar axiom also holds for (- x 5)):

Dw: X r<wl, (6D¢)jz<cw,¢Dlr<=w, ¢

Part “+” of the above axiom holds for (_),-computations but not all interpretations

of T validate it; for example, it does not hold for nondeterministic computations.

5.2 Side effects in the ambient category

Combining the synthetic domain theory view of domains as sets with Moggi’s view of
monads as notions of computation, one gets a scenario for denotational semantics where
a strong monad T is defined on a category C of predomains which is fully reflective in a

category & of sets. In section 4.6 we showed that T' can always be extended to a monad
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T =TR: & — &, where R is the reflection, so that the respective categories of algebras

are equivalent. Moreover, under mild conditions T also has a tensorial strength.

However, assuming a class M of monos to interpret predicates in £, the interpretation
of EL described in 4.1 requires T to interact nicely with M. For example, T should
preserve monos in M; when T is the identity functor, this amounts to R preserving

monos and this need not happen in general.

Example. Given an element ¢ of a poset @, let [q] = {z |z < ¢ or ¢ < x}. Consider
the functor R : Poset — Set mapping a poset @) into the set {[¢]|¢ € @} of maximal
subsets of connected elements. It is immediate to verify that R is a full reflection. Let 2
be the vertical two-element poset and 2 the horizontal one. There is a mono m : 2 — 2

in Poset but no monos R2 =2 — 1 = R2 in Set. So R cannot preserve monos.

O

We conclude that, to make the interpretation 4.3 work in the general case, additional
conditions are required to make T behave properly, such as R preserving finite limits
(although something milder would be enough). Here we consider a simpler solution where
T is essentially the same functor as T, thus making the results established in section 5.1
directly applicable to T. Note, however, that similar constructions may not be available
for all T. There is a natural T % (_x S)J in £ which restricts to T in C. We show that
each piece of the structure of T" can be found in £ extending the corresponding structure

in C.

First, the inclusion C <— & preserves binary products because it is a right adjoint;
assuming that R preserves binary products too, the inclusion also preserves exponentials;

in fact, let A and B be in C and let B” be their C-exponential; then:

E(X,B*) = C(RX,B*) = C(RX x A,B)=C(RX x RA,B) =
C(R(X x A),B) = E(X x A, B).

So, the only problem in taking T' = (_ x S)7 is to find a suitable lifting monad to extend

(O Lsm).
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Lemma 5.2.1 Let (R, I,p) : E — C be a reflection of a category & into its full subcategory
Candlett : 1 — X be a dominance in C. If R preserves pullbacks of t, then t is a

dominance in E.

Proof. We have to show that t is generic in a class of 3-subobjects in £ closed under
composition. Without loss of generality we assume t = Rt. Let m = h™'t = k™ 't. Since
R preserves pullbacks of ¢, both Rh and Rk classify Rm, so Rh = Rk and hence h = k.
This shows that ¢ is generic. Let m = f't: C — B, n =g 't : D — C and let h be
the unique morphism whose transpose h' classifies Rne Rm. Since the squares describing
naturality of p on n and m are pullbacks, it must be nom = h~'t, which makes nom a

Y-subobject. 0

Let ¢ be a dominance in C; ((_)1,n) is defined in C iff t* 4V, : C/¥ — C. However,
if, for example, & is locally cartesian closed, such an adjunction is also defined in &, as

follows from lemma 5.1.5.

Theorem 5.2.2 Let (R, I,p) : € — C be a reflection of a category E in its full subcategory
C and let {(0)1,n) be a lifting monad in C. If the reflection preserves pullbacks of t =
and the reindexing functor along t has right adjoint ¥, : € — E/%, then ((J).1,n) extends

to a lifting monad on &.

Proof. By lemma 5.2.1, ¢ is a dominance in £. Then V; provides each object of £ with
classifiers of partial maps whose domains are Y-subobjects. So we have to check that,
for every object A of C, na is a X-partial map classifier in €. Let (m, f) : B — A be a
Y-partial map, and let fT be the transpose of f as in the diagram.

:
c g Ty
] ]
m Rm un
B RB Al

P5 X(Rm, f1)
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Since R preserves pullbacks of t, Rm is a S-subobject in C. Let x(Rm, f1) : RB — A,
classify (Rm, f1) in C; it is easy to verify that, since the square describing naturality of

p on m is a pullback, x(Rm, f7)pp classifies (m, f) in &. ]

5.3 Assertions

We now have a semantic setting in which to interpret a theory of the Evaluation Logic
for possibly nonterminating programs with side effects and we know that substitution
and (_val” hold in this setting. However, there is something “modal” to reasoning about
whi le-programs with Hoare-triples that makes Hoare-like logics particularly intuitive and

which is not captured by the above semantics.

If we want formulae to be interpreted “in a state,” like assertions in Hoare Logic, we
must adopt a nonstandard interpretation of EL, as in [Pit91], where formulae with a free
variable of type X are interpreted as predicates over X x S, for S the interpretation of
states. Then, modelling computations on X as partial maps S — (X x S), we can give
the following set theoretic interpretation of the evaluation modalities ([Pit91]), where side

¢

effects are “passed” across the brackets (compare it with the corresponding equations in

section 4.1):

[w:TX F [z < w] g assert] = {w,s|Va,s ws=(z,5) D p(zr,s)}

[w:TXF (xr < w)p assert] = {w,s| Iz, s ws=(x,s)ANp(z,s)}

Here, we adopt as primitive calculus Moggi’s version of the Evaluation Logic, EL
([Mogb]), which is based on a standard semantics, and derive inference rules for a calculus
of assertions to be used in reasoning about programs without explicit reference to the
states of computation. In the derived calculus of assertions, which we call ELse, the
evaluation modalities have the above intuitive meaning. ELse is essentially the Evaluation

Logic proposed by Pitts in [Pit91] with a few special constants to get hold of simple
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imperative programming constructs. We shall call “assertions” the formulae of ELse and

“propositions” those of EL.

ELse. ELsehas the same syntax as EL. The term language is the computational lambda
calculus over a signature > which includes: the type Int of integers with the usual
arithmetical operations; the type Bool of booleans with the usual boolean operations
and the conditional condx : Bool — X — X — X; the operations up; : Int — T'1
and ct; : T(Int) respectively of memory update and lookup; a fixed point operator
rec : (T'1 — T1) — T1, with the fixed point property rec (M) = M (rec(M)). Intuitively,
the program up;(n) assigns value n to the memory location [, while the computation ct;
returns the value in [. For these operators we adopt the axioms given in [Pit91]. Simple
whi le-programs can be translated into the computational metalanguage over ¥ as shown
in section 5.4. The inference rules of ELse include all general and special axioms of
section 4.1, with empty A in O_intro and {_intro. Hence, ELse extends the calculus in

[Pit91] to include all operators of first order predicate calculus.

Notational conventions. We let e1; e, stand for let x < e; in e; when x is not free
in ey. Similarly, when p : T'1, we drop the dummy z in [z <= p|] 6 and write [p] 6 instead.
When no confusion arises, we shall informally use logical variables as names for locations.
So, if ¥ = x1,...x,, we write [T < ct] 0 for the formula [z < cty,] ... [z, < cty,] 0
and let & < ct in e for let ©1 <= ctyy in (...(let x, < cty, in e)...). Finally, we

simply write up (%) for up, (z1);... up,, (z,).

Examples. An example to illustrate the different meaning of necessity in ELse and EL
is the judgement [u < ct,;] v > 0 & [up,(—1)] [u < cty] u > 0, which is derivable from
(_intro in EL, but false in ELse, where [_intro is subject to the restriction mentioned
above. Conversely, - [up,(1)] [u <= ct;] u > 0 is derivable in ELse but false in EL, since

O_let*, which is an axiom in ELse, is not sound under the interpretation (4.3) of EL
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when the z of the monad T is not M-cartesian. Note that already the monad (_)° fails

to satisfy this axiom.

Translating assertions into propositions. Assertions I' = ¢ assert translate into
propositions I', s : S+ (¢])s prop, where (])s may contain a free variable s. All theorems
in ELse are shown to be derivable in EL once the invisible state variables have been made

explicit.

As suggested in [Mogb], there is an obvious way of “simulating” ELse’s modalities in
EL in the case of computations with side effects: the idea is to implement propagation of
states across formulae manually, via two constants h : S — Tl and k : T'S. Intuitively, the
program h(s) updates the current state with s, while k is the computation that returns the
current state as value. Such gadgets are defined, for example, for all monads in the family
F of section 5.1, which includes models for partial and nondeterministic computations
with side effects. Let H be an arbitrary monad and let T % FH = H(_ x S)°. Then,
h(s) < wvaloy (%, 8) = \s. valy(x,s) and k = Xs. valy (s, s). For the two constants h and

k we assume the following special axioms: let skip be the trivial program val(x) : T'1,

Ax 1  h(s);k = h(s); val(s)
AX 2 et s < kin h(s) = skip

Oh  [v<(let y<=win (h(s);2))] ¢ F [y < w] [z <= h(s); 2] ¢
THs<k o

Is:Sko

Uk

Proposition 5.3.1 Ax_1/2 [O_h and O_k are valid for all monads of the family F.

Proof. Again we use EL as the internal logic of a category where the functor R < (_x S)
and the monads H and Q & (1)° are defined. We only show the argument for Ax_1, as

for the others a similar routine is repeated.
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h(s);val(s) = letour x < h(s) in valgur(s) =

)
let o y <= valgy(x, 8) in valgy (let p x < y in valg(s)) =
valoy (let p x <= (%,8) in valy(s)) =

valgr(s,s) = wvalg((As.valr(s,s"))s) =
let our © < valgy (%, 8) in As.valy(s,s") = h(s);k.
Let K : TX — T(X x S) be the operator

K(w) = (let <= w in (let s <k in val(x, s))).

Intuitively, K runs the computation w and returns the final state as part of the result.
An assertion I' F ¢ assert in ELse is translated into a proposition I',s : S F (@])s prop

in EL as follows:

(en9)s = (o)s A ([9)s (and similarly for all other first order connectives)

([z=w] @)s = [2,8 = h(s); K(w)] (¢]s

Proposition 5.3.2 IfI; A F ¢ is a theorem in ELse, I',s : S; (A])s F (¢))s is a theorem
in EL with O_val™, AX_1/2, O_h and O_k.

Proof. All axioms in ELse can be translated and derived in El. Here we show a deriv-
ation of the axiom ([J_let™), which best illustrates the differences between the two logics

of assertions and of propositions. From AX_2 and [CI_h the following sequent is derivable:

Lm. K [z<(let y<=win 2)] ¢+ [y, s < K(w)] [v < h(s); 2] ¢.

Then:
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( [y < (let < zin w)] ¢])s

[y, 51 <= h(s); K(let x < z in w)] (¢])s,

[y, s1 <= h(s);let y; < (let © < zin w) in let so <k in [y1, S]] (©))s,
[y s1 <= (let © <= (h(s); 2) in K(w))] (¥])s,
[, 52 <= K(h(s); 2)] [y, s1 <= h(s2); K(w)] (©)s,
[, 52 <= h(s); K(2)] [y, s1 <= h(s2); K(w)] (©)s,
([ <= 2] [y <= w] ¢)s

(Lm_K)

O

Note that a slightly stronger version of the axioms in [Pit91] can be derived in EL.

Consider the axiom:

Dx: X5A o
O_intro (x & FV(A), A state-free)
Dw:TX;Ajzr <= w] ok [z <= w]y

In [Pit91] A must be empty, as usually happens in modal logics. This condition can
be explained in our setting by noticing that one thing the modality does, as is clear from
the above definition of ([ [z < w] ¢))s, is to bind a hidden state variable implicitly free in
@ and . Hence such a variable should not be free in A, that is, A should be independent
of the state. One easy way to meet such condition is by requiring that A contains no
modalities. That’s how we shall read the side condition of (J_intro and how we shall use

it in section 5.5.

The following proposition is an immediate consequence of 5.1.10, 5.2.2, 5.3.1 and 5.3.2.

Proposition 5.3.3 Models of the form F(H), where the unit of H is cartesian, support

a standard interpretation of ELse.



5. Application: partial correctness 134

5.4 Partial correctness

Partial correctness can be expressed by using an operation tr mapping annotated programs
to assertions. An elementary annotated program is a pair (p, ), where the assertion 6
is understood as a postcondition of p : T'1. Intuitively, ¢r(p,0) is the weakest liberal
precondition of p satisfying 0, which is expressed in ELse by the formula [p] . This can
be extended to a simple form of annotated programs () obtained by alternating programs

and assertions:
Q == nil|(p0);Q

In particular, (skip,#); @ is an annotated program that starts with an assertion and

Q; (p, true) is one that ends with a program. The function tr is defined as follows:

tr(nal) = true

tr((p,0); Q) = [p] (0N ir(Q)).

Intuitively, tr(Q) is satisfied by all states s such that all assertions in @) are true when

they are reached during the execution of () in s.

Annotation may provide valuable information for proving correctness. For example,
the following derivable rule infers ¢ - tr((p, 6); Q) from ¢ = tr(p,8) and 6 F tr(Q). Such

a rule is used in 5.5 and referred to as TR_Trans:

O+ tr(Q)
CEtr(p,0) F6Dtr(Q)
¢ [p] o = [p] (6 2 tr(Q))

CHpl (OAtr(Q))
CFtr((p,0); Q)

Given an input condition 6 and an annotated program (), we say partial correctness

specifications are statements of the form 6 D #r(Q). This echoes the usual view of Hoare
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triples in modal frameworks, where {9} P{(} is interpreted as 9 D [P] { (see, for example,
the account of Hoare Logic in the modal mu-calculus given in [BS92]). Note also that, as
one would expect in such contexts, the above formula can be converted into a statement

of total correctness by changing [p] into (p) in the definition of tr.

Next we translate Hoare triples involving programs of a while-language into state-
ments of partial correctness in ELse and show that all theorems of Hoare Logic translate

into theorems of ELse.

Hoare Logic’s assertion language is a first order language £ with equality (see [Apt81]).
In the following we take £ to be Peano arithmetic with minus. It will be convenient to
assume that variables of £ are variables of ELse, so that ¢ € £ is also an assertion in

ELse.

Terms of type X in £ are translated into terms of type T'X of ELse by a family of

functions (])r, indexed by (integer) contexts I' =z : Int, ...z, : Int.

(z)r = cto if 2 & dom.(I")
(z)r = [z if 2 € dom (T")
(n)r = [n]
(t1 +ta)r = let x < (ti))rin let y < (t2))r in [z + 9]
(absurd))r = absurd
(ti=t)r = [z<= ([tir] [y < (t2)r] =y and similarly for <, > >, and <
@Adhe = (@D A ([@Dr and similarly for v and >
(Vz.¢)r = Vr.(o)ra and similarly for 3.

The translation enforces EL’s disciplined interaction between logic and computation
on HL. Logical and program variables, which are distinct in EL but not in HL, are
separated, thus making explicit that bit of “computation” which is going on in HL’s
assertions: reading the memory. A possibly open ¥ € L is translated into a closed
assertion ([J]) in which free variables z are replaced by constants state readers ct, whereas

bound variables are treated as genuine logical variables.
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Example. The assertion x = y holds of all states where locations x and y contain the
same value. However, Vx.x = y requires the content of y to be equal to any integer x.

Our translation distinguishes between logical and program variables as follows:

(x=y) = [usc,]vescu=0

Vz.x=y) = Vulvect,u=v

The language W of while-programs, is the least class of programs such that:

e for every variable x € Ide and L-term t, x :=1t € W,

o if C, Cy and Cy € W, then C1; Cy € W and, for every quantifier-free formula B € L,
if B then C; else Cy; and while Bdo C od € W.

A while-program P is translated into a closed ELse-term ((P]) of computational type
T'1 as follows (we omit the subscripts T'):

(z:=t

(C1; Cy

(1f B then C; else (s
(while B do C od

) = let x < (t]) in up,(x)

) = (C]; ()

) = let b<=(B]) in cond(b,(C1]), (C2])

) = rec(Ap:T1.(let b< B in cond(b,(C));p, skip))).

Note that here B is parsed as a boolean expression.

In the next section we prove the correctness of a program for integer division. This
program is annotated with a loop invariant, which provides a guideline for the proof.
Simple annotated while-programs of the form (C1{91}; Co{)2}...), obtained by altern-
ating commands with assertions, translate straightforwardly into annotated programs
(((CH]), (); ((C9), ([W2))) - - .). This is not yet satisfactory since annotations should also
be allowed, for example, in the body of while-loops. To handle this situation, the lo-
gic should be extended with recursive definitions of predicates, but we shall forgo this

pleasure for the moment.
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Hoare triples translate straightforwardly into partial correctness specifications in ELse:
{9}P{C} = ) > tr(P{})

Lemma 5.4.1 For all L-terms t with free variables §, %, (t])y = let T < ct in [t]. For
all formulae V(y, %) € L, (V)7 - [T < ct] V.

Lemma 5.4.2 (Substitution) Let ¥(x) and t be in L. (I(t))r + [z < (t)r] (V(z)])r .-

Proposition 5.4.3 If {9} P{(} is a theorem in Hoare Logic, (V]) b tr (P{(}]) is derivable
i ElLse.

Proof. As an example, we show the derivation of the axiom for assignment:

{o(t)}r = t{o(x)}.

For simplicity we assume that x is the only free variable in ¢. The proof is presen-
ted in a natural deduction style and it makes use of the derivable judgement Lm_3:

L5 ¢+ [up,(7)] [v <= ct,] ¢ (¢ state-free) from section 5.5.

(EI0))

by lemma 5.4.2
v <= ()] (¢(=))- by lemma 5.4.1
[z <= ()] () by Lm_3

[z <= ()] [up,(2)] [z < ct] ¢(x)
llet © < (t]) in up,(z)] [z < ct] ¢(x)
[(z = ])] (¢(x))
tr(z:=t{¢(x)}]

by lemma 5.4.1
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5.5 Integer division

Here we consider a classic textbook example, a partial correctness specification {9} P{(}
of a while-program for integer division. We translate such specification in ELse as shown
in section 5.4 and derive it in the calculus of assertions. In fact, we derive a stronger

version ([{#}P'{(}]), where P’ is obtained by annotating P with a loop invariant.

Besides TR_Trans introduced above, we use the following special axioms for cond,

up and ct:

LA b= true B (M) T;A,0= false = ¢(N)
[y A F o(cond (b, M, N))
'z <=cty) ¢
Too: X F upy(@)] 9

Cond

Ct_Up

Moreover, in reasoning about while-loops, we use Scott-induction:

DAEG(T) Tp:TLA, ¢(p) Fo(M(p)) . .
Ind (¢ inductive in p)
I A ¢(rec(M))

where 1 stands for the always diverging program rec(Ap.p). The side condition of Ind
asks for fixed-point admissibility: since our predicates (and assertions) are arbitrary sub-
sets of domains, not all formulae I', z : X F ¢ prop are suitable for fixed-point induction
on x. In section 5.6 we give a criterion for establishing the side condition; we show that
admissibility of a proposition ¢ can often be checked via syntactic analysis of ¢ (similarly

for assertions) and prove the soundness of the proposed algorithm.

The following derivable sequents are used in the proof below:

Lml DA r<w (pDY)Fz<=w ¢ Dr<=w]| ¢

Lm2 T,w:TX;¢k [z<uw]o (z & FV(¢), ¢ state-indep.)
Lm3 T;¢F [up,(z)] [z < cty] ¢ (¢ state-indep.)

Lm4  T;A, [up,(z)] ¢ - [up,(2)] [z <= ct,] &
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These are the definitions of P, P’, 0, ( and their translation in ELse:

{0IP{¢} = {o>0Ay>0}P{a-y+b=aAb>0Ab<y}
P ¥ p:=zx;a:=0;whileb>ydob:=b—y;a:=a+1o0d
£ = a-y+b=aAb>0
P ¥ b:=x;a:=0;{¢;whileb>ydob:=b—y;a:=a+10d
{03P{}) = (ry<=ct]v)D
llet x <= cty in upy(x); up,(0); rec(Ap : T1. let b,y < ct in
cond (b >y,
let b,y < ct in up,(b—1y); let a < cty in up,(a+1); p,

skip))] [z,y,a,b <= ct] EANb <y

{3 P

([xr,y < ct] 9) D
tr((let x < cty in up,(x); up,(0), [x,y,a,b< ct] &);

(rec(...), [z,y,a,b<=ct] EANb < y))

([x,y < ct] 9) D
[z < (let © < cty in upy(z); up,(0))] (([z,y,a,b< ct] &) A

[w <= rec(...)] [z,y,a,b<= ct] EANb < y)
We derive the above formula in natural deduction style, which allows greater com-
pactness. Some obvious steps are omitted.

1. sinced D (0-y+z =z Ax >0)is a tautology:
[up,(x); up, (O] (I D (0-y+x=zAz>0))

2. from 1:

([upy(2); up,(0)] 9) D [upy(2); up,(0)] 0y +z =2 Az >0

3. since # is state-independent, from 2:

Y D [upy(x); up,(0)]0-y+x=xAx>0
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4.

10.

11.

12.

13.

14.

15.

from 3:

[z, y < ct] (9 D [upy(x); up,(0)]0-y+ 2z =2 Ax >0)

from 4:

([x,y < ct] 9) D[z, y < ct] [upy(z); up,(0)]0-y+z=xAx >0

from 5:

([z,y < ct] 9) O [z,y < ct] [upy(x); up,(0)] a, b < ct] €

from 6:

([x,y < ct] 9) D [let x < ct, in upy(x); up,(0)] [x,y,a,b< ct] £

since [T] absurd is a tautology, obtain ®(1) =
([z,y,a,b = ct] §) D[] [x,y,a,b = ct] EAb <y

since b <y D (£ D (EAND<y)) is a tautology:
[up (z,y,a,b)] (b <y D (D (EAb<Y)))

from 9:

[up (x,y,a,b)] (b <y D (D [skip] [x,y,a,b<=ct] EAND <))

from 10:

since b < y is state-independent, from 11 obtain b <y D W(skip) =
b<y>[up(z,y,a,b)] (€D [skip] [r,y,a,b<=ct] END <y)

assume ®(p) =

([x,y,a,b<= ct] §) D [p| [x,y,a,b<=ct] EAND <y

from 13:

[upy (b = y); upo(a + D] (([2,y, 0,0« ct] £) D [p] [2,y,a,b < ct] EAb <y)

since (b > y AN&(x,y,a,b)) D &(z,y,a+ 1,b—y), by Lm_3:

(b>yNE) D lup(z,y); upy(b—y); up,(a+1)] [r,y,a,b < ct] §
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16.

17.

18.

19.

20.

21.

22.

from 14 and 15:
(b>yng D
([up (2, y); upy(b — y); upa(a + V)] (([z,y,a,b < ct] €) D
[p] [z,y,a,b<=ct] EAD < y) A

[up (z,y); upy(b — y); up,(a+1)] [z,y,a,b <= ct] §)

from 16:

(b>yNE) D lup(z,y); upy(b—y); up,(a+ 1);p] [z,y,a,b <= ct] EAD <y

from 17:
[up (z,y, a,Db)]
(b >y D (€D [upy(b—y);up,(a+1);p] [2,y,a,b &= ct] EAD < y))

since b > y is state-independent, from 18:
b>yD

[up (z,y,a,0)] (£ D [upy(b—y); up,(a+1);p] [x,y,a,b<= ct] EAND < y)

from 19 obtain b >y D V(let ...) =
b>y D up(z,y,a,b)] (D
[let b,y < ct in up,(b—y);let a < cty in up,(a+ 1);p]
[2,y,a,b= ct] ENb <y)

from 12 and 20, by Cond obtain ¥ (cond(...)) =
[up (2,y,a,b)] (£ D
[cond (b >y,
let b,y < ct in upy(b—y);let a < cty in up,(a+1); p,
skip))] [z, y,a,b<=ct] EAND <y

from 21, by Ct_Up
[z,y,a,b<= ct] (£ D
[cond (b >y,
let b,y < ct in upy(b—y);let a < cty in up,(a+1); p,
skip))] [z, y,a,b<=ct] EAND <y
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23.

24.

25.

26.

from 22:
([x,y,a,b<= ct] £) D
[z, y,a,b< ct]
[cond (b >y,
let b,y < ct in up,(b—y);let a < ct, in up,(a+1); p,
skip))] [z, y,a,b<=ct] EAND <y

from 23 obtain ®(M(p)) =
([z,y,a,b<= ct] ) D
[let b,y < ct in
cond (b >y,
let b,y < ct in up,(b—y);let a < cty in up,(a+1); p,
skip)] [z, y,a,b<=ct] EAND <y

by Ind, from 8 and 13...24 obtain ®(rec(M)) =
([z,y,a,b<= ct] ) D
[rec(Ap : T'1. let b,y < ct in
cond (b >y,
let b,y < ct in up,(b—y);let a < cty in up,(a+1); p,
skip))] [z, y,a,b<=ct] EANb <y

from 7 and 25, by TR_Trans:
([#,y <= ct] 9) D tr((let x <= cty in upy(2); up,(0), [x,y,a,b <= ct] £);
(rec(...), [z,y,a,b<=ct] EANb < y)).
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5.6 Inductive formulae

Scott-induction was used in section 5.5 to prove properties of while loops. Here we
establish a sufficient syntactic condition on formulae ¢(z) to ensure their admissibility
for fixed-point induction on x. In view of theorem 5.6.1, this condition can be expressed

as « ¢ free_(¢), where the set free _ is defined, together with its dual free |, as follows:

free _(absurd) = 0
free _(t1 <t3) = 0 and similarly for >, >, <, and =
free_(pNp) = free_(¢) U free _(v) and similarly for v
free (¢ D) = [free (¢)U free (i)
free_(va.¢) = free_(¢)— {x)
free_(3r.0) = free(d) - ()
free (fx =1 ¢) = free_(9) it ¢ free_(9)
= free_(¢) U free(t) — {z} otherwise
free  (absurd) = )
free (t1 <t3) = 0 and similarly for >, >, <, and =
free (o NY) = free (¢)U free () and similarly for Vv
free (¢ D)) = free (¢)U free (¢)
free, (Vo.¢) = free(¢) — {x}
free (Fz.¢) = free (¢) —{x}
free ([x <= 1] ) = free(d) U free(t) — {x}

In the following theorem we take cpos as our domains. However, the proof also goes
through in the context of models of synthetic domain theory. e.g. with extensional PERs,

adopting the appropriate notion of w-chain.
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Theorem 5.6.1 LetI',x : X - ¢ be a formula in EL.
A Ifx & free_(¢), then, for all u € [I'] and w-chains (d,), if [¢](u, d;) for all d; in (d,),
then [¢] (u, Li{dn)).

B. Ifx & free_ (¢), then, for allu € [I'] and w-chains (d,), if [¢] (v, U(dy,)), then [¢](u, d;)

for some d; in {d,).

Proof. We just discuss the interesting cases: implication and necessity. Assume z &
free_(¢ D 1), that is, © & free (¢) and x & free _(v)). Let (d,) be an w-chain such that
¢ D ¥](d;) for all d; € (d,,). Assume [¢](LI(dy)). Since x & free  (¢), it must be [¢](d;)
for infinitely many d; in (d,), otherwise, pruning such elements from (d,), one would
get a subchain with the same lL.u.b. and with no elements satisfying [¢]. So, there is a
subchain (¢, ) of (d,) all elements of which satisfy [¢]. Then, by the assumption, [](d;)
for all d; in (c,), and hence, since = & free (1), U{c,) = L{(d,,) satisfy [¢']. This shows

that [¢ 5 ¢](U(dn)).

The definition of free _([xz <= z] ¢) says that, if ¢ is w-inductive in x, then [z < z] ¢
is w-inductive in z; also, if ¢(x,y) is w-inductive in z, then [y < z] ¥ (x,y) is w-inductive
in z. We show the first of these statements. Assume Vs. ¢(z;(s)) holds for all z; in the
w-chain (z,), show that Vs. ¢(Li(z,)s) holds. For an arbitrary §, all elements of (z,(5))
satisfy ¢ by hypothesis; then, since ¢ is w-inductive in z, ¢(LI(2,(3))) = ¢(LU(z,)S) must
hold. -

Remark. Theorem 5.6.1 improves a similar one in [Ten91]. In particular, it allows

formulae such as =(—(x C 7)), rejected in [Ten91], to be recognized as admissible.

Remark. In the above proof we used the interpretation of necessity as in EL, rather
than as in ELse. This is in fact the worse case, since it involves a quantification over states
and, hence, = ¢ free ,(¢) implies neither z & free  ([y < 2] ¢) nor z & free  (ly < 2] ¢).
However, such quantification disappears in ELse and hence the admissibility conditions

for fixed-point induction are more liberal for assertions than for formulae.
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Remark. In view of the last remark, we conclude that theorem 5.6.1 validates the use

of Scott induction in section 5.5, since p & free _(P(p)).



6 Semantic constructors

In this chapter we present and develop the theory of semantic constructors (see chapter 1),
which were introduced by E. Moggi in [Mog90a,Mog91c] with the intention of achieving

a modular approach to the study and development of denotational semantics.

To what extent can different notions of computation be studied in isolation? Which
properties do models produced by a constructor retain of the models from which they are
constructed and upon which properties are they conservative? We address these questions
in the first two sections of this chapter. In the rest, we discuss the syntactic presentation
of constructors, a technique introduced in [CM93], and relate the power of constructors

with that of the metalanguages that are used to present them syntactically.

A direct method for presenting a constructor is to produce structure for interpreting
one metalanguage from structure for interpreting another. In the next chapter, we develop
applications where constructors for exceptions and resumptions are presented in this

fashion by using the Extended Calculus of Constructions as metalanguage.

Here, we focus on an indirect method, where constructors are presented in a purely
syntactical fashion as translations of metalanguages. In general, a translation £o — £ of
formal languages yields, contravariantly, a relative interpretation Mod(Ly) — Mod(Ls)
mapping models of one language into models of the other [KR77]. This situation extends
to logical theories, where it is understood that theorems of one theory are translated into
theorems of the other. For example, given a strong monad in a category C, a translation

MLy — MLy gives a recipe to construct a new strong monad on C.

For some logics, a dual construction is also available. Let £; and Ly be theories

expressed in universal Horn clauses ([Kea75]). Such theories can be viewed as categories

146
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th (L;) with finite limits (lex categories) in the same way as categories with finite products
provide views of algebraic theories where no distinction is made between primitive and

derived operations. In fact, this is the basic idea of categorical logic:

“a logical theory has an intrinsic existence independent of its presentation,

and this existence is best represented by a category” ([See82]).

In this framework, one speaks of “functorial semantics” because interpretation of a theory
L in a category C with appropriate structure is viewed as a structure-preserving functor
th(L) — C. A well known result of P. Gabriel and F. Ulmer ([GU75]) states that any
filtered colimit-preserving functor Mod(L,) — Mod(Ly) with a left adjoint arises as
relative interpretation from a lex functor th (Ly) — th(L£;) and hence from a translation
Lo — L. The natural question is whether a similar duality can be established for theories
of the computational metalanguage and whether a sufficiently rich class of constructors

Mod(%1) — Mod(%2) can be obtained from translations MLp(%2) — MLy (%,).

In the setting of Gabriel-Ulmer duality, translations and interpretations live in the
same category (of lex categories) and relative interpretation is studied as composition.
To mimic this situation, we need a presentation-independent view of a theory MLp(X)
as an object of Mod(¥). A natural candidate would be the syntactic category 7 (%)
described in section 2.4. This category has a canonical strong monad and canonical X
structure. Moreover, interpretation of MLyp(X) in a YX-model (C,T,.A) corresponds to
a morphism ([.],id) = 7T(X) — (C,T,.A) in Mod(X). However, interpretations and
structure preserving functors do not coincide: since interpretation requires [T'7] = T[],

morphism ([], o) : 7(X) — (C,T,.A) correspond to interpretations only when o = id.

This suggests that, in order for translations to capture interesting constructors, a
more powerful syntax must be used than that of the computational metalanguage. For
example, the constructor for resumptions (FT)X = uY.T(X +Y) that we present in
the next chapter needs inductive types, which cannot be axiomatized in MLp(X). The
examples that we present in this chapter are written in HML, an expressive type theory,

similar to the one in [Mog91al, in which the computational metalanguages can be easily
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axiomatized. We give an intrinsic characterization of the constructors that can be presen-
ted in HML. This characterization generalizes to presentations in any formal language
whose models are described by finite limit theories; examples are the simply typed and

the higher order polymorphic lambda calculi.

Synopsis. In section 6.1 we define the category Mod(3) of models of MLy (X) introdu-
cing the notion of ¥-homomorphism (not in Moggi’s presentation). In 6.2 we introduce
semantic constructors and we investigate the properties of a particular class of them,
called “pointed.” Examples of such constructors are the ones for exceptions, resump-
tions, interactive input and output. In particular, we determine a class of equations
preserved by pointed constructors (theorem 6.2.5) and one whose equations are reflec-
ted (that is, a sublanguage of MLy(X) over which pointed constructors are conservative;
theorem 6.2.7). Preservation of equations is also addressed in [Mog90b]. Our treatment
differs from Moggi’s in that the latter considers a more restricted class of constructors
and puts more constraints on the metalanguage (viz. lambda abstraction only on constant
types). In section 6.3 we present HML and, in 6.4, we use it to present a rather powerful
constructor that can be specialized to capture models of several forms of computation.
Most of the material presented 6.3 and 6.4 is from [CM93] and we claim no originality
there. After introducing the basic ideas of functorial semantics in section 6.5, we invest-
igate the properties of categories of models of HML theories in 6.6 and 6.7. The class of

syntactic constructors corresponding to HML translations is characterized in 6.8.

6.1 Categories of Y-models

In section 2.4 we defined a suitable notion of signature for a typed lambda calculus £(3)
and a notion of ¥-model, that is, a category in which the relevant structure is singled out.
Some of the structure may be defined by universal properties and we called “additional”

all the rest. It is reasonable to expect that models form a 2-category Mod(¥) whose
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1-cells are functors preserving the universal structure, while additional requirements (see

example below) may be appropriate to relate the additional structure.

Example. Strong monad morphisms (C,T) — (D, S) were defined in section 2.2 as
pairs (U : C — D,o : UT = SU) where the functor U preserves the universal structure
of C in D, while the natural transformation o relates the monads 7" and S with suitable

diagrams.

O

Here we describe categories of models of computational metalanguages MLy (%), whose
objects we shall henceforth call ¥-models and whose morphisms are strong monad morph-
isms with extra conditions relating Y-structures. In the next section the semantic con-
structors of the modular approach are introduced as natural maps between categories of

models.

Defining morphisms between Y¥-models is not straightforward because the usual mixed
variance problem gets in the way of relating the ¥ structure of the two models. In fact
we must restrict signatures as shown below. (The notions of type scheme, polytype etc.

were defined in section 2.4.)

A polytype is called computationally positive (negative) when it contains no negative
(positive) occurrences of the type constructor T (we shall usually drop the word “com-
putationally”. More formally: 1, K € ¥, and X € x are both positive and negative
polytypes; if 71 and 7, are both positive (negative), so is 7 X 7y; if 71 is negative (pos-
itive) and 7, is positive (negative), 7 — 7 is positive (negative); if 7 is positive, so is
TT. For example, (T(K — TX) — X) — TX is positive, while TX — TX is neither
positive nor negative. It is easy to verify that a polytype is both positive and negative if

and only if it contains no occurrences of T'.

Positive (negative) polytypes are not closed under “indiscriminate” substitution. As

in section 6.2 we need a closure result, we characterize well behaved substitution in

Lemma 6.1.1.
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A type variable is said to “occur positively (negatively)” in a polytype according to
the following rules: X occurs neither positively nor negatively in 7 if it does not occur
in 7; X occurs positively in X; X occurs positively (negatively) in 7 x 7 if it occurs
positively (negatively) in 71 or in 73 or in both; X occurs positively in 77 — 75 if it occurs
positively in 75 or negatively in 7 or both; X occurs negatively in 7y — 7 if it occurs
negatively in 75 or positively in 75 or both; X occurs positively (negatively) in T'7 if it

occurs positively (negatively) in 7.

Let o and 7 be polytypes. We say that the substitution [o/X]7 is sign-preserving
when ¢ is positive if X occurs positively in 7 and o is negative if X occurs negatively
(hence o must be both when X occurs both ways). We call sign-reversing the obvious

converse.

Lemma 6.1.1 Sign-preserving substitution preserves positive polytypes; Sign-reversing

substitution preserves negative polytypes.

Proof. Let «a, § and ~ range over the symbols + and —, to be read as “positive” and

)

“negative,” and let & be the complement of a. We write (a37) for the statement “if 7 is
a, X occurs -ly in 7 and o is v, then [0/ X]|7 is a.” We show the cases (+++), (— —+),

(+ — —) and (— + —) by induction on 7.

For 7 =1 and 7 = K € X, all four cases hold trivially. For 7 = X, (+ + +) holds
because [0/ X]|X is positive for positive o, while the other cases hold trivially because
their hypotheses are not satisfied. For 7 = 71 X 7, each statement holds because, using
the inductive hypothesis, the same statement must hold for 7 and 7. For 7 = 14 — 7,
(a37) holds because, using the inductive hypothesis, (a37) must hold for 7 and (&37)
must hold for 7. For 7 = T'rq, (+++) and (+——) hold because, by inductive hypothesis,
identical statements must hold for 71, while the other cases hold trivially because their

hypotheses are not satisfied. 0

Let X, be a collection of constant type symbols. Let C and D be cartesian closed

categories and let both have a Y -structure and an endofunctor, respectively T': C — C
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and S : D — D. X.-polytypes are interpreted in C and D from the above data. Let
U : C — D be a functor preserving the universal and X, structure. We make the
simplifying assumption that U does so on the nose, although this is not crucial for the
development of the theory. In particular, this means that U[K] = [K] for all K in
¥, (all type constants but 7" are nullary in MLz(X)). Given a natural transformation
o : UT = SU, we associate with every computationally positive (negative) polytype

7(X1,...X,) and type assignments Ay, ... A, in C a morphism

o (1) : U] a,..a, — [Tlva,..va,

(07, with opposite direction, for negative 7) as follows: writing Ut for U[7]4,.. A,

TU for [t]ua,,. va,, or for Ofrla,.. 4, and (:)(—) : C? x C — C for the functor mapping

An
(A, B) to B4,
O'il = Zdl
aiXi = idya,
O'iK = K]
ot X)) = o (1) X o5 (1)

I
Q‘
S

Q
+
)

I
>
s
S
d
S
S
Q‘
&

o
s

o
<)
S

Proposition 6.1.2 Let U and o be as above. If a polytype T is both positive and negative,
Ulr] = [7]U and o™ (1) = 0~ (1) = id.

Proof. By induction on 7, For example: if 71 — 75 is both positive and negative, so must

be, by a simple argument, also 7, and 7; hence 0¥ (11 — 7)) =0 (11 — ™) = id" = id.

O

Y-structures can be related in a simple diagrammatical way if they are restricted to

positive type schemes, that is, type schemes involving only positive polytypes. Since this
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is the case in most examples of operations associated with notions of computation, we
will henceforth restrict our signatures to include only operations with positive schemes.

At the end of this section we discuss some nonexamples.

Definition 6.1.3 A Y-homomorphism (C,T,A) — (D,S,B) between Y-models is a
strong monad morphism (U,o) : (C,T) — (D, S) such that U preserves the ¥, struc-
ture on the nose and, for all op :VXy,... X, 71,... Ty — T in X and type assignments

Ay, ... Ay, the following diagram commutes:

UIITI]]AL...A" X .. 'UIITm]]Al,...A" - = UIIT]]AL...A"
ot(m) x...0c" (1) ot (7) (6.1)

|I7-1]]UA1,...UA" X ---IITm]]UAl,...UAn - = IIT]]UAL...UA"
[[Op]]UAl,...UAn
If op is an operation for which the above diagram commutes, we say that (U, o) is

natural with respect to op.

Example. Let (U,0) : (C,T) — (D,S) be a morphism of strong endofunctors and
let operations wval : VX. X — TX and let : VX,Y. (X — TY), TX — TY, satis-
fying the equations of section 2.2, be defined in C and D. The above diagram applied
to such operations yields equations defining (U, o) as a strong monad morphism. Con-
versely, let (U, o) be a morphism between strong monads over C and D. The operations
st : VX, Y. (X = Y),TX — TY derived as in section 2.2 in C and D make the above
diagram commute: op(Ust 4 g(f,w)) = stuvauvs(f,ocaw), and this corresponds to saying

that (U, o) is a morphism of strong endofunctors.

Proposition 6.1.4 X-models and Y-homomorphisms form a category Mod (X).

Proof. (Strong) monad morphisms (U, o) : (C,T) — (D, S) and (V,p) : (D, S) — (€, R)
compose as follows: (V,p)e(U,o) = (V-U,pU-Va). We show that (V,p)e(U,0) is a
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Ye-homomorphism by proving the following equations:

(pU-Vao)'r=p (1) U-Vo'(r) (6.2)
(pUVo) T=Vao (1)ep (T)U (6.3)

Then, the result follows from the commutativity of the diagram below:

VU[[TI]]AL...A" X .. 'VUIITm]]Al,...An VU[[OP]]ALMA" VUIIT]]AL...A"
Vor(r) x... Vot (r,) Vo't (r)
VHTI]]UAL...UA" X .. 'VIITm]] UA;,..UA, V[Op]] b V|IT]] UA;,..UA,
p (U x ...pT (1)U pH(r)U
IITI]]VUAL...VUA" X IITm]]VUAl,...VUAn HOP]]VUALWVUA" IIT]]VUAL...VUA"

Equations 6.2 and 6.3 are proven by induction on 7, of which we show only a few cases

as the others are similar. For a positive 1T'7:

(pU-Vo)"(TT) = (by definition of (\)*(7T'7))
R(pU-Vo) (1) (pUVo), = (by inductive hypothesis)

R(p* (1) U-Vo ™' (7))epy--Vo, =  (since R is a functor)

Rpt (1) U-RV o™ (1)opy-oVo, = (since p is a natural transformation)
Rp" (1)Uep,yoVSat(r)eVo, =  (since V is a functor)

(Rp* (1)U p,p)oV(Sot(7)e0,) = (by definition of (_)*(T'7))

pH(TT) UVt (TT).

Similarly, for positive 7 — 7o:
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(pU=Vo) (11— 7) =
M VU — VU (pUVo) (r)efeo(pU-Va) (1) =
A VU = VU p (1)U Vo' (my)e foVa (n)ep (1)U =
(Ag: VU — VU p'(ra)Uegep (1)U)e
A VU = VUR. Vo (n)ofo-Va (1)) =
(g : VU — VU p'(r)Uegop (r)U)e V(NS : U — Unp. 0¥ (2)e foo (1)) =
pH(m — ) U Vot (r — m)

O

As to 2-cells in Mod (X)), no natural condition can be stated for an arbitrary v : U — V
to coherently relate U and V occurrences of operations in ¥. However, coherence is
guaranteed when 2-cells are restricted to isomorphisms. [Pow94] studies (2- and tri-)

categories with structure arising from modelling logical frameworks for computer science.

Remark. Some operations commonly associated with computational features of pro-
gramming languages do not have positive type scheme. One example is the operator
callccap : (A — TB) — TA) — TA for computations with continuations; another
example, introduced in section 6.4, is Cap : (A — TB) x (HTA — TB)xTA — TB,

which performs case analysis on generalized resumptions.

When a signature ¥ contains such operators, the general notion of ¥-homomorphism
introduced above cannot be adopted. In that case, one can always reduce the amount of
structure upon which morphisms in Mod (X) are required to be natural. For example, if
naturality were only required on val and let, a morphism in Mod (%) would be just any
strong monad morphism. However, as we shall see in the next section (theorems 6.2.5
and 6.2.7), the less we require of morphisms in Mod (%), the less we can say of semantic

constructors in terms of preserving equations.



6. Semantic constructors 155

6.2 Semantic constructors

A semantic constructor F is a family of functions Fyx mapping the objects of Mod(X)
to the objects of Mod (X + X ). When clear from the context, we shall understand that

such maps act only on objects and write:

Fs : Mod(X) — Mod(X + XF).

Fy is indexed by signatures of the metalanguage; each F is defined over a restricted
range Sig r of signatures. For example, uniform redefinitions, to be introduced below,
can be defined only over operations with certain type schemes. Besides cutting off “un-
manageable” signatures, Sig r may also require a minimal supply of constant types and
operations. This minimal supply may be thought of as the parameters of the constructor.
An example of parameter is the type E of exceptions in the translation presented in

section 7.2.

Example. Consider a constructor F mapping a monoid M into the group obtained
by freely adjoining a unary operation “-” to M and quotienting by suitable equations:
a+ (—a) =0, —(a+b) = (—a) + (=b), etc. This constructor is defined on any category
of Y¥-algebras, provided ¥ includes +.

OJ

In Moggi’s definition [Mog91c|, semantic constructors must satisfy a naturality condi-
tion that we shall discuss below. To state this condition a notion of signature morphism
is required, which we provide in definition 6.2.1 for the general form of lambda calculus

L(X) described in chapter 2.

Let pi(Y1,...Y)), i = 1...k, o;(}1,...Y)), j = 1...n, and 7(Xy,...X,) be
Y-polytypes; a derived Y-operation of arity VY1, ... Y. p1,...pp — 7(01,...0y,) is either

an operation in 3 (of same arity) or a sequence of m+ 1 derived ¥-operations op; of arity
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YYi,... Y p1, oo opp — (01, . ..on), i =1...m,and op : VXy, ... Xy 71, T — T,

which we write op (opq,...0p,,).

Definition 6.2.1 A signature morphism o : ¥; — Xy maps constant type symbols
K of arity n in ¥y to Ye-polytypes 7(X1,...X,), and constant operation symbols op
of arity ¥X1,...Xy.T1,... T —> T in Xy to derived Yp-operations o(op) of arity

VXi,... Xy 0(n),...0(Tm) — o(7).

Remark. For computational metalanguages MLy(X) signature morphisms only deal
with constants in X, that is, they do not affect T, val or let. Other possibilities may
be considered, e.g. mapping symbols to terms. We do not further discuss such notions
since signature morphisms play a marginal role in the rest of this thesis. However, note
that, since the naturality condition on constructors in definition 6.2.2 quantifies over such

morphisms, the more general the notion, the harder it is for Fy to qualify as natural.

O

A signature morphism o : ¥; — Y5 induces ¥; structure in the underlying category
of any Ys-model M: the structure for interpreting a symbol & € ¥ is obtained by
interpreting o(§) in M. If this ¥;-structure satisfies the axioms of MLyp(3), we write
Mod (o) : Mod(%2) — Mod(%).

Definition 6.2.2 (Moggi) A semantic constructor F is a Sig p-indexed family of func-
tions Fy, from the objects of Mod(X) to the objects of Mod (% + Yx) satisfying the fol-
lowing naturality condition: for all signature morphisms o : ¥1 — Xy in Sig 5 such that

Mod (o) : Mod(%2) — Mod (%), the following diagram commutes:

Mod(Sy) — 22— Mod(Sy 1 55)
Mod (o \L lMod(U—FZf)

MOd 21 % MOd(21+2f)
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Naturality ensures that all components of F agree on the definition of ¥z structure
by restricting to the same Fy, : Mod(Xg) — Mod (3 + X5), where ¥ is the signature of
parameters, and that reinterpretation of any ¥ € Sig » can be described by considering

each operation separately.

It is reasonable to expect that theories of (X + ¥ z)-computation extend theories of
Y-computation. Hence, in order to show that the construction of a categorical structure
FM out of a ¥-model M actually defines a map Mod(X) — Mod (X + Xx), it is useful
to know whether F preserves the truth of certain formulae. In chapter 5, for example, we
showed, in the context of Evaluation Logic, that the constructor (FT)X & T(X + S)°

preserves the validity of [(J_val™.

Example. Any F mapping Y-algebras into (X + X x)-algebras endowed with a family
of ¥-homomorphisms f4 : A — F.A, preserves the truth of closed equations over X.
Similarly, let F : Mod(X) — Mod(X+X#); a morphism (U, o) : M — FM]s in Mod (%)
relates interpretations of (positively typed) operations op € ¥, in the two models. Let
I' F w : 7, with positive I' and 7, be a derived operation obtained by composing the
primitive operations in ¥, val and let; it is easy to see that [w] makes diagram 6.1
commute. Any equation w; = wy between closed terms of the above kind which holds in
M also holds in FM, since [w, "M = 6TUJw M = 07U wa]™ = [ws] M.

O

In the rest of this section we investigate the properties of semantic constructors JF,
which we call “pointed,” endowed with a family of morphisms (U,0) : M — FM,
where M and FM have the same underlying category and U is the identity. Note that
theorem 6.2.4 holds for any (U, o) in Mod(X). We shall ask two questions about pointed
constructors: which equations do they preserve and which do they reflect? The first of
these questions was first addressed in [Mog90b], where a solution is sought for a special
class of pointed constructors (called parametric extensions) and for a fragment of the

metalanguage in which lambda abstraction is only allowed on constant types.
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We call “light” the terms of MLy(3) freely generated by rules B1, B2, B4, B5 and B6
of section 2.3, together with the following:

B3.bis. Let op : VX;i,...X,.7,...7, — 7 be an operation in X, let ¢, ...0, be
types such that o; is positive (negative) if X; occurs positively (negatively) in 7,
and let M; : 74(01,...0,) for j =1,...m, then op, . (Mi,... My)is a term of

type 7(01,...00);

B7.bis. if x € x,, T does not occur in ¢ and M : 7, then Az :0. M is a term of

type o — T.

Lemma 6.2.3 Light terms in positive contexts have positive type.

Proof. By induction on the structure of terms. The term % has positive type 1. For
pairs and projections the result follows immediately from the inductive hypotheses. A
light term op (M, ... M,,), where M; : 7j(01,...0,) and op has positive type scheme
vXi,...X,. 1,...Tm — 7, must satisfy the conditions of B3.bis, which yield a positive
7(01,...0,) by lemma 6.1.1. Let I' be a context in which all types are positive. Let
' MN : 15; since M is light, by inductive hypothesis it must be I' - M : 71 — 7 with
positive 71 — 7. Hence 7 must be positive. Let ' = Ax : 7. M : 7y — 75; since 71 must
contain no occurrences of T', by inductive hypothesis, it must be I';z : m = M : 75 with

positive 7o; hence 7 — 75 is positive. 0

Theorem 6.2.4 Let (id,o) : (C,T,A) — (C, S, B) be a morphism of X-models. Any light
term M and positive T' such that T'= M : 7 in MLp(X) satisfies the following diagram:
writing []* for interpretation in (C,T, A) and []° for interpretation in (C, S, B),
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My
[r1” - [-1"
o"(T) l l0+(T)
[r1° [
[M]7

Proof. The interesting cases are lambda abstraction and application, since for * : 1 the
result follows from the universality of 1, while for variables, application of constants, pairs
and projections it follows from the universality of products. Let I' = MN : 7. Assume
I'M:7 — m and I' H N : 74 make the diagram commute. The soundness of such
assumptions depends on lemma 6.2.3, which ensures that both 71 — 7 and 7, are positive.
So 71 must contain no occurrences of 7' and, by lemma 6.1.2, o¥ (1) = 0~ (1) = id; we
write 7y for [n]" = [n]®. Since o7 (m — m) = Af 71 = [R]". Oz n.ot(n)(fz))

and [N]{ = [[N]]f+(r), we have:

o () [MN]{ = (by lambda abstraction)
Af i = [r]" Az ot () (f2) (IM]r, [N]r) =

(by definition of ot (1 — 7))

(ot (m — 1) [M]L) [N]t = (by inductive hypothesis on M)
(M ]]f+(r) [N]E = (by inductive hypothesis on N)
[MD7+ 0y [NT5ry =

[MN] §+(F)

Similarly, let ' Az : 7. M : 7y — 75 with no T in 7y. Then (I',z : 71) is a positive

context and we can assume the property for I', x : 7 = M : 7. Therefore:
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ot (n — ) [Nx:m. M]E =
Afin = [n]" Oz :n. o™ (w)(f2) Ao . [M]r,) =
A0t () [[M]]?x = (by inductive hypothesis)
Ao s ISy, =
Az : 7. M]]§+(F).
0J

Theorem 6.2.5 Let (id,o) : (C,T,A) — (C,S,B) be a morphism of ¥-models. If M
and N are light terms of MLr(X) with free variables in context T' and T does not occur

in T, then [M]E = [N]E implies [M] = [N]2.

Proof. Theorem 6.2.4 applies to M and N because I is positive. Moreover o™ (T") is
the identity and hence [M]; = o' () [M]L = o (1) [N]E = [N]2. 0

An immediate corollary to this theorem is that all equations between closed light
terms are preserved by pointed constructors. Note that, although the axiom schemes of
most theories of computation involve only light terms, the above theorem ensures only

the preservation of light instances of such schemes.

Remark. One may wonder whether, in case the category C is well pointed, preserving
closed equations is enough to preserve also the open ones (over positive contexts). A
category C with terminal object 1 is called well pointed when the homset functor C(1, )
is faithful, that is, when two morphisms f and g are equal whenever fr = gx for all
global elements x. In general, an axiom scheme () - F(M) = G(M) does not enforce
[F] = [G] in all models M. However, assume M is well pointed. One can extend the
language with one constant z : 7, where 7 is the type of the metavariable M, for each
global element x : 1 — [7] of M, and extend the interpretation with [z] = x. Then,
for all z : 1 — [7], [F]ez = [F(2)] = [G(z)] = [G] -z and hence [F] = [G]. In order
to make a similar argument work when two interpretations [_]” and []° are at stake, it

is necessary that each global element 1 — SX factorizes as 1 — TX 2% SX for some



6. Semantic constructors 161

global element of T'X.
O

Our second question about pointed semantic constructors F is whether they are con-

servative on some class of equations, that is, for what M and N it is the case that

[M]"M = [N]"M implies [M]M = [N]M.

We shall call “light” the polytypes of MLy (%) freely generated by the rules A1-A5
of section 2.3, with the extra condition, in A5, that ¢ contains no occurrences of 7" in a

light 0 — 7. Lightly typed terms need not be light, nor light terms lightly typed.

Lemma 6.2.6 Let (o,U) : (C,T, Ay — (D,S,B) be a morphism of ¥-models. If the
components of o are monos and S is mono preserving, then o (7) is a mono for any

light polytype T.

Proof. By induction on the structure of 7. For exponentials it uses the fact that
ot (r1 — ) = (67 (7)™ and that the functor (_)™ preserves monos because it is a right
adjoint. For Tt it uses the assumptions that the components of ¢ are monos and S is

mono preserving. ]

Theorem 6.2.7 Let M and N be light terms of light type T in a positive context I, and
let (id,o): (C, T, A) — (C,S,B) be a morphism of ¥-models. If the components of o are

monos and S is mono preserving, then [M]5 = [N]3 implies [M]{ = [N]~.

Proof. M and N satisfy the diagram of theorem 6.2.4. Hence,

o (1) [M]r = [M]e0™(T) = [N]peo" (L) = o™ () [Ny

Since, by lemma 6.2.6, o (7) is a mono, [M]f = [N]t. 0

In [Mog90b], Moggi investigates similar properties for a variety of constructions of

the modular approach, such as uniform redefinitions. Let T be a strong monad and let
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G(T) be a map 0bj(C) — o0bj(C) on the objects of the underlying category C of T. A
constructor F such that (FT')X = T(GTX) can uniformly redefine operations of the

form op x : ((T'X), where ((_) is a type scheme:

(Fop)x = oparx : ((T(GTX)) = ((FT)X)

Examples of constructors of the form (FT')X = T(GTX) are the one for complexity,
FTA=T(Ax M) for M a monoid, and all instances of the constructor of generalized
resumptions described in section 6.4, among which the one for exceptions. An example
of uniformly redefinable operation is ory : TX x TX — TX of section 2.5, where ((X)
is X x X — X.

Equations involving instances of redefinable operations are not always preserved by
uniform redefinitions. For example, let op y : T'X; the identity monad satisfies op, =p1 «
but, for FT' X = T(A+E), Fop, =rr1 « does not hold, that is op, 21+E x. However,
equation schemes only involving uninstantiated occurrences of polymorphic operations are
preserved. For example, the commutativity law orx(z,y) =rx orx(y,x), is preserved

by uniform redefinitions of or.

Remark. Preserving equations can be also studied syntactically, by reasoning about
theories and translations rather than models and constructors. For example, a constructor
Mod(t) : Mod(¥) — Mod (X + Xz) deriving from a translation ¢ of MLyp(X + Xx) into
MLy (%) would preserve the truth of equations M = N when ¢(M) = t(N) is a con-
sequence of M = N in MLp(¥).
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6.3 HML

As mentioned earlier, interesting semantic constructors can be presented as translations
of metalanguages, provided a powerful enough syntax is adopted. In [CM93], a metalan-
guage HML is used to that effect. HML is not biased towards monads, but it is expressive
enough to easily axiomatize desirable metalanguage features, including monads, and to

describe concisely uniform redefinitions.

HML is defined in appendix A. There are rules for deriving well formed kinds, op-
erators, type schemes, terms and formulae. There are also rules for deriving compound
objects such as contexts, that is sequences of variable declarations, signatures, that is

sequences of constant declarations, and theories, that is sequences of formulae.

In a pure type system [Bar92], kind and scheme would be called “variable universes,”
because kinds and type schemes can be used in contexts as ranges of variables. An object
u of kind k is called an operator, while an object e of type scheme o is called a term.
Besides judgements of well formedness, HML features equality judgements on operators

and schemes, and truth judgements involving formulae of first order logic with equality.

Polymorphic operations are expressed in HML as follows. There is a constant kind {2
whose operators, called types, lift to type schemes. Variables of kind €2 can be “quantified”

upon to form type schemes. For example, the signature of a theory of monads is:

T : Q=Q,
val : Tv:Q.v = Tw,

let : Tvy,vg: Q. (vy = Tvy) X Tvy = Ty

while the axioms 2.3, 2.4, and 2.5 of section 2.2 provide the related theory.

The above type schemes are also types in the polymorphic lambda calculus, PLC
[Gir72,Rey74], of which we shall consider the version described in [See87]. However,
there are differences between HML and PLC in the treatment of polymorphism. For
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example, the orders of PLC, corresponding to kinds in HML, only admit exponentials
of the form Q*. PLC has both product (II) and sum (X) types, while HML only has
products. Particularly significant is also that, unlike PLC, HML distinguishes between
types and type schemes: there may be schemes, for example the ones involving II, which
may correspond to no operator of kind 2. Motivations for such an approach can be found

in [Mog91a], while the semantical implications of it are discussed in section 6.7.

Since types and type schemes are distinguished in HML, operators of the form k& = 2
would not suffice to express uniform redefinitions in full generality. For example, the

def

type scheme S(X) = IIY : Q. X X Y cannot be expressed using an operator S : Q = Q.

Therefore HML features parametric schemes of the form S : k = scheme.

In HML, schemes have products and exponentials. These operations must be reflected
in the world of kinds if they are to be used together with operators to form types. For
example, the scheme X : Q F T(X x X) : scheme requires an operator x : Q x Q — Q.
Below we present signatures and theories for reflecting products and sums. Exponentials

can be treated similarly.

The following signatures and theories can be combined to describe computational
models. Of course, the analysis of models must support this process as some theories

may be inconsistent with each other.

Notation. Sometimes we leave type arguments implicit in polymorphic terms. For
example, if F': (IIX : Q. X = X) and M : A : Q, we may write F'M for F[A]M.
We assume that x binds more tightly than = and that application is left associative,
reading (f g ) as (f g)e. U F : X xY = Z and M : X, we may write FM for
Ay:Y.FMy):Y = Z.
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Product reflection (signature).

unit : €2,

Iny : 1 = unit,

Outy : unit = 1,

prod : 2 x Q = Q,

Iny : Ty, vg 0 Q. (v1 X v2) = prod{vy, va),

Out  : Tvy, vy : Q. prod(vy,ve) = (v1 X V)

Product reflection (theory).

Va:1. Outy(Iniz) =,

Vo : unit. Ini(Outqz) = z,

Yoy, vg 0 Q,x:vy X vg. Out o (Inyz) = x,

Yoy, ve 2 Q1 prod(vy,ve). Iny (Out x) =

Sum reflection (signature).
0:€,

+:OxQ=Q,

Z :1v: Q.0 = v,

gy : oy, ve 0 Qg = vy + vy,
mnjo : oy, ve 0 Qoug = vy + vy,

case : TTvy, vg,v : Q. (v1 = v) X (V3 = v) X (V1 +v2) = v

Sum reflection (theory).

Vo:Q f:0=v.f=2Z(v),

Vor, v9,v: Q, f1 s vp = v, fo v = v, (Az.case fi fo (inj1x)) = f1,
Vor,v9,v: Q) f1 i v1 = v, fo v = v, (Ay. case fi fa (injay)) = fo,
Yoy, v9,v : Q) f i (v1 + v2) = v. case(Ax. f(ingrz), Ay. f(injay)) = f

As shown in chapter 3 in the case of a programming language with exceptions, pro-

grams of type B with a parameter of type A translate into terms of type A — T'B in
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the computational metalanguage. Hence, interpretation of recursively defined programs
requires fixed point operators over types of the form A — T'B. The following is an ax-
iomatization of such operators in HML. It requires a type constructor 7" which would

typically be provided by the signature of monads.

Fixed points (signature).

Y Tog, vy 0 Q. ((v1 = Tvg) = (v1 = Twa)) X v = Ty

Fixed points (theory).
Yoy, ve : Q, f o (v = Tug) = (v = Te). Y(f) = fF(Yf)

Algebraically complete categories [Fre91] provide interpretations for data types which
can be mathematically described as “minimal” solutions to recursive equations D = F'D,
for I a covariant functor. More precisely, a category is called algebraically complete if
every covariant endofunctor (in a suitable 2-categorical sense) has initial algebra. We
write ap : F(uF) — pF the initial F-algebra and Itg((3) : pF — B the unique F-
homomorphism from ar to § : FB — B. By a well known result due to Lambek
[Lam68], oy is an isomorphism with inverse yx = Itp(Far). In computer science,

datatypes arising as initial algebras of covariant endofunctors are called inductive types.

Remark. Similarly, when C is algebraically complete and A is any category, a type

constructor F can be defined from a bifunctor F : A x C — C:
FAY X F(A X).
Fis in fact a functor A — C mapping arrows f : A — B to

Ff = It(Hy)
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where Hy = F(A, FB) FUED) F(B,FB) "I FB. Itis easy to verify that the usual map

function of LISP is the morphisms part of the list constructor List (A) = puX. (1+(Ax X)).

O

In [CM93], inductive types are axiomatized in HML as follows:

Inductive types (signature).

w:(Q=Q)=Q,

a:1IF: Q= Q.F(uF) = uF,

It :1F: Q= Qu: Qv ve: Q(vy = va) X Fuy = Fug) X (Fv=v) X uF = v

Inductive types (theory).

VE: Q= Quv:Q f: (v, ve: Q. (v1 = v9) X Fuy = Fuy), 5 Fv= .
strength () 5 Y - F(uF). Tt f 8 (o) = B(f (1t f o),

VE: Q= Quv:Q f:[v,ve: Q. (v1 = v9) X Fvy = Fuy),5: Fvo=v,g: uF = v.
strength (f) AN (Va2 F(uF). glax) = B(f g)) D g =1t [,

where strength (f) is a formula asserting that f preserves identities and composition. This
is not completely satisfactory as the operations work on separate pieces of information,
viz. F: Q = Q and f : Tu, vy @ Q. (v1 = v9) X Fv; = Fuy, rather than on some
representation of a functor. For example, « is asked to deliver an initial algebra for a
functor of which it is only given the map on objects. In chapter 7, we axiomatize inductive
types in the Extended Calculus of Constructions, where functors can be represented by
assembling in a X-type a map on objects, one on arrows and a proof that the latter is a

strength for the former.

Remark on inductive types and fixed points. The axiomatization of fixed points
given above is rather weak. However, it is enough to show the following. Let (F), f)
be a strong endofunctor. A fixed point operator Y on arrow types yields an algebra
morphism A — B for all F-algebras §: FFB — B and isomrphisms « : FFA — A. Writing
G=ANh:A— B Av:AB(fh(a'x)), we have:
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Bef(YG)=Az: FAB(f(YG)z)
=Az:FA. (A2 : A.B(f(YG) (o '2))) (az)
=\Az: FA.GYG) (az)

=Az: FAYG(az) =YGea.

Since, in the theory of inductive types, ar is an isomorphism, in the combined theory of

inductive types and fixed points, (Itp f ) = YG for the uniqueness of (It f (3).

Vice versa, let (T, val, let) be a strong monad; a fixed point operator Y of the form
Yap:(A—TB)— (A—TB) - A — TB satistying F(YF) =Y F can be defined as
in [CP92| from an initial T-algebra and a fized point element w : 1 — T'(uT') equalizing

id ,r and val e oo

6.4 Relative interpretation of HML

In this section we introduce the notion of relative interpretation of HML and show an
application where a relative interpretation is used to present a semantic constructor

syntactically.

The sets of raw kinds (KC), operators (U), type schemes (S), terms (€) and formulae
(P), which are part of the raw syntax of HML, are defined in appendix A. We collectively
refer to the elements of these sets as raw expressions. Below we use the metavariables K,
C, S, c and P to range respectively over the sets Const g, Consto, Constg, Const g and

Const p of constants. The sets Varo and Var g of variables are ranged over by v and .

Let Const = Const iU Const oU Const sU Const gU Const p and let Const be a subset
of Const; we call HML(Consty) the set of raw expressions over Consty, that is the ones
generated by the grammar in appendix A from the constants in Const;. Given subsets
Consty and Consto of Const, a raw translation of HML(Const ) into HML(Const,) is a

map ([-]) from Consts to the raw expressions over Const; such that
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K] €
C]) € U and it has no free variables,

(
(
(S]) € S and it has at most one free variable v € Varo,
(c]) € &€ and it has no free variables,

(

P)) € P and it has at most two free variables v € Varo and x € Varg.

This map has an obvious extension, which we also write ([_]), to the raw expressions

over Consty, where (S(u)]) = [(u])/v](S) and (P(u,e)]) = [(ul) /o] [(e]) /2] (P).

Let ¥ be a well formed signature in HML; we call HML(X) the “pure” HML over
Y, that is the set of judgements which are derivable from the axiom F ¥ sig and all
the inference rules except for the ones for signatures and (add-prop). Let ¥; and ¥y be
well formed signatures and let Const; and Consts be the sets of constants in 3, and Y,
respectively; a translation 6 : HML(3,) — HML(X,) is a raw translation of HML( Const 5)
into HML( Const1) such that, for all kinds K : kind, C : k,S : k = scheme, ¢ : o0 and

P: (v:k)o = prop in X, the following judgements are derivable:

Fs, (K)) kind,

Fx, (C) - (KD,

v: (k) Fs, (S] scheme,

Fx, () = (o)),

v: (kD)@ (o) e, (P]) prop.

The map induced on the raw syntax by a translation preserves derivability, that is,
if T'Fs, wr = ug + ks in HML(3,) then (T)) s, (wi]) = (ua]) = (k) is in HML(X),
if ' by, 01 = o9 is in HML(X,) then (') Fs, (o1]) = (o2)) is in HML(X) and, if
I A by, g ¢ is in HML(E,) then (I), (A]) s, 0 (@) is in HML(3,). This can be shown

by induction on the length of derivation, with the aid of a substitution lemma.

Let by 7 theory be derivable in HML; we call HML(3, 7) the set of judgements that

are derivable from the axioms F ¥ sig and by 7 theory and all the rules but the ones
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for signatures and theories. We also write 7 for HML(X, 7) and call it a theory over .

When ¥ and 7 are understood, we drop the indices in k5 and 5 7.

Given theories 77 and 75 over ¥y and Y, respectively, a relative interpretation
6 : HML(X,,75) — HML(X;,7;) is a translation as above such that, if I A by, 7 ¢
is derivable, then so is (I'); (A]) Fs,. 5 (2)).

A theory MLy(X) of the computational metalanguage can be expressed in HML by giv-

ing a signature ¥ and a theory 7 over X such that HML(fD, 7) is a conservative extension

of MLy(X), provided a suitable translation of MLp(X) into HML(X). The advantage of
representing theories of the computational metalanguage in HML is that type construct-
ors become legal expressions of the language and so do polymorphic operations; we shall
benefit from this approach in section 6.8 where translations of HML theories are viewed

as functors, with no need of introducing naturality conditions on the operations.

In the rest of this section we show how a relative interpretation can be used to present
a semantic constructor for resumptions. In section 2.5, we described resumptions of
very primitive sorts of programs. Now we consider more realistic cases. For example,
interleaved executions of possibly nonterminating programs acting on a shared store can

be described by interpreting a program P of type A in a domain
D=S— ((A+D)xS),,

that is, as a partial function from stores into pairs (g, s), where the store s records the
effects of one atomic step of evaluation and ¢ is either a value of type A, in which case P

has done, or what is left of P.

The computational structure described by the above equation can be split into three

separate modules, one for resumptions, F, one for states, S, and one for nontermination,
(-)L:
(FTY)A < puX . T(A+ X)
(ST)A = S —T(AxS)
D = (F(S()u)A.
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Below we describe a more general version of F, called the constructor of generalized
resumptions. This constructor is defined by a relative interpretation () : HML(X, +
Y5, 7o + Tr) — HML(X, 7p) and uniform redefinitions. ¥ and 7, contain respectively
the signatures and the theories of monads, sums and inductive types. Moreover, ¥

contains the signature (and 7; the obvious axioms) of a strong endofunctor:
H:Q=Q
st :IIX,)Y :Q(X =Y)x HX = HY.

Y7 and 7 describe the mathematics of resumptions in terms of the operations:

71X :Q.TX -TX
C:IIX,) Y :Q(X=TY)x(HTX=TY)xTX =TY
the first of which performs one folding step with no T-computation involved, while the

second is essentially a case analysis. The translation ([]) is as follows: writing F4(X) for

T(A+ HX) and vr, : pX.Fa(X) — Fa(uX.Fa(X)) for Itp,(Fa(ar,)),

(T4) = pX.T((A)+ HX)
(vala(a)) = ap,(val (inji(a)))
(Ta(2)) = ap,(val(inj»(z)))
(letas f) = Itp,(w:T(A+ H(TB]).
apg(let (Ac: A+ H(TB]). yry(case (f) (78] ¢)) w)

(Cap fgz) = aplet Ae: A+ H(TA]).vmy(case (f) (9) €)) (vra (2D))-

Remark. (let]) is sequential composition. 0

By suitably instantiating H, one obtains the constructors T(A + E) of exceptions,
pX. T(A+X) of resumptions, . X. T(A+(Ox X)) of interactive output and . X. T(A+X")
of interactive input. All such constructors are pointed, in the sense that there is a
strong monad morphism (id,T'(inj;1)) : (C,T) — (C,FT). All that is required to make

theorems 6.2.5 and 6.2.7 work is that such morphisms are natural with respect to the
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operations associated with T-computations. Note that, in view of definition 6.1.3 one
should exclude from ¥z operations with nonpositive type scheme such as C4 p in order

to make F pointed.

Let Xy be the following HML signature:

G:(Q2=Q) xQ=Q,
S : Q = scheme,
T:Q=0Q

Uniform redefinitions of operations op of type scheme I1X : Q. S(TX) can be de-
scribed in HML by the following translation ([_]) : HML(Xo + {op }) — HML(3o + {op }):

(T4) = T(GT(A))

—
Q
S
=
S
| o

opP ar(A)

Suitable instantiations of G and S yield appropriate uniform redefinitions for spe-
cific constructors and operations. In the next chapter we apply a uniform redefinition
for the constructor of resumptions, where GTA = A + uX.T(A + X), to an operator
or : TX xTX = TX of nondeterministic choice, where SX = X x X = X. The
redefined or is then used in the context of computations with resumption to define an

operator of parallel composition.

Remark There are interesting constructors in denotational semantics that cannot be
described as HML translations. One is that for local variables, which involves a change

of category.
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6.5 Functorial semantics

In section 6.7, we introduce models of HML theories; moreover, we show that such theories
can be viewed as categories with structure and their models as structure-preserving func-
tors. This is often done in categorical logics and often referred to as functorial semantics
[KR77]. In this section, we present the main ideas of functorial semantics and introduce
locally finitely presentable categories, that are used in section 6.8 to characterize the

categories of functorial models of HML theories.

The idea of functorial semantics is that certain kinds of logical theories correspond
to certain choices of categorical properties P, sometimes called doctrines [KR77], so that
theories of kind P are identified with categories with P structure. Such an approach was
first adopted by Lawvere [Law75] to obtain a “presentation invariant” view of algebraic
theories, where two theories are identified if the primitive operations of each one are
derivable in the other. An historical overview of this subject can be found in [BW85,

4.5).

In the setting of functorial semantics, models of a theory T in a category & with P
structure correspond to P-preserving functors from 7" to £; we write [T, E]p the category
of such functors. Translations ¢ : T's — T'; of one theory into another also correspond to
P-preserving functors; the map of models ¢* : [Ty, E]p — [T2, E]p obtained by precom-

posing with ¢ is often called a relative interpretation.

Example: algebras as functors. In [KR77|, a presentation invariant view of an
algebraic theory is given as a category 1" whose objects are the natural numbers 0, 1. ..,
with n the n-fold categorical product of 1. Such categories are often called Lawvere
theories. A morphism of Lawvere theories is a finite product-preserving functor F' such
that F'1 = 1. Of course, only finitary theories, that is theories on operations of finite

arity, are thus represented.
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A T-algebra is a functor T — Sets preserving finite products, and we write [T, Sets|q4
the full subcategory of such objects in [T, Sets]. Let ¢ : Ty — T preserve finite products;
the relative interpretation ¢* : [Ty, Sets|ay — [T'2, Sets]quy has left adjoint [GUT5]. Let
T be the Lawvere theory whose only morphisms are the projections; this is the initial
object in the category of Lawvere theories and its category of algebras is Sets itself:
[T, Sets)|ay = Sets. The relative interpretation induced by the unique 79 — T is
the forgetful functor Ua = «a(1), whose left adjoint is the free T-algebra construction
F : Sets — [T, Sets]uy. We say that the monad induced on Sets by this adjunction
classifies the theory T'. A consequence of the Yoneda lemma is that 7' is equivalent to
the dual of the full subcategory of [T, Sets]., whose objects are free algebras of the form
F(n), for n a natural number [KR77]. As Theorem 6.5.4 shows, the same phenomenon
arises in the doctrine of finite limit theories. We use this property in section 6.8 to give

a categorical characterization of HML relative interpretation.

Digression on algebras and monads. Any monad on Sets cassifies some algebraic
theory, provided operations of arbitrarily large arity are allowed, in which case the theory
is called infinitary. Vice versa, any (possibly infinitary) algebraic theory is classified by
some monad on Sets. This is Linton’s classical result [Lin66]. Kelly and Power [KP93]
extend this result to any locally finitely presentable category (see below), but only for
finitary monads, that is monads whose underlying functor preserves filtered colimits. In
[Rob95], E. Robinson points out that the correspondence between monads and algebraic
theories in categories enriched over symmetric monoidal closed categories is rather general

and does not depend on finiteness.

Let T be a strong monad (we are now describing a special case of the above situation,
where C is enriched over itself and 7" is a C-monad). The correspondence between T'-
algebras and algebras of the theory T classified by T is as follows: for every T-algebra
o : TA — A there is a family of morphisms G = aeeval»(st x id) : A® x TB — A,
satisfying the axioms specified in [Rob95]. Using lambda notation, ag(f, z) = a(Tf(2)).

The morphisms ap represent all the operations of arity B of a T—algebra on A; these
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operations are indexed by T B. Conversely, any family F : A? x TB — A satisfying the
axioms, yields a T-algebra F4(id 4). The two constructions are mutually inverse. Note
that let 5.4 = (f14)p provides the operations of arity B of the free algebra on T'A.

OJ

A class of algebras closed under subalgebras, images and products is called a variety.
Varieties can be characterized as classes of models of equational theories; this is known
as Birkhoff’s variety theorem (see [Wec92]). Similarly, locally finitely presentable (Ifp)
categories (see below) can be characterized as categories of models of finite limit theories.
Here, we state a classic result about such theories and Ifp categories that we use in
section 6.8. Proofs can be found in [Pit82,AR94|, together with the pointers to the

standard literature.

A finite limit theory, or lex (from left exact) theory is a category with all finite limits.
We call Lex the category of small lex categories and finite limits-preserving functors (lex
functors). The category [T, Sets e, of set valued models of a lex theory T" is cocomplete.

In fact one can say more. The following definitions are from [Pit82, 4.19]:

Definition 6.5.1 Let A be a locally small category with small filtered colimits. We say
that an object A of A is finitely presentable when the representable functor A(A,_) pre-

serves small filtered colimits.

Definition 6.5.2 A class X of objects of a category A is called conservative when, given
f:B—=CinA, if A(A, f): A(A,B) — A(A,C) is a bijection for each A € X, then f

18 an isomorphism.

Definition 6.5.3 A is locally finitely presentable (Ifp) if it is locally small, cocomplete
and it contains a conservative set X of objects, each of which is finitely presentable and

such that any finitely presentable object in A is isomorphic to some object in X.

Theorem 6.5.4 ([GUT75]) If T is a small lex category, then [T, Setsie. is ifp and its
full subcategory of finitely presentable objects is equivalent to T°P. Conversely, if C is Ifp,
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the dual of its full subcategory of finitely presentable objects is equivalent to a small lex

category T and [T, Sets|je. = C.

In [GU75], Gabriel and Ulmer go further and establish a duality between the category
of finite limit theories and the one of lfp categories: the function mapping lex categories T’
to functor categories [T, Sets]je. extends to a functor [_, Sets ], : Lex® — LFP, where
LFP is the category of 1fp categories and filtered colimit-preserving functors with a left
adjoint. Conversely, let C be an lfp category; we write Cy, the full subcategory of finitely
presentable objects of C. This category is essentially small, i.e. equivalent to a small
category and, in what follows, we shall leave the equivalence implicit. Let W : C — D be
a morphism in LFP; the functor ® which is left adjoint to ¥ restricts to a cocartesian
functor @y, : Dy, — Cy, and hence it yields a morphism &% : D¥ — C{V in Lex. In this
way, the map C — C§) extends to a functor (_)7) : LFP — Lex® which forms an adjoint

equivalence with [_, Sets ], (see [Pit82] for details).

In the next section we give examples of categorical notions that can be described by
finite limit theories. Categories themselves are such an example. The existence of a finite
limit theory of categories implies that the category Cat of small categories, is lfp. Our
goal is to show that all the categorical structure of which models of HML are made is
described by a finite limit theory, and hence that the categoy of such models is Ifp. This
allows us to give an intrinsic characterization of relative interpretation of HML theories

by using the Gabriel-Ulmer duality.

6.6 Finite limit presentation of category theory

The categorical structure required for interpreting HML is now described formally in

finite limit formulae, that is formulae of the form:

V. p(x) D Ty ¢(x,y)
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where x and y are tuples of variables, and ¢ and @ conjunctions of atomic formulae.
Such formulae are equivalent to conjunctions of Horn clauses and are called universal
Horn sentences in [KR77]. We usually drop the universal quantifier but understand that

it is there to bind the free variables.

In [Kea75], Keane establishes a correspondence between finite limit formulae and lex
categories: models of a first order theory whose axioms are finite limit formulae can
be regarded as finite limit-preserving functors from a suitable lex category (an “abstract
theory”) into Sets and homomorhisms between models as natural transformations. In this
way, we obtain a representation of models of HML. The same result could be obtained by
working with finite limit sketches instead (see [BW85] for details), but these are harder to

read than the corresponding theories when complicated categorical structure is involved.

Categories. The finite limit theory of categories has signature consisting of two sorts
C 4 and Cp representing respectively the collections of arrows and that of objects, function
symbols src and tgt of arity C4 — Co representing source and target, a function symbol
e of arity Co — C4 for the identities and a predicate symbol m of arity C4 x C4 x C 4 for

composition. The axioms of the theory are:

tgt (f) = src(g) D h.m(f, g, h)
m(f,g,h) D tgt(f) = src(g) A sre(f) = src(h) Atgt(g) = tgt(h)
m(f,g,u) Am(g, h,v) Am(f,v,w) D m(u, h,w)

src(e(a)) = a A tgt(e(a)) =a
m(e(a), f,9) D f =g
m(f7€(a)7g) Df=y

The first two axioms state that composition is a partial function defined on com-
posable arrows. The third axiom, expressing the commutativity of m, and its dual

m(f,g,u) Am(g, h,v) Am(u, h,w) D m(f,v,w) are interderivable.

It is easy to verify that categories are set theoretic models of the finite limit theory

of categories and functors are homomorphisms between such models. Hence, applying
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Keane’s result, there exists a lex category T'¢, such that:

Cat = [Tear, Sets|iex- (6.4)

Remark. In order to describe categories one needs source and target functions of type
C4 — C4 and composition as above, where the part of objects is played by the identities.
This theory is essentially algebraic [FreT72], that is, an equational theory involving partial
operations, e.g. composition, ordered in a list such that the domain of each operation is

defined by equations in the previous.

Slices of Cat. Let C be a category. We extend the above finite limit theory of categories
as follows: there is a constant 'A' : Cp for each object A of C and a constant 'f!: C4 for
each arrow f : A — B with axioms src¢'f! = 'Al and tgt'f' = 'B'. There are axioms
e! A" = Tid 4! for the identities and similarly for composition. We call this extension the

finite limit theory of C.

A model m of such a theory consists of a small category D (the internal category
in Sets whose object of objects is m(Cp), whose object of arrows is m(C4) and so on)
together with a map of objects A — mlA' from C to D and a map of arrows f +— m'f!,
all satisfying suitable diagrams, making of m a functor C — D. It is routine to verify

that homomorphisms A : m; — mo amount to commuting triangles
= D,.

Applying Keane’s result to the theory of C, there exists a lex category th(C) such that
C/Cat = [th(C), Sets]es-

Note that, since the equivalence [T7, Sets]je, = [T, Setsie, implies T7 = Ty, we con-

clude that th(0)) = T'oq, where () is the empty category.
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Functors. The finite limit theory of functors, which we write F' : A — B, consists of
two copies A and B of the above theory of categories, a function symbol F': A4 — Ba

and the following axioms:

sre(f) = sre(g) D sre(Ff) = sre(Fg)

tgt (f) = tgt(g) D tgt (F f) = tgt(Fg)
F(ex) = e(src(F(ex)))

m(g, f,h) Nm(Ff,Fg,k) D> Fh =k

Note that the derived operation Fp : Ao — Bo defined as Fox = src(F(ex)) satisfies:

src(Ff) = Fo(src(f))
tgt (F'f) = Fo(tgt(f))
F(ex) = e(For).

We shall drop the subscript in Fp if no ambiguity arises. It is easy to verify that

functors are set theoretic models of F': A — B.

Natural transformations. They are similarly defined by a theory v : F - G : A— B

with a function symbol v : Ap — B4 and axioms:
src(v(x)) = Fx

tgt (v(x)) = Gz
m(v(sre(f)),Gf,h) Am(Ff,v(tgt(f)), k) D h=k.

Adjunctions. We write F' 4G : A — B for the finite limit theory of adjunctions, which
consists of two natural transformationsn: I - GF: A— Aande: FG—>1:8B— B

satisfying the triangular laws eF'e F'n = id and GeonG = id, that is:

m(F(n(x)), e(Fx), e(Fx))
m(n(Gy), G(e(v)), e(Gy)).

Cloven and split fibrations. A cloven fibration is a functor p : &€ — B with a choice

of cartesian morphisms. The finite limit theory of such objects features a predicate cart
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on &4, to capture cartesian morphisms, and a predicate cleav(f,a,h) C By X Eo X €4
assigning to each morphism f of B and object a in the fibre over the target of f a cartesian

morphism h over f with target a:

cart(h) A tgt (h) = tgt (k) Am(v,p(h),p(k)) D Fw.p(w) = v Am(w, h, k)
tgt (f) = p(a) D 3. cleav (f,a, h)
cleav (f,a,h) D cart(h) Ap(h) = f A tgt(h) = a.

If p: £ — Biscloven and f : A — B is a morphism in B, f* : £ — £ 4 mapping objects
b over B to the source of the cartesian h such that cleav (f,b, h) is called reindexing along
f. A cloven fibration is said to split when reindexing is consistent with composition, that

is: (gof)" = f"og". In finite limit clauses:

m(f,g,7) ANm(h,k, 1) A cleav(g,a, k) A cleav (f, src(k), h) D cleav(j, a,l).

Fibred adjunctions. Let p: & — B and q: D — B be fibrations; a functor F': £ — D
such that ¢o F' = p is said to be over B, and written F' : p — ¢, when it preserves cartesian

maps:
cart(h) D cart(F(h)).

When p and ¢ are understood, we shall still write F' : £€ — D to mean F over B.

In particular, if A is an object of B, we understand B/A as the source of the domain

fibration dom 4 : B/A — B.

A morphism in the total category of a fibration p is called vertical if it is mapped by
p to an identity. A fibred adjunction between functors F' and G over B is an adjunction
F 4 G with vertical unit and counit. It is easy to see that the unit is vertical if and
only if so is the counit. Hence, to turn a pair of adjoint functors over B into a fibred

adjunction, it is enough to postulate:
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Fibred cartesian closed structure. Fibred terminal objects, fibred products, and
fibred exponentials are defined “globally” by the fibred adjunctions shown in the picture
and discussed below.

p A ];:OE
Expgé& Cart (€ Cart(€) xg &

\ / \ WVP xsp . R / o xap

A fibred terminal object for p is given by a fibred right adjoint to p : p — idg over

B. Let p : £ — B be a fibration and F' : C — B a functor; the pullback F*p of p along
F in Cat is a fibration, which is cloven or split when p is cloven or split [Jac91, 1.1.3].
Note that, given two copies F' : A — C and G : B — C of the theory of functors, there
is a straightforward axiomatization in finite limit formulae of the pullback F*G. When
q: D — B is a fibration, we write ¢ X p for the fibration (¢*p)-q : D xg & — B. Fibred
products are given by a fibred right adjoint prod to the obvious diagonal functor over B.
Similarly, let |p| : Cart(£) — B be restriction of p to the category Cart(E) whose objects
are the same as £ and whose morphisms are the cartesian, and let ggr\oﬂ : Cart(€) xg€ —
Cart(€) xg € map (A, B) to (A, prod(A, B)); fibred exponentials are given by a fibred
right adjoint ezp to prod [Jac91].

Generic objects. A generic object for a fibration p : £€ — B is an object T of £
such that there exists a cartesian morphism X — T for each X in £. If p is split, a
generic object is given by an object  of B and an equivalence "' : domq — |p|, where
Ip| = Split(£) — B is the restriction of p to the category Split (£) whose objects are
the same as £ and whose morphisms are the ones of the splitting [Jac91]. In this case,

T ="idq! is generic.

Fibrations with a generic object are used to interpret type theories with type vari-
ables. A minimal example is simply typed A-calculus with judgements of the form

A:type FA— A type.
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D-products. The following construction endows a fibration p : £ — B with right ad-
joints to reindexing functors along cartesian projections satisfying the Beck-Chevalley

7

condition. In 4.3.4, we called such adjoints “D-products,” where D is the comprehension
category of cartesian projections. In [See87|, Seely calls weak completeness the corres-

ponding notion in the world of indexed categories.

Let B have binary products. Let D be the category whose objects are projections

a X b — b and whose arrows are pullbacks:

that we write as pairs (a, f). Hence, Do = Bo X Bo and Dy = Bo x Ba. Let D : D — B
be the domain functor (a, f) + id, x f and C' : D — B the codomain functor (a, f) — f.
Let Dy and D; be the vertices of the pullbacks of p respectively along D and C. The
functor P : Dy — Dy mapping (f,z), with f : a X pr — pz, to (f, f*z) is a fibred functor
C*p — D*p over B. Then, p has D-products if and only if P has fibred right adjoint
[Jac91].

6.7 Models of HML

To simplify the treatment of semantics, we consider only the equational fragment of
HML, as the full type theory can be handled similarly. Therefore, we do not include
predicates in the signatures, we allow only equations as formulae and we consider only
truth judgements I'; A Fx 7 ¢ with empty A. Moreover, since universal quantification
is not available anymore, we allow theories to contain open equations ¢ as axioms and

require that the free variables of ¢ are in dom (I") as side condition to the rule (axiom).
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Below, when talking about an HML theory, we shall always understand an equational

one.

This fragment of HML is similar to the polymorphic lambda calculus PLC, mentioned
in section 6.3. There is a correspondence between theories of PLC and categorical struc-
tures called PL-categories [See87]. A PL category (F,B) consists of a category B with
finite products and a distinguished object  such that (- x Q) - ()%, and an indexed
category F': B? — Cat satisfying certain conditions [See87, Def. 2.1]. A type 7 of PLC
has a double interpretation in (F,B): it is interpreted as a morphism A — Q of B in a
judgement 7 : 2 and as an object of F'A in a judgement M : 7. To make this consistent,

PL categories require an isomorphism:

hom (A, Q) =5 obj(FA) (6.5)

such that Ff'g' = Tgof!. This condition forces F' to be a functor (rather than a

pseudofunctor) and therefore it corresponds to '_' being natural in A.

Remark. PL-categories can otherwise be described as split fibrations p : £ — B with
extra structure. In particular, the natural isomorphism (6.5) corresponds to p having
a generic object. Note that, if p : &€ — B is obtained by applying the Grothendieck
construction [Jac91] to the indexed category of a PL-category, T is the object ('id', Q) in
the fibre over Q. In fact, for any object (X, A) of the total category &, there is a cartesian
morphism (f,id) : (X, A) — ("id',Q), where X = "f.

O

In the previous section, we saw that a generic object for a split fibration amounts
to an equivalence B/ = Split (£) over B. To model the lifting of HML types to type
schemes, where no such equivalence is required, we only ask for a functor F': B/Q) — &
over B. Proposition 6.7.1 below, ensures that such a functor behaves well with respect to

reindexing, so that interpretation may commute with substitution.
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Let p be a fibration and let A be an object of B. A fibred version of the Yoneda lemma
[Jac9l, 1.1.9] asserts that there is an equivalence of categories €4 = Fib(B)(doma,p),
natural in a suitable sense, where F'ib(B) is the category of fibrations with base B and

functors over B. In particular, the equivalence maps an object X over A to the functor

(1)*X : B/A — & and, conversely, a functor F': B/A — £ to F(Ida).

Proposition 6.7.1 Let p: &€ — B be a fibration and let L9 A be morphisms in B;
if F: B/A — & is a functor over B, then f*F(g) = F(g-f).

Proof. [f"F(g) = f"g"F(Ida) = (9o f) F(Ida) = F(g- f). 0

In the case of split fibrations, fibred Yoneda yields an isomorphisms between £ 4 and
Fibspit(B)(doma, p), and the equivalence of proposition 6.7.1 turns into an equality. This
isomorphism says that types can be coherently lifted to type schemes by just distinguish-

ing an object in the total category.

Definition 6.7.2 A \w-category is a split fibration with fibred cartesian closed structure
over a cartesian closed base, a distinguished object in the total category and right adjoints

to reindexing along cartesian projections satisfying the Beck-Chevalley condition.

We use Aw-categories to model HML theories. Note that, besides the decay of the
generic object to a mere “distinguished,” Aw-categories differ from PL-categories in that
they support no ¥-types. On the other hand, they have all exponentials in the base to
model polymorphism of higher order with full generality.

An interpretation of an HML theory 7 over a signature ¥ in a Aiw-category p: £ — B
is a map defined on the derivable judgements of 7 as follows (we write only the relevant

part of a judgement inside the semantic brackets when the rest is understood):

Kinds. A Yg-structure in p is an assignment of an object [K] of B to each constant

K : kind in X. Given such a structure, the kinds of 7 are interpreted as objects of B,
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where 1, x and = have the obvious meaning. Moreover, the kind interpretation [I']* of

a context I' in B is: [0]" =1, [[,v: k)" = [[T* x [k] and [T,z : o]* = [T]*.

If (vy : ky,...v, @ ky) is the context containing all the variables over kinds in T', we

write T' | for the kind k1 x ... x ky; then, [I']* = [I" |].

Operators. A Ygo-structure is a Y g-structure together with an assignment of a global
elemet [C]: 1 — [k] in B to each C': k in ¥. Given a Y go-structure, operators I' - u : k
are interpreted as morphisms [u] : [IT* — [k] in B. Ignoring variables ranging over
schemes, interpretation of operators in B is just as usual for simply typed lambda calculi

in cartesian closed categories.

All the rules for deriving operator equality are sound with respect to this interpreta-

tion; that is: if I' - uy = wug : k is derivable, then [T'F g : k] = [T'F wug : k].

Type schemes. A Ygog-structure is a Y go-structure together with an assignment of
an object [S] in the fibre over [k] to each S : k = scheme in X. We use the same name
for the functor

B/[¥] S ) —

S

over B which corresponds to the object [S] by the isomorphism introduced after propos-

ition 6.7.1.

Given a Ygpg-structure, a type scheme I' - o scheme is interpreted as an object [o]
in the fibre over [I']*. IfI'Fu : k and S : k = scheme, [S(u)] = [S][u]. T F u: Q,
then [I' F w scheme] = [u]*T, where T is the distinguished object of p. Schemes of the
form 1, o1 X 09 and 0 = 09 are interpreted in the obvious way using the fibred cartesian

closed structure of p. If I';v : k = o scheme, [Ilv : k.o] = I [o], where Il is right
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adjoint to the reindexing functor along the projection 7y : [I]* x [k] — [I']*. As for

operators, if I' b o1 = 09 is derivable, then [o1] = [o2].

The type scheme interpretation of a context I is an object [I']* of € over [I']* defined
as follows: [0]° =1, [T, v : k]° = 7rii7k[[F]]S, [T,z : 0]® = [I]° x [¢]. We write T' T for
the product o7 X ... x g, of all schemes o; such that x; : g; is in . Since the reindexing

functors preserve products, we have that [I']° = [I" 1].

Terms. A Y-structure is a Yxog-structure together with an assignment of a morphism
[c] : 1 — [o] to each ¢ : ¢ in 3. Given a X-structure, a term I' - e : ¢ is interpreted as
a morphism [e] : [T]® — [o] in the fibre over [I]*. Variables, constants, * : 1, pairing,
projection, A-abstraction and A-application are interpreted as usual using the cartesian
closed structure in the fibres. If I';v : k F e : o, then [Av: k.e] = [[e]]T, where fT is the
transpose of f for the adjunction 7t 4 Hry. IfI'Fe: (Ilv: k.o) and I' - u : k, then
le[u]] = (id, [u])*[e] 7T, where (L)TT is inverse to ().

Equations. An equation I' Fyx 7 €1 =, e2 holds in (or is satisfied by) a Aw-category
with a Y-structure if [e;] = [e2].
O

Since the interpretation of a theory 7 over X in a A\w-category p is completely determ-
ined by a Y-structure S in p, we can view interpretations as pairs (p,S). A model of T
is an interpretation satisfying the axioms. If I' Fx 7 e; =, €3 holds in all models of 7, we

write:

I Esrer =5 ea.

Theorem 6.7.3 (Soundness) I' by re; =, ex implies ' =7 e1 =, €.

Proof. As usual, we have to show that the inference rules preserve truth. All this is
quite standard in categorical models of type theory, where each pair of § and n-rules

correspond to suitable adjunctions. We only show II.3 as example:
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[T+ [u/vle: [u/v]o] =
(d, [u)*[T,v:kFe:o] =
Gid, [u] ) ([T, v - k Fe: o] DT =
(id, [u]"[T+ Av: ke (v : ko) 1T =
[T+ (Av: k. e)fu] : [u/v]o].
0

Any HML theory 7 has a syntactic model (pr : E7 — Bz, S7). Objects of Br are
kinds. Morphisms ki — ko of B are sequents v : k1 - u : ks modulo the equations of
7. Since the operators used to construct Bz have at most one free variable v, we can
identify them up to renaming of v. Identities are v : k F v : k and composition is given by
substitution. B7 has cartesian closed structure given by the obvious operations on kinds

and operators.

Objects of £ are sequents v : k - o scheme modulo the equations of 7. Morphisms

(v1 : k1 b o scheme) — (vy : ko = 7 scheme) are pairs of sequents

(v1 ki Fuc ko), (vg ky,x ok e [u/v]r))

modulo the equations of 7. As for operators, schemes and terms are identified up to
renaming of free variables. When the rest is understood, we write (k, o) for the objects

of E7 and (u, e) for the arrows. Identities and composition in £ are obvious.

It is easy to see that py mapping (k,0) to k and (u,e) to u is a fibration whose
cartesian morphisms are the ones where e is an iso. Moreover, let vy : ki F u : ky and
let vy @ ko = 0 scheme; the cleavage obtained by taking (u, id[y/v,)») as chosen cartesian

morphism over u with target (ko, o) makes pr split.

This fibration has a distinguished object v : Q - v : scheme and fibred cartesian closed
structure given by the obvious operations on schemes and terms. As for D-products,
iy gy (w 2 kg X koy0) = (01 ¢k, Ty @ ko, [(v1,02) /w]o) is right adjoint to reindexing

Ty by (V1 1K1, T) = (w1 ky X kg, [m1(w)/v1]7). In fact, the derivable rule scheme
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w:ky X kg, x: [m(w)/v]tHe:o

(H1.7)
vk, T Avg s ke, [(vr,v9) Jwle : (TTwg : k. [(vy, v2) /w]o)

yields a bijection (E7)kyxky (T, 4,7:0) — (ET)ky (T, Ik, 1,0), natural in o and 7, with

inverse:

(I1E.7) vy kT Ee: (TTog : ko [(v1, v2) /w]o)

w:ky X ko, x o [m(w) /o)1 b [m(w) /vy ]e[me(w)] : o

A canonical Y-structure S7 can be found in py by interpreting each constant as itself.

In particular, a constant S : k = scheme is interpreted as v : k= S(v) scheme.

Proposition 6.7.4 Interpretation in (pr, St1) is such that:

[F] = &

[r)*=r|

MFwu: k] = w:T |F[m(w)/v]u:k

[Tk o scheme] = w:T |F [m(w)/v]o scheme

[T]° =w:T |F [m(w) /vl 1

[THe:o] = w:T [ x: [m(w)/vu]l TF [m(z) /] [m(w) /v]e : [m(w)/vi]o.

Proof. It is a long induction on the derivation of judgements. We show one example

for kinds (v) and one for terms (III). Let T" |= &y x ... X k.

(v) [TFo k] =
(w: T JF mj(w) : k) =
(w: T L [mi(w) /vilv; = k;).

Let w : ' | and u : k be operatos; we write m;(w,u) = m(w) and 7{w,u) = u
the projections of I' | xk. By inductive hypothesis, [I',v : k F e : o] is equal to
221 Lk, s [mi(2) ol T [mi(e) /2] [mi(2) /o] [7(2) v]e - [mi(2) /vi] [7(2) /v]o; then, by
(ITI_7) we have:
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(II) [TFAv:ke:(TTv:k.o)]=
w: T L [m(w) /o]l TE Ak [(w,v) /2] [mi(@) /2] [7i(2) fvi] [7(2) Jv]e :
v : k. [(w,0) /2] [mi(2) foi] [7(2) [v]o =
w: T L [m(w) /o]l TE Av k. [m(e) /2] [mi(w) fv]e : (o : k. [ri(w)/vilo) =
w:D [ o [mw) /vl TE [mx) /] [m(w)/v]Av: ke [m(w)/v]Tv: k. o.

O

Using the above proposition, it is trivial to verify that the axioms of 7 are satisfied

by (pr, S7) because of their immediate derivability; hence (pr, S7) is a model.

Theorem 6.7.5 (Completeness) I' =y 7¢; =, €3 implies I by 71 =, es.

Proof. If I' =x7 €1 =, €2, then I' by 7 €1 =, €2 must hold in (pr,S7). Since se-
mantic identity in the A\w-category pr corresponds to provable equality, the judgement
w: T |z [m(w) /ol T [m(2) /2] [mi(w) fviler =(rw)poio [Ti(@) /@] [mi(w) /vi]es must
be derivable. Then, the result is obtained by substituting I - (vy,...v,) : T' | for w and
IC'E(xy,...2p): 7 for x. 0

Remark. In [See87], a relative interpretation of PLC theories is defined semantically to
be an interpretation of one theory in the term model of another. Similarly, the syntactic
and semantic notions of relative interpretation of HML coincide: any interpretation of
an HML theory 77 in a syntactic A\w-category pz, factorizes through the canonical inter-

pretation of 7 in pz, via a unique relative interpretation 7; — 7.

6.8 Syntactic presentation of constructors

In this section we give a characterization of the semantic constructors which can be

presented as relative interpretations of HML theories, as in the example of section 6.4.
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Outline of the section. Our first step is to get rid of the syntax by adopting an
abstract, presentation invariant view of HML theories as Aw-categories. To justify this
step, we establish an equivalence between the category of HML theories and that of
Aw-categories (theorem 6.8.4), like is done in [See87] for PLC. Then, the models of a
theory 7 are defined functorially as morphisms of A\io-categories; this is justified by pro-
position 6.8.5. The category Mod(7) of such models is shown to be equivalent to the
category [T, Sets]je, of set valued models of a finite limit theory 7', which is locally fi-
nitely presentable. Moreover, we show that the functors Mod(¢) : Mod(7y) — Mod (73)
induced by a relative interpretation ¢ : 75 — 77 have left adjoints and that they preserve
filtered colimits (theorem 6.8.10). This allows us to use the Gabriel-Ulmer duality to give

an intrinsic characterization of functors of the form Mod(¢) (theorem 6.8.12).

Definition 6.8.1 A M\w-functor p; — po between Aw-categories p1 : E1 — By and
pe @ Eo — Bo is a morphism (J,H) of fibrations such that J : By — Bg preserves
the cartesian closed structure, H : &1 — &, preserves the distinguished object, the
fibred cartesian closed structure and D-products. We call \wo-Cat the category of small

Aw-categories and Awo-functors.

We make the simplifying assumption that all the structure is preserved “on the nose,”
although this is not crucial for the development of the theory. In particular, preserving

D-products means that, for all m4 : B x A — B in B, Hglly = IllgHpx 4.

Proposition 6.8.2 Any model of an HML theory 7 in a Nwo-category p factorizes

through the canonical interpretation in pr via a unique \w-functor pr — p.

We omit the proof of this proposition, which only involves routine calculations.

In order to establish an equivalence between Ai- Cat and the category of HML theories,
we must make our notion of theory more general. To represent in HML the information
contained in a \i-category, we must allow signatures to contain infinitely many constants

(of finite arity) and theories to contain infinitely many axioms. Moreover, in order to



6. Semantic constructors 191

capture the structure of the base category syntactically, we must allow the axioms of a
theory to include equations between kinds and operators. We call HMLC' the category of

such theories and relative interpretations.

Now we can give a construction (dual to that of syntactic models) to produce an HML
theory from a Aw-category p: & — B. Let ¥, be the following signature: the objects of
B are constant kinds; the arrows C : K1 — K, of B are constant operators C' : K7 = Ko;
objects S in £k are constant schemes S : K = scheme; morphisms ¢ : S; — Sy of £
above C': K1 — K are constant terms ¢ : (ITv : K. 51(v) = S2(C(v))). We call 7, the
theory over ¥, whose axioms are equations C(Cy(v)) = C3(v), for all CyoCy = Cs in B,
2 [Cr(v)](er]v](z)) = es[v](x), for all cgoc; = ¢z in € and Cy = p(cy), and all the equations
describing the categorical structure of p, e.g. K; = K, = K3 for all K1 in B, etc. The

canonical interpretation mapping each constant into itself makes of p a model of 7,.

Proposition 6.8.3 Any model of an HML theory 7 in a Mo-category p factorizes

through the canonical interpretation of T, in p via a unique relative interpretation T — T,,.

Let p be a model of 7 and let [] be the interpretation; the relative interpretation
given by the above proposition maps constant kinds K to [K], constant operators C' to

[C] (%), constant type scheme S to [S](v) and constant terms ¢ to [¢](x).

Theorem 6.8.4 HMLC = \w-Cat.

Proof. The function mapping Aw-categories p to HML theories 7, can be extended
to a functor 7y : \wo-Cat — HMLC mapping a Aw-functor F' : p; — py to the relative
interpretation 7, — 7,, obtained by applying the above proposition to 7, 4, D1 £, Do.
Similarly, the function mapping HML theories 7 to their syntactic models p7 extends to
a functor py : HMLC — Mw-Cat mapping a relative interpretation ¢ : 7y — 7, to
the A\w-functor p;; — pgz, obtained by applying proposition 6.8.2 to 7y 2, T A, DI -
Moreover, from propositions 6.8.2 and 6.8.3, we obtain a bijection between the homsets

HMLC(T,7,) and Xw-Cat(pr,p), natural in 7 and p. Hence p(y 4 7. It is easy to
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see that 7 : p — pz, is a natural isomorphism whose inverse is the A\w-functor associated

with the canonical interpretation of 7, in p by proposition 6.8.2. Similarly, € : 7,, — 7T

pT
is a natural isomorphism whose inverse is the relative interpretation associated with the
canonical interpretation of 7 in pr by proposition 6.8.3. This shows that py 47 is an

adjoint equivalence between HMLC and A\w-Cat. n

Before the syntax can abandon the scene, a suitable functorial notion of category
of models of a HML theory must be established. Let ¥ be an HML signature; a
Y-homomorphism (p,S) — (q,R) between interpretations of a theory 7 over ¥ is a
Aw-functor (J, K) : p — ¢ such that, for all constant kinds K, operators C', paramet-
ric schemes S and terms ¢ in X, J[K]s = [K]r, J[C]s = [C]r, H[S]s = [S]» and
H[c]s = [¢]r- The category of models of a theory 7 over ¥ and ¥-homomorphisms form
a category Mod (7).

Remark. Using the notion of ¥-homomorphism, proposition 6.8.2 can be rephrased as
follows: let (p, S) be a model of a theory 7 over ¥; there exists a unique X-homomorphism

(pr, S7) — (p, S); that is, the syntactic model (pr, S7) is initial in the category Mod (7).
Proposition 6.8.5 Mod(7) = pr/ w-Cat.

The object map of this equivalence is given by proposition 6.8.2. Let ¥ be the sig-
nature of 7, it is easy to verify that there is a one-to-one correspondence between -

homomorphisms (p,S) — (¢, R) and commuting triangles

/\

q.

In view of proposition 6.8.4 and 6.8.5, we write Mod(p) for the category p/Aw-Cat
of models of the “Aw-theory” p. From now on, the syntax of HML will not concern us

anymore.
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In section 6.6, we wrote a finite limit theory of categories and invoked Keane’s result
to conclude that there exists a lex category Teq: such that Cat =2 [Teat, Sets|ies. The
same argument applies to Aw-categories, whose structure was also described in finite limit
sentences: there exists a lex category Thg such that \w-Cat = [Thg, Sets|ie.. Hence, from
theorem 6.5.4, it follows that the category A\w-Cat is locally finitely presentable. Since
any slice of a locally A-presentable category is locally A-presentable [AR94, 1.57], and

hence any slice of an 1fp category is lfp, the following proposition holds:

Proposition 6.8.6 The category Mod(p) is locally finitely presentable.

Digression on accessible categories. Closure under slicing does not hold for -
accessible categories [AR94], that is if the condition of co-completeness is removed: a
slice of a A-accessible category may not be A-accessible, although it would be accessible
for some A" > A.

O

Next step towards our characterization theorem is to extend the map Mod to a functor

No-Cat®? — LFP.

Proposition 6.8.7 Let h : A — B be a morphism in a category C with pushouts; the
functor h/C : B/C — A/C has left adjoint.

Proof. Let F': A/C — B/C be the functor mapping f : A — C to the pushout of

LM a5 in the figure.
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Given g : B — D, the bijection (B/C)(F'f,g) = (A/C)(f,g9°h) = (A/C)(f,(Rh/C)g),
natural in f and g, yields an adjunction F' 4 h/C. ]

Remember that a functor F': A — B creates filtered colimits when, for every filtered
category J and functor G : J — A such that F oG has a colimit v : FoG = C, there

exists a unique cone o : G — A such that F'o = v and moreover ¢ is a colimit.

Let X be an object in a category C; we write codx : X/C — C the functor mapping

arrows X — Y to their codomain Y. We drop the subscript when no confusion arises.

Lemma 6.8.8 Let X be an object in a category C; the functor codx creates filtered

colimits.

Proof. Let J be a filtered category, let F' : J — X/C be a diagram in X/C and let
v: codxeF = C be a colimit in C. Since J is filtered, the composites v, F(j), for all
objects j of J, are equal to the same arrow g : X — C. As an object of X/C, g is the
vertex of cone on F' with components v; : F((j) — g¢; moreover, there can be no other
cone g such that cod xop = v. Using the universality of v, this cone is shown to be a

colimit in X/C. 0

Proposition 6.8.9 Let f : X — Y be an arrow in a category C with filtered colimits;
the functor f/C :Y/C — X/C of precomposition with f preserves filtered colimits.

Proof. Let v be a colimiting cone over a diagram F' in Y/C. Since C has all filtered
colimits and, by the above lemma, cody : Y/C — C creates them, the cone cody v must
be colimiting in C. Since cody v = codx<(f/C)ov and codx : X/C — C creates filtered
colimits, it follows that (f/C)-v is a colimit in X/C as required. 0

Theorem 6.8.10 Let ¢ : p — q be a \o-functor; the functor Mod(¢) < ¢/ \w-Cat -
q/ w-Cat — p/Xw-Cat of precomposition with p is a morphism in LFP and hence the

relative interpretation map Mod extends to a functor N\o-Cat®® — LFP.
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Proof. Since A\w-Cat is 1fp, hence complete, proposition 6.8.7 ensures that the functor
¢/ w-Cat = Mod(¢) has left adjoint, while proposition 6.8.9 ensures that it preserves
filtered colimits. 0

In view of the above theorem, we call Mod the relative interpretation functor.

In [BWS85, 4.4], the finite limit theory generated by a finite limit sketch is obtained
as the full subcategory of the category of models of the sketch whose objects are repres-
entable. Similarly, we obtain a functor th : A\-Cat — Lez by composing Mod with the
functor (_)?f; of section 6.5, which returns the subcategory of finitely presentable objects

of an Ifp category: th(p) = (p/ \w-Cat),.

Let a be the natural transformation Mod — ([-, Sets]jesoth®) whose components
are the equivalences of categories Mod (p) = [(Mod(p)), , Sets]ics; the pair (th, ) forms

a morphism of indexed Ifp categories:

Let Mod ., be the category whose objects are lex functors into Sets and whose morph-
isms F' — @G, for F': Ty — Sets and G : Ty — Sets, are pairs (H,v), where the functor
H : T\ — T, preserves finite limits and v is a natural transformation F' — G+ H; let
& : AXw-Cat™ — Mode, be the functor &(m) = @gem@m)(m); noticing that models are
fibred over theories by the domain fibration dom : A\w-Cat™ — Aw-Cat, the functor th

can alternatively be viewed as part of a morphism of fibrations:

A~

&
Mo-Cat™ —= Mod,,

dom \L \L dom lex
th

Mo-Cat —— = Lex
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The functor Mod is not full, that is, not all filtered colimit-preserving right adjoint
functors Mod(q) — Mod(p) are syntactically induced by a relative interpretation p — ¢

in A\i-Cat. In fact, we need an extra condition and the following lemma to justify it:

Lemma 6.8.11 Let 0 : th(p) — th(q) be a lex functor; if @-th(?,) = th(?,), where 7, is
the unique morphism ) — x from the initial object in \Xw-Cat, then 0 is of the form th(¢)

for some Xw-functor ¢ : p — q.

We adopt the following informal argument as proof of this lemma. The idea is to
use sketches to give a more concrete picture of categories of the form th(p). In fact, we

consider a simplified scenario, where categories take the place of \iw-categories.

Consider the finite limit sketch of categories C' described in [BW90, 9.1.4]; models in
Sets of this sketch correspond to small categories and arrows between models to functors.

The graph of C is:

various m tgt

””” = CQ CA

arrows

The nodes C'4 and Cp represent the set of arrows and of objects; src and tgt represent
the source and target maps while e yields the identities. The sketch C' includes a cone
over the diagram Cy =% Cp Hoo 4, whose vertex Cg represents composable pairs of
arrows. The edge m represents composition. Similarly, Cgr represents composable triples,

with obvious arrows into Cg.

For any finite limit sketch S, there exists a lex theory T such that the category of
models of S in Sets is equivalent to [T, Sets]i., (see [BW90, 9.3.1]). Since the equivalence
[T1, Sets]ier = [To, Sets]ie, implies T) = Ty, from (6.4) we conclude that the lex category
Tca introduced in section 6.6 is (equivalent to) the category associated with the above

sketch C.
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Similarly, given a specific category C, we call sk(C) the finite limit sketch obtained
as follows: a node 1 is added to the graph of C' together with a cone over the empty
diagram with vertex 1. Moreover, for each object A of C, sk(C) has an edge "A' : 1 — Cp
and, for each arrow f : A — B, an edge ' f! : 1 — C4 with diagrams srce' f! = Al and
tgt o' f1 =B, Identities and composition of C are represented in sk (C) straightforwardly.
Applying to sk(C) the same argument that we applied above to C', we conclude that the
finite limit theory associated with sk (C) is the lex category th (C) introduced in section 6.6.
There is an obvious inclusion th(?¢) : Tea = th (D) — th(C).

It is easy to verify that there is a one-to-one correspondence between lex functors
0 : th(C) — th(D) such that @-th(?c) = th(?p) and functors C — D. In fact, this
equation ensures that 6 is a C-homomorphism, that is, that it preserves the objects Cy,
Co and so on. Therefore, # maps objects 1 — Cp of C to objects 1 — Cp of D and
arrows to arrows in such a way that identities and composition are preserved. A similar
correspondence can be established if categories are replaced by A\iw-categories and functors

by Aw-functors. This concludes our informal proof of lemma 6.8.11.

Theorem 6.8.12 (Characterization theorem) Let p and q be A\w-categories, let 7,
and ?, be as in lemma 6.8.11 and let U : Mod(q) — Mod (p) be a filtered colimit-preserving
functor with a left adjoint; V is of the form Mod(¢), for some Xo-functor ¢ : p — q, if
and only if Mod(?,)-V = Mod(?,).

Proof. (Only if) Noticing that the functors Mod(?,) : Mod(x) — Mod (D) = A\w-Cat
are the codomain projections (z — y) +— vy, the result follows immediately from the

definition of Mod.

(If) For simplicity we treat the equivalences Mod(p) = [th(p), Sets]ie, as identit-
ies. Let &, &, and @, be left adjoints respectively to W, Mod(?,) and Mod(?,). From
Mod(?,)o W = Mod(?,), it follows that ®-d, = &, and hence, since ()%, = th(?,)
(and similarly for ¢), we have @7 <th(?,) = th(?,). By lemma 6.8.11, it follows that
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% = th(¢), for some ¢ : p — q. Then, ¥ = [0} Sets|ie, = [th(p), Sets|ie. = Mod(¢).
0

The intuition behind this theorem is that th(()) = T)z provides a “signature” for all
cartesian theories in Lexr which describe Aw-categories. Functors ¥ : Mod(q) — Mod(p)
induced by relative interpretations of A\io-theories correspond, in the Gabriel-Ulmer sense,
to th ()-homomorphisms between finite limit theories: this is expressed by the condition

in lemma 6.8.11 which is equivalent to Mod(?,)-V = Mod(?,).

This characterization of relative interpretation can be adapted to any formal lan-
guage whose models are described by a finite limit theory. For example, theories of
the simply typed lambda calculus with unit type and products correspond to catresian
closed categories [LS86], which are set-valued models of a finite limit theory, as shown
in section 6.6. Therefore, functors ¥ : Mod(Ty) — Mod(T5) arising from relative inter-
pretations 15 — T3 of simply typed lambda calculi, can be characterized as above. The
same argument also applies to theories of the higher order polymorphic lambda calculus,

exploiting the correspondence between such theories and PL-categories [See87].



7 Application: constructing with LEGO

In the previous chapter we presented semantic constructors. Here we use a type the-
ory, the Extended Calculus of Constructions (XCC) [Luo82], as a formal framework for
developing specific examples. We take advantage of an implementation of XCC, LEGO
[LP92], to check the correctness of our implementation. Below we explain how we use
LEGO to develop denotational semantics and list the features of XCC that are crucial to

the applications that we present.

At the beginning of the ’80s, Dana Scott suggested that an intuitionistic universe of
sets should be the natural setting in which to develop a theory of domains. Since then,
but most notably in recent years, synthetic domain theory ([Ros86,Pho90,Hyl90, Tay91,
RS]) has sought a good full subcategory of an elementary topos in which to carry out the

mathematics of computation.

Our development of denotational semantics is consistent with synthetic domain the-
ory: a category Dom to interpret computation is fully embedded in the category U of
XCC types, which provides an intuitionistic universe of sets. We refer to Dom as the
category “of domains.” This is done rather informally, since we do not actually axiomat-
ize domain theoretic structure in Dom (for an axiomatic approach to domain theory see

[Fi094b,Fio94a,Mog95al ).

The category of domains is implemented in LEGO by assuming a type Dom:Type
(of names of domains) and a Dom-indexed family E:Dom->Type of domain-like types. The
operation E, the likes of which are sometimes called “large eliminations,” embeds domains
in the universe of types. In this way, the presentation of relevant categorical constructions,

such as fixed-point operators or initial algebras of endofunctors, becomes very natural

199
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and requires none of the syntactic overhead that a full encoding of category theory in the

type theory would call for.

In order to prove that a semantic structure is adequately represented by a term S of
the type theory, one can show that S is interpreted as a structure of the appropriate form
in models of the type theory. For example, in section 7.1 we notice that terms of type
Monad in the implementation define internal monads in the category of types. Part of the
effort in establishing a precise correspondence between intended mathematical objects
and their description in type theory goes into understanding how the notion of equality
adopted in the description relates to semantic identy in the models. We use Leibniz

equality.

The applications that we present use the following features of the type theory. A
universe (viz. Type(0)) is used for the synthetic domain theory set-up (Dom and E), as
well as for defining uniform redefinitions (section 7.2). Dependent types are exploited for
representing polymorphic operations, such as the natural transformations val and let of
the computational metalanguage or the operations to raise and handle exceptions. Sigma
types (dependent sums) provide a useful abstraction mechanism for structuring theories
in proof development. We also use inductive sigma types in the definition of the internal
category of domains (section 7.1). Moreover, type inference and coercion, specific to the

LEGO system, allow agile notation.

Synopsis. In 7.1 we give a formal account of structures and interpretation of the com-
putational metalanguage in LEGO. In 7.2 we implement a semantic constructor for ex-
ceptions and one for resumptions. The latter is used in section 7.3, where we present an
application in which a model of a computational metalanguage featuring an operator of
parallel composition is constructed from models of simpler forms of computation. Some
of the material in this section comes from [CM93] and is due to Moggi. Ours is the
implementation in LEGO including all the formal proofs. In the last section we discuss
a concrete model of the type theory based on w-sets and show that the structure we

assumed in the application can be found in this model.
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7.1 Structures and interpretation

In section 2.4 we defined a suitable notion of ¥-structure to interpret lambda calculi of the
form £(X). Here we represent such structures in the XCC and write a small application in
LEGO where they are used in a formal interpretation of the computational metalanguage
MLy. For simplicity, we consider a minimal version of the metalanguage with no unit or

product types.

We represent categorical structure in XCC by defining types such as Functor, Monad
etc, which we think of as signatures and whose terms represent structures, such as func-
tors, monads and so forth, on a fixed category Dom. Order theoretic structure can be
axiomatized in Dom as shown in [Fio94a]. Let Dom be a type, whose inhabitants we view
as names of domains, and let E be an externalization map embedding domains in the

universe of types:

[Dom : Type]
[E : Dom->Type];

The category Dom arises from these data as a full internal subcategory of the universe

of types (see appendix B for the full definition):

defn Doml = Sigma [X:Dom](Sigma [Y:Dom](E X)->E Y)] : Type (* arrows *)
defn Dom2 = ... : Type (* composable arrows *)

defn dO = ... : Doml->Dom (* domain *)

defn dl1 = ... : Doml->Dom (* codomain *)

defn 1 = ... : Dom->Doml (* 1dentity *)

defn o = : Dom2->Doml (* composition *)

As shown by the definition of Doml, the arrows of Dom are borrowed from the function
spaces of the type theory. Inductive sigma types (Sigma) are used in the definition of
Doml and Dom2; they provide the n rule for dependent pairs, which is used for making the
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diagrams involving the composition map commute. It is immediate to verify that this
definition satisfies the appropriate equations. For example, here is the proof in LEGO

that the domain of the identity arrow on X is X:

Goal {X:Dom}Eg X (dO (i X));
Intros;

Immed;

In developing the modular approach in LEGO, we use a variety of structures, whose
signatures are represented by types such as Sum, Prod, Exponential and Ind, all defined
in appendix C. The signature Ind for inductive types includes the higher order operators
mu and It described in section 6.3, taking functors as arguments. Here is the signature
of strong monads (in the following, when mentioning a monad, we shall understand a

strong one, unless otherwise stated):

[Monad =

<T:Dom->Dom>

<val :{X|Dom}(E X)->E(T X)>

<let:{X,Y]|Dom}((E X)->E(T Y))->(E(T X))->E(T Y)> Unit ];

The axioms of a monad should really be part of the type Monad, and constructors
F:Monad -> Monad should include a proof that F M satisfies the appropriate equations.
However, to keep the implementation simple, we deal with the axioms separately. Below,
we list the axioms of the theory of monads. The functions T, val and let are used to

extract from a monad M the corresponding data, so that (T M):Dom->Dom, and so on.

[AX_LUNIT= [M:Monad]{X|Dom}H{x:E(T M X)} Eq x (let M (val M]|X) x)1;
[AX_RUNIT= [M:Monad]{X,Y|Dom}{f:(E X) -> E(T M Y)}
Eq T ([x:E XJlet M F (val M x))];
[AX_ASSOC= [M:Monad]{X,Y,Z|Dom}{c:E(T M X)HF:(E X) -> E(T M Y)}
{g:(EY) -> E(T M 2)}
Eq (let M ([x:E XJlet M g (F X)) ¢) (let M g (let M F ¢))];
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Remark. Interpreting terms of type Monad in an extensional model of the type theory,
one obtains an internal monad in Dom, and therefore a monad fibred over the universe
of types. The use of a fibred monad is consistent with the semantics for Evaluation Logic
proposed in [Moga).

OJ

The formal interpretation of the computational metalanguage MLy requires the struc-
ture of products, exponentials and a monad. To write it in LEGO we must first encode
MLy. Assuming the type Grd of ground type symbols, the syntax of MLy is defined
by the types Ty, Con, Var and EXp representing types, contexts, variables and terms.
Contexts are lists of types. De Bruijn’s method of variable binding is implemented by
including context information inside variables. In particular, the variable z in the context
(C,(x : A), D) has the form (Weak...(Weak (Vo C T)...), where D is represented by
the successive applications of Weak. The type (Exp C A) represents well-formed MLy
terms of type A in context C. In appendix D, the types Ty, Var and EXp are induct-
ive (the inductive types of LEGO, not to be confused with the inductive types in Dom
provided by the signature Ind). This allows interpretation to be defined by induction on

the structure of terms.

Remark We do not identify the variables of the object language with the ones of
the type theory, as in the LF style, because this would make an inductive definition of
interpretation unfeasible. In fact, let terms of type 7 of the object language be interpreted
by maps [.], : Exzp(7) — [7] and suppose A-abstractions are encoded in the type theory
as terms AF', where F' : Exp (0) — Ezp () represents a term of type 7 with a free variable
of type o in the object language. An interpretation [AF],=, : [o = 7] = [o] — [7]
cannot be obtained from F', [], and [], unless we know how to map [o] back into
Ezxp (o).

O

The encoding € of MLy in LEGO is defined as follows: Types and contexts are mapped

respectively into terms of type Ty and Con. Terms I' = M : o are mapped into closed
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terms er ,(M) : Exp €(I") €(o). We write I'|A for the concatenation of two contexts. The
symbols GR, TT and AR are the constructors of MLy types, while VAR, LMB, APP, LET and
VAL are the ones of MLy terms (see appendix D).

e(A) =GR A (for A:Grd)
e(To) =TT ¢(o)
e(lc = 71)=AR ¢(0) €(T)

€rjzolae () = VAR (Weak. .. (Vo €(I') €(0)) .. .)
ror(NE £ 0. M) = LWB €y s (M)

ern (M N) = APP er o (M) o (V)

errr(let © <= M in N) = LET €pjporr(N) €erro(M)
erro(val(M)) = VAL ep ,(M).

Proposition 1 The map € is a bijection between types (contexts) of MLy and canonical
terms of type Ty (Con) in XCC. For every type o and context I' of MLy, er , is a bijection
between terms I' = M : o and canonical terms of type EXp €(I') €(o) of XCC.

A formal interpretation of MLy in Dom is defined in appendix E by recursion on the
structure of the syntactic domains. The parameters of the interpretation are structures
of type Prod, Exponential and Monad. Terms of type Grd, Ty and Con are interpreted
respectively by 1_Grd, I_Ty and I_Con as elements of Dom, while terms of type Var and
Exp are interpreted by | _Var and 1_EXp in the externalization of the appropriate domain;
for example, given terms P:Prod, X:Exponential and M:Monad, a term e: (Exp ¢ t) of

type T in context C is interpreted as a map

I Exp P XM (e): (E (1 _ConP XMc))->E (I_Ty X M t).

One of the benefits of making interpretation parametric in a notion of computaiton is

that models can be augmented with new semantic structure with no need of rewriting the



7. Application: constructing with LEGO 205

interpretation function. Using the above interpretation of the computational metalan-
guage, let F:Monad->Monad implement a monad constructor and let M be a structure of

type Monad, interpretation in F(M) is simply:

I ExpPX (FM (e): (E({{ ConP X (FM c))->E (_Ty X (FM t).

7.2 Examples of constructors

In this section we inplement in LEGO two semantic constructors described in [CM93],
one for exceptions and one for resumptions. We give a formal proof of the correctness of
the first, that is, we show that it maps monads to monads. The second is used in the next

section to define and reason about models of parallel computation based on interleaving.

Exceptions. In order to make the LEGO code less cryptical, we first introduce the
constructor for exceptions as a translation, as we did for resumptions in section 6.4,

using a simpler syntax: the computational metalanguage.

Let B be a collection of base type symbols, including the symbol E for the base
type of exceptions, and let raise and handle be operations of arities VX.E — TX
and VX.TX,(E — TX) — TX respectively. Let ¥; = (B, +,inji,inj, case) be a
signature for sums and let X9 = (B, raise, handle) be one for exceptions. A constructor

Mod(%1) — Mod(Xs) is defined by the following translation ([_]) : MLyp(3s) — MLp(%):

(B) = B (B €B)

(77) = T((7)+E)

(val(M)) = wal(inj. (M)
(et (M)]) = let(case (M) Az : E.val(injq x)))
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(raise(M)) = wval(inja(M))
(handle (M, N))) = let(case (Az.val(injix)) (N)([(M).

Let (C,T,.A) be a model of MLy(%;); the translation ([_]) defines a strong monad
(T)X = T(X+E) and a Xy-structure (similarly) in C. There is a strong monad morphism
(id,o) : (C,T) — (C,(T)), where o = T'(inj1). Such a morphism extends to one in

Mod (%3), which makes this constructor pointed (in the sense of section 6.2).

Let Sum be the signature of the theory of sums described in appendix C, provid-
ing an operation + on domains, injections and an operation of case analysis; the above
constructor is implemented in LEGO by a function Exceptions which, given S:Sum, a
domain Exn:Dom of exceptions and a monad M:Monad, returns a 5-tuple of operations

(E_T, E.val, E_let, raise, handle):

[Exceptions [S:Sum] [Exn:Dom] [M:Monad] =

[E.T [X:Dom] : Dom =T M (sum S X Exn)]

[E_val [X]|Dom] [x:E X] : E (E.T X) = val M (inl S|X]|Exn x)]

[E_let [X,Y|Dom] [f:(E X)->E(E.TY)] : (E (ET X)) -> E(ETY) =
let M(case S T ([x:E Exn] val M (in2 S x)))]

[raise [X|Dom][n:E Exn] : E (T M (sum S X Exn)) =
(val M (in2 S|X]Exn n)]

[handle [X]|Dom][c:E(T M (sum S X Exn))]
[h: (E Exn) -> E (T M (sum S X Exn))] : E(T M (sum S X Exn))=
let M (case S ([x:E X] val M (inl S x)) h) c]

(E_T, E_val, E_let, raise, handle)];

The first three components of this tuple are extracted and wrapped up as a monad by
the function Exception_Constructor:Sum->Dom->Monad->Monad. As mentioned earlier,
it must be separately verified that, if M satisfies the axioms AX_LUNIT, AX_RUNIT and
AX_ASSOC, so does the structure (Exception_Constructor S Exc M). Below we formally

verify the first axiom, while the others are proven in appendix F. Given a monad M,
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the function ax_lunit returns a witness of (AX_.LUNIT M) (similarly for ax_runit and

ax_assoc in the appendix).

Goal {S:Sum}{Exn:Dom}{M:Monad}AX LUNIT (Exception_Constructor S Exn M);
Normal ;

Intros;

Qrepl ax_case S|X]|Exn](T M(sum S X Exn)) (val M](sum S X Exn));

Qrepl Eg_sym (ax_lunit MJ(sum S X Exn)|x);

Immed;

Resumptions. Below we present Resumptions, which is an implementation in LEGO

of the constructor F described in section 6.4 (for simplicity, H : Q@ = Q is the identity).

As with monads, we extract from a structure F of type Functor an object map
(FT F):Dom->Dom and a strength (str F)|X]Y: ((E X)->E Y)->(E(T X))->E(T Y).
Any structure M of type Monad has an obvious substructure (Monad_to_Functor M) of
type Functor. Given S:Sum, F:Functor and A:Dom, (RF S F A) is the functor mapping
X to T(A+X), which was written F4 in section 6.4. Similarly, (Res S Z M)A represents
the domain u(F4) = pX.T(A+X), where T is the underlying endofunctor of the monad M

and p comes from the structure Z:Ind of inductive types.

[RF [S:Sum] [F:Functor] [X:Dom] : Functor =
([W:Dom] FT F (sum S X W),
([X1,X2]|Dom][f:(E X1)->E X2] str F
(case S (inl S|X|X2) ([z: E X1] in2 S (f z)))), star:Functor)];

[Res [S:Sum] [Z:Ind] [M:Monad] =
[X:Dom] mu Z (RF S (Monad_to_Functor M) X)];

Given sums, inductive types and a monad, Resumptions returns the following operations

(see section 6.4 for an informal description):

Res :Dom->Dom,
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Rval : {X]|Dom}(E X)->E (Res X),

Rlet:{X1,X2|Dom}((E X1)->E (Res X2))->(E (Res X1))->E (Res X2),

tau:{X]Dom}(E (Res X))->E (Res X) and

CH:{X1,X2|Dom}((E X1)->E (Res X2))->((E (Res X1))->E (Res X2))->
(E (Res X1))->E (Res X2)

[Resumptions [S:Sum] [Z:Ind] [M:Monad] =
[F [X:Dom] = RF S (Monad_to_Functor M) X]
[Res = Res S Z M]
[Rval [X]Dom] [x:E X] : E (Res X) =
alg Z|(F X) (val M (inl S x))]
[tau [X]Dom][z:E (Res X)] : E (Res X) =
alg Z|(F X) (val M (in2 S 2))]
[CH [X1,X2]Dom][f:(E X1)->E (Res X2)]
[9:(E (Res X1))->E (Res X2)]
[c:(E (Res X1))] : E (Res X2) =
alg Z|(F X2) (let M
([d:E(sum S X1 (Res X1))] coalg Z|(F X2) (case S f g d))
(coalg Z|(F X1) ¢c))]
[RIet [X1,X2]|Dom] [F:(E X1)->E (Res X2)] : (E (Res X1))->E (Res X2) =
it Z|(F X1) ([c:E (T M (sum S X1 (Res X2)))] alg Z|(F X2)
(let M (Jz: E (sum S X1 (Res X2))] coalg Z|(F X2)
(case S T (tau|X2) z)) o))l
(Res, Rval, Rlet, tau, CH, star)];

We end this section with the implementation of uniform redefinitions (see section 6.2),
which are used in the next section by a constructor Fx to convert the operations in X to
a new computational setting. Here, we consider the case of unary operations; arbitrary
arities are dealt similarly. Uniform redefinitions allow constructors of the form (7.1) below

to redefine operations of the form (7.2):

(FI)IXETG T X) (7.1)
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opx : S(T X) (7.2)

where G:Monad->Dom->Dom and S:Dom->Type. For example, let EXn be the domain of
exceptions; in the exceptions constructor (F T) X & T(X+Exn), we have (G T X) = X+Exn,
where G does not depend on T. Similarly, orxy : (E (T X))->(E (T X))->E (T X),
the operator of nondeterministic choice introduced in the next section, is of the form
(7.2), where (S X) is (E X)->(E X)->E X. A constructor F can uniformly redefine such

operations as follows:

(Fop)x & oparx) : S(T(G T X)) =S((FT)X).
In LEGO:

[Uniform Redefinitionl [G:Monad->Dom->Dom][S:Dom->Type(0)][M:Monad] =
[c:{X]Dom} S (T M X)] [X]|Dom] c](G M X)];

7.3 Parallel composition

In this section we give examples of formal proofs involving the modular constructions
introduced earlier. We add a mechanism of resumptions to nondeterministic computa-
tions and, from the semantic structures thus obtained, we define an operator of parallel

composition and prove in LEGO that this operator is commutative.

Let T:Dom->Dom be the object map of a monad M. Structures of type (Fix T) and
(Nondetm M) provide operations respectively of fixed point and nondeterministic choice

for M-computations:

[Fix [T:Dom->Dom] =
<Yop:{X1,X2|Dom}(((E X1)->E(T X2))->(E X1)->E(T X2))->(E X1)->E(T X2)>
unit ];
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[Nondetm [M:Monad] =
<or : {X|Dom} (E (T M X)) -> (E (T M X)) -> E (T M X)> Unit];

The theory of nondeterminism states that or is commutative, i.e. Or w z=0r z w,
and that it is natural, i.e. or (TF w) (T z) =Tf(or w z), while the theory of fixed points
includes the fixed point property of Yop and the axiom AX_UNIFORMITY below.

A fixed point operator Y in the category of cpos is said to be uniform (see [Gun92,
4.2]) when, for any pair of continuous functions f : D — D and G : E — E and strict
continuous function h : D — E such that hof = goh, we have Yg = h(Y f). Least
elements and strictness can be axiomatized in Dom as shown in [Mog95a]. We shall not
implement these axioms in LEGO: when required in a formal proof, we verify that a term
denotes a strict morphism separately on our blackboard and allow ourself a free supply
of witnesses of this condition, which we represent in LEGO with a constant predicate

STRICT. The uniformity axiom is:

[AX_UNIFORMITY = [T|Dom->Dom][F:Fix T]{X1,X2,X3,X4|Dom}
{h: ((E X1)->E(T X2))->(E X3)->E(T X4)}
(STRICT h)->
{F: ((E X1)->E(T X2))->(E X1)->E(T X2)}
{g: ((E X3)->E(T X4))->(E X3)->E(T X4)}
({k:(E X1)->E(T X2)} Eq (h(f k)) (g(h k)))->
{x:E X3} Eq (Yop F g x) (h (Yop F ) x))];

Starting from a monad M and structures F:(Fix (T M)) and N:(Nondetm M), we
add resumptions to M-computation; the constructor Resumptions, F for short, is applied
to M to obtain a monad F(M)=(Res,Rval,Rlet) and a Ygstructure consisting of the
operations tau and CH. Moreover, applying uniform redefinitions (not expanded here)
to Yop and or, we produce new structures F F:Fix(T FM) and FN:(Nondetm F M),

whose operations we call yrr and orr respectively.

The operation pand, p : Res(A) x Res(B) — Res(A x B) of parallel composition

is defined formally in LEGO in appendix G. Here we give a more digestible version in
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lambda notation: using infix notation for orr and mix-fix notation for Rlet (as in the

computational metalanguage),

pand, ; = yrr(\h:Res(A) x Res(B) — Res(A x B). \w : Res(A), z : Res (B).
CH(Az: A.Rlety < z in Rval (z,y), Au:Res (A). h(u, z))w
orr CH(Ay : B.Rlet z <= w in Rval(z,y), Av : Res(B). h(w,v))z).

Intuitively, pand, p(w, 2) performs one step w ~ u of M-computation on w and then
invokes pand, ;(u, z), or it performs one step z ~» v of M-computation on z and then
invokes pand, p(w,v). We look at the first of these branches, CHa ax5(f, g)w, of which
the second is just the dual. CHa axp performs case analysis on w : Res(A); if it is the
M-computation of a value z, it returns the pair (x,y), where y is the value produced by
z; this is done in f. Otherwise, if w is the M-computation of a resumption wu, it runs

pand, p(u, z), which is done by g.

Now we focus on an algebraic property of this operation: commutativity. Note that
this cannot be expressed as pand, z(w,2) = pandp 4(z,w), because the types are not
quite right. Let (pswap|P]A]B) be the isomorphism (A x B) — (B x A), where the
structure P:Prod provides the x, and let Rstr be the morphism map of the functor Res;

the precise statement of commutativity is:

THM_COMMUTATIVITY = {X1,X2|Dom} {w:E(Res X1)} {z:E(Res X2)}
Eq (pand z w) (Rstr (pswap P|X1]|X2) (pand w 2)).

Below is a sketch of the proof of THM_COMMUTATIVITY, the gory LEGO details of which

are given in appendix H.

Let Hap be the function of which pand, p is the fixed point, ie. , pand, p =
yrr(Hap), and let K : (Res(B) x Res(A) — Res(B x A)) — (Res(A) x Res(B) —
Res(A x B)) be the function K(f,w,z) = (Rstr pswap) (f(z,w)). THM_COMMUTATIVITY

is an immediate consequence of:
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yrr(Hap) = K(Yrr(Hga)).

To prove this equation we show that K<Hp 4 = Hsp-K and that yrr is uniform
(having proven the strictness of K on the blackboard). The equality K« Hg s = Hapo K
follows from the commutativity of or and from the naturality of or and CH. The uni-
formity of yrr, is proven in appendix I. In particular, let the function RFix of type
{S:Sum}{Z: Ind}{M:Monad}(Fix (T M))->Fix(Res S Z M) apply a uniform redefinition

to FiX-structures for the resumption constructor; we show:

Goal {S:Sum}{Z:Ind}{M:Monad}{F:Fix (T M)}
(AX_UNIFORMITY F) -> AX_UNIFORMITY (Rfix S Z M F);

The proof of this statement uses the naturality of the fixed point operator of the
structure FIX (T M) and the properties of inductive types, incliding Lambek’s lemma on

initial algebras, the proof of which is shown in appendix C.

7.4 A concrete model

The interpretation of pand requires a certain amount of categorical structure in Dom.
For example, Dom is assumed to support inductive types, whose universal properties are
used for proving that pand is commutative. We show that all this structure can be found

in a nontrivial model of XCC.

It is well known that, if k& is an inaccessible cardinal number, all axioms of Zermelo-
Frankel set theory are true in Vj (see [End77, theorem 9L]), so that Vj, is a miniature (so
to speak) version of the class of all sets. Luo’s w-sets semantics for XCC (see [Luo82]) is
based on a hierarchy of set universes V}, indexed by inaccessible cardinals. More precisely,
as proposed by Tarski in 1938, ZF is augmented with a large cardinal aziom postulating

for each cardinal number the existence of a larger inaccessible cardinal. In particular,
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this axiom yields w inaccessible cardinals ky < ki < k... for indexing universes Vj,
with the required properties for interpreting the type hierarchy of XCC. Such universes
and support

satisfy the membership relation Vi, € Vi, ., the inclusion relation V, C Vj

i+1) i+1
predicative IT and . An inaccessible k, with k; < k for all 7, is also provided to form
the set of objects Vj, of the all-containing category of sets, Vi, = 0bj(Sets ), into which all

universes embed with no foundational trouble.

As shown by a well known result of Reynolds concerning System F, there are features
of XCC (viz. polymorphism) that cannot be given a simple set theoretic semantics. This
led to the development of realizability models based on w-sets. In [Luo82], Luo interprets
types as w-sets: Type(J) is interpreted as the full subcategory w-Sets(j) of w-Sets whose
objects have carrier in the universe Vi,. Then w-Sets must be sufficiently large as to

contain all the w-Sets(j) and Vj, comes to the rescue.

Prop is interpreted as the category PER of partial equivalence relations on N, whose
good closure properties allow impredicative quantification over propositions. Such quan-
tification is modelled in the fibration of PERs over w-Sets, where the w-set Py of all
PERs is a generic object. Note that PER is a small category and P, is in w-Sets (0), thus
validating the axiom Prop:Type(0).

Notation. We write w-Sets for the category of w-sets whose carrier is a set in the
universe Vj. The categories w-Sets(j), for 7 = 0,1..., are similarly defined from uni-
verses Vi, and they are full subcategories of w-Sets. We write w-Setso(j) for the w-
set (obj(w-Sets(j)),w x obj(w-Sets(j))) of objects at level j and similarly w-Sets;(j)
for the object of arrows. Together, they form an internal subcategory of any of the
w-Sets(j + 1)...w-Sets. We may refer to w-Sets(j) as the intended external interpreta-
tion of Type(J) and to w-Setso(j) as the internal one.

O

Let Domg be an w-set providing the objects of the internal category Dom of predo-
mains; the externalization map E:Dom->Type(0) is interpreted as a morphism of the form

Domy — w-Setsy(0). The arrows of Dom are elements of the (Domg x Domg)-indexed
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family {a : w-Sets1(0) | Dom(a) = E(X) A cod(a) = E(Y)} obtained by pulling back
(Dom, cod) : w-Sets1(0) — w-Setso(0) x w-Setso(0) along [E] x [E]. The category w-Sets
has all finite limits because it is a full reflective subcategory of a complete category and
hence such a pullback exists and it provides suitable domain and codomain maps for

Dom.

To get inductive types it is enough to choose PER as Dom. PER is cartesian closed
and the inclusion into w-Sets factorizing through the equivalence ¥ : PER — Mod
between PER and the category of modest sets is a full and faithful functor; [E] is the
object map of such inclusion. Since PER is a small complete category, one gets initial

T-algebras from the limit to the forgetful functor PER" — PER (see [Lam93]).

To get fixed points we must give some domain structure to our objects. A suitable
condition to ask for is extensionality which induces a canonical partial order in the do-
mains of PERs (where antisymmetry holds modulo the relation). Moreover, any map
between extensional PERs is continuous with respect to a suitable notion of w-chain.
So we further restrict PER and consider, as category of predomains, the algebraically

complete subcategory EzP of extensional PERs studied in [FMRS90].

FExP is a small-complete cartesian closed category. This is because any full reflective
subcategory of a small-complete category is also small-complete. Then, EzP gets all small
limits from PER and hence it is suitable for modelling inductive types. As for cartesian
closedness, we must make sure that, for A and B in FzP, the extensional PER A = B,
as defined in [FMRS90], is complete. A way of doing this is by brute force, that is by

showing that sup (1) : A = B for any ascending sequence p in A = B.

There is a more abstract proof based on the internal version of the above result on
limits. Firstly, ExP is an internal category in w-Sets, just like PER. If D is internally
complete in w-Sets, then the fibration [D] : ¥(D) — w-Sets (see [Jac9l, 1.4.4]) is complete
(see [Pho92, 2.3.5]), so that we get exponentials B in D as II4B. Then, the fact that
PER is complete relative to w-Sets ([Pho92, 4.3.20]) fires the above implications and gives

us exponentials in FxP.
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Finally, we axiomatize fixed points only for endomorphisms on types of programs
A = T B which we assume to have a least element. Such fixed points always exist since

any map between extensional PERs is continuous.



8 Directions for further research

We have presented three applications of calculi based on monads and considered a variety
of theoretical matters concerning the use of monads for modelling computation. Here,

we list some issues that we believe deserve further attention.

Evaluation relations. In chapter 4, we obtained evaluation relations from an endo-
functor and first order quantification; we argued that such relations are useful both
semantically and proof-theoretically. In order to use evaluation relations in a program
logic based on the computational metalanguage, we need general axioms relating them
with the operations val and let. For example, while M < wal(M) can be expected to
hold of most notions of computation under the interpretation (4.8) of <, not so for the

rule

M<«<FE N < F(M)
N < let(F, E)

proposed in [CP92] to weaken the notion of evaluation in Fix-Logic, whose soundness
depends on strong assumptions on let. In a weaker version of the above rule, the hypo-
thesis N <= F'(M) can be replaced by val (N) = F(M). We have not yet investigated the

strength of this or other axiomatizations.

Another question to be considered is how <, as in (4.8), depends on lifting. From
theorem 4.8.2, we reckon that (4.8) can be weaker (in the sense of producing a larger
relation) than (4.5) when the lifting monad (_); does not classify all predicates of the

logic. For example, if (1), is obtained from the trivial class of admissible monos including

216
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only isomorphisms, so that X = X, we have that © <; w always holds. Then, in the
case of the powerset monad, we obtain * <; ), even though * ¢ (). This raises the
question of how can < be strengthened or weakened depending on the choice of (-); and

whether this dependency can be exploited to capture different notions of evaluation.

A third question to investigate concerning the use of evaluation relations is whether, by
exploiting the idea of propositions-as-types, they can be used to combine computational
and dependent types. Computational types do not mix well with dependent types. To

see this, consider the formation rule for let:

'-M:Trt T,x:7FN:To
I'Flet x<=Min N:To

If the type o depends on the variable x : 7, the type T'o in the conclusion of this rule
would incorrectly still depend on x. Instead, such an x should be bound to a possible
value produced by M, as it isin let x <= M in N. A relation <4, viewed as the type
of all pairs of z : A and w : T'A such that z <=4 w, can be used in combination with
dependent products and sums to bind variables of type A to the result of A-computations.

In view of the formulae (4.6) and (4.7), two natural candidates are:

e« Mo(z) € Ho: A (v<4 M) — o(x)

YreMo(r) £ Ya:A (v<a M) xo(z).

Logical relations and computation. Logical relations are widely used in the study
of lambda calculi [Tai67,Plo73,Sta85,MM85,Mit90,Her93] and programming language se-
mantics [Rey83,Abr90a,AJ91,MR91,MS92,0T93].

In [Her93], a categorical view of logical predicates for the simply typed lambda calculus
is given in terms of fibrations with logical structure. Let p : £ — B be a fibred cartesian
closed category with indexed products over a cartesian closed category B; in this case,

€ is also cartesian closed and p strictly preserves the cartesian closed structure [Her93,
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3.3.11]. The idea is that B is a category of semantic objects, £ is a category of predicates
and the internal language of p provides a fragment of first order logic, with implication,
conjunction and universal quantification, to talk about the semantic objects. Given a
cartesian closed category L, viewed as a theory of the simply typed lambda calculus,
and a structure-preserving functor [] : £ — B, viewed as an interpretation of £ in B,
a family P = {P, }oe|| of logical predicates, indexed by the types of £, is defined by a
structure preserving functor P : £ — & such that p-P = [].

To convince oneself that such a P is “logical,” consider the predicate P,_, over
[c — 7] = [o] — [7]; since P preserves the cartesian closed structure, we have that

Po—r is equivalent to P, — P., which, in the internal language of p is written:

fio—=>1EY2:0 Ps(x) D P (f(2)).

However, when computation is involved, Kleisli exponentials are used to interpret
arrow types and hence the above picture must change. In chapter 3, programs of type
o — 7 were interpreted as elements of [o] — T[r] and hence, in order to define the
formal approximation relation <,_., logically (section 3.6), we used a relation <, ex-
tending <, to computations. We believe that a general categorical picture of logical
relations involving computational types should emerge from an abstract understanding

of the relation between the two families < and <.

Once such a picture is available, one can tackle the more ambitious goal of extending
monad constructors to logical relations in the attempt to modularize the study of proof-
theoretic and semantic properties of computation. For example, if < and =< are related
by an action T of the underlying functor of the monad T on a relational structure,
corresponding families of relations could be obtained for the notion of computation F(7T')

by applying an “action constructor” FtoT.

Recursive predicates and computation. In section 5.4, while-programs were ex-

tended to include top-level assertions and, in section 5.5, this simple form of annotated
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programs were used in a proof of partial correctness. General annotated whi le-programs
are obtained by including annotated programs (p,6) in the syntax of while-programs.
However, in order to express the weakest precondition of a while-loop whose body in-

cludes assertions, a fixed point operator on predicates is needed:

wp(while Bdo Cod) = uP.B D (wp(C)AI[C]P).

In [BG8T7|, A. Blass and Y. Gurevich deal with annotated while-programs by aug-
menting a universal quantification-free fragment of first order logic with inductive defin-
itions of predicates. The Ezistential Fized-Point Logic thus obtained allows them to re-
move the expressivity hypothesis in Cook’s completeness theorem for Hoare logic [Coo78|.
According to the authors, the need for such an hypothesis in Cook’s proof indicates that
first order logic is not the best one for dealing with programs. An interesting issue that we
would like to explore in further research is the interaction between evaluation modalities
and recursive predicates. This would also call for a comparison between a version of EL

extended with a u operator and existing modal u-calculi (see [Sti92]).

Duality. Relative interpretations of HML theories are characterized by theorem 6.8.12
as morphisms in the slice category LFP / \w-Cat. We argued that this characterization
can be adapted to any formal language whose models are described by a finite limit

theory:

Theorem 8.0.1 Any Ifp category M fully embeds in the opposite of LFP /M wvia the
inclusion I : M — LFP /M mapping X to ?x/ M : X/M — /M = M.

In order to turn the above theorem into a duality result, one should single out, by the
intrinsic properties of its objects, a full subcategory H of LFP /M such that the above
inclusion I restricts to H and is part of an adjoint equivalence M = H. What we know

of the objects G : A — M of such an H is that they are monadic functors (because so

are the codomain functors cod x : X/ M — M) such that A= G(())/ M.
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Semantic constructors and logics. The theory of semantic constructors, which was
developed in chapter 6 for equational theories of computation, should be extended to
richer logics, such as EL. Theorem 5.1.10 is an example where we ask whether a property
expressed in EL is preserved by a semantic constructor. The closure of such constructors
with respect to satisfaction of formulae should be investigated in further research. Related
questions are whether the setting of synthetic domain theory that we adopted in chapter 4
is the most appropriate for studying the behaviour of semantic constructors with respect

to logics and whether the standard interpretation of logic is beneficial in this context.



A The metalanguage HML

In the simply typed lambda calculus, types can be described separately from the terms.
However, in some type theories where terms and types are mutually dependent, the
formation rules of the ones cannot be given independently from the formation rules of
the others. In HML, the integration of entities of different syntactic nature in a unique
formal system is pushed further by including, besides types, objects such as signatures

and theories that traditionally belong to the metatheory of the formal system.

Let s be a symbol in the set {sig, theory, kind , context , scheme , prop }; the prase “a s”
in the conclusion of an HML sequent states the well formedness of an object o of the
syntactic category corresponding to s, that is: signatures, theories, kinds, contexts, type
schemes and formulae. Among these symbols, kind and scheme are “variable universes,”
in the sense that a kind or a type scheme, that is an « such that (« s) is derivable, for
s € {kind, scheme }, can be used in a context as the range of a variable. An object u of
kind k is called an operator, while an object e of type scheme ¢ is called a term. The
well formedness of operators and terms is stated by sequents whose conclusion is u : k
and e : o respectively. Besides judgements of well formedness, HML features equality
judgements on operators and schemes, and truth judgements involving formulae of first

order logic with equality.

Note that prop could also be viewed as a variable universe: although there are no
explicit expressions whose “type” is a formula, a truth judgement I'; A 5 7 ¢ (see below)
asserting the truth of ¢ under the assumptions in A, can be viewed as introducing an
invisible witness of ¢. In this framework, the assumptions in A can be viewed as extending

the context I' and the axioms in the theory 7 as extending the signature .
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Type schemes depend on kinds, in the sense that, in a judgement I'; v : k F o scheme,
o may contain a free occurrence of v of kind k. Note that a scheme I' - o scheme cannot
contain any variable x : ¢ ranging over a scheme that may be in I', that is: schemes do not
depend on schemes. Formulae can contain both operator and term variables. Dependency
relations between sorts [Jac91, 2.1.1] are often used to present type theories in view of a

study of abstract models based on fibrations.

HML is inspired by the type theory described in [Mog91lal; the following definition
comes, with minor changes, from [CM93], to which we added the raw syntax and the

rules (add-P), (eqn) and (P).

Let Varo and Varg be disjoint countable sets of variables and let Const g, Consto,
Constg, Const g and Const p be disjoint sets of constants. The sets of raw kinds (K),
operators (U), type schemes (S), terms (E), formulae (P), contexts (€), signatures (&)
and theories (T) of HML are given by the following grammar:

Eou= K |1 kix k| k= ko

u = v |C| x| (up,ue) | m(w) | Ao kow | ug(usg)

o == ul|S)|l|oyxos|og =0 |Hv:k.o

e = x|c| x| (e,er) | mile) | Aw:0.e|eler) | Av:k.e]|eu

¢ u= e1=qex| Plu,e)| false [ o1 A2 | g1V 2|1 Do |Vvik d|[Tv:ik .o
Ve:o.¢|dx:0.¢

I == 0|T,v:k|T,z:0

n= 0| X, K kind | X,C: k|X,S: k= scheme | ¥, c: 0 |
X, P:(v:k)o= prop
T == 0|T,¢

where v € Varp, v € Varg, K € Constg, C € Constp, S € Constg, c € Const g and
P € Const p. The above grammar defines the raw syntaz of HML.

The usual notions of free variable, substitution and a-conversion applies to raw oper-

ators, schemes, terms and formulae. The only nonstandard notation occurs in signatures
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in the arity of predicates P : (v : k)o = prop; this indicates that ¢ has at most one free

variable v of kind k.

The sequents of HML come in different shapes, depending on the kind of judgement
they make. In the following table, the expressions in the first column define the set of

judgements whose elements are classified in the second column and written as in the

third.

G x K kind formation Fs k kind
ExExUXK operator formation ks u:k
GxeExS scheme formation I' s o scheme
GxExEXS term formation ks e:o
GxE€xP formula formation I' s ¢ prop

G x¢ context formation Fs I' context
ExexUXxUXK operator equality s up=us: k
GxeExSxS scheme equality 'ty 01 = 09
GEXxITxExP xP  truth D AFsT¢

where A € P* is a possibly empty sequence of raw formulae. The type theory HML is

defined by the following inference rules over the above sets of judgements:

Signatures
start
F 0 sig
F X sig
add-K K & dom (%)
F X, K : kind sig
s k kind
add-C C & dom (%)
F3,C:k sig
s k kind
add-S S & dom (X)

F3,S5: k= scheme sig
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0 s o scheme

add-c ¢ & dom (%)
FX,c: 0 sig
v:kbyx o scheme
add-P P ¢ dom (%)
X, P:(v:k)o= prop sig
Theories
X sig Fs 7 theory Fs ¢ prop
) —— add-prop
Fx; 0 theory s 7, ¢ theory
Kinds
F X sig 3 sig 3 sig
——— 3(K) = kind ] — Q—
Fs K kind Fx 1 kind Fs Q kind
s ky kind s ko kind s ki kind b ko kind
X =
Fs k1 X ko kind Fs k1 = ko kind
Contexts
3 sig
0
Fs 0 context
Fs I' context Fs k kind
add-v v & dom/(T)
Fw I v : k context
Fs I context I' s 0 scheme
add-z x & dom ()

Fv I,z : 0 context
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Operators
Fs I' context Fs I' context Fs I' context

v I'(v)=k C X(C)=k 11

s vk ' C:k ks ox: 1

F"z]ulikl F|_2u2:k2 F"ZUZ]ﬁXkQ
x1 xE

T |_Z <U1,U2> : kl X k2 T |_Z WZ(U) : kl
vk bFsu:k 'k u: ki = ke I'ts g ky

=1 =k

Chy (Av:kpou): k= ke [y u(uy) : ke

Operator equality

Operator equality is the congruence generated by the following rules:

IF'kFywu:1l
1.m
s x=wu:1
F"z]ulikl F|_2u2:k2
X.
F |_Z 7TZ'<U1,U2> = U; - kl
r |_Z U : kl X k2
X.M
by (m(u), me(u)) = w: ky X ko
vk bFsug: ks 'y up i by
= .0
Chs (Av:kyoug)(ur) = [ug/v]ug @ ko
I'Fsu: ki = ko
= .M

Fks (Ao kiu@) =u: k= ko

Type schemes

Fs I context IF'kFyu:k
1 S ¥(S) = k = scheme

I' . 1 scheme I' s S(u) scheme
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s u:Q

type
I' Fs w scheme

I' s 01 scheme
=

226

I' sy 01 scheme I' bx 09 scheme

I' bx 09 scheme

I' s 01 X 09 scheme

I''v:kbFyx o scheme
IT

I' bx, 01 = 0y scheme

Type scheme equality

'ty (Tw: k.o) scheme

Type scheme equality is the congruence induced by operator equality.

Terms

Fs I context

Fs I context

Fs I context

YX()=0 11

x [(x)=0 c

I'kyxz:0

I'kFxer:o 'y ey : 09

x1
[Fx (e, e2) 1 01 X 09
I'Nex:o1Fse:o9
=1
ks (Ax:0y.€): 01 = 09
Nv:kkge:o
11

ks (Av:k.e): (Tv: k. o)

I'kxse:o 'y 01 = 09

I'kxc:o

conv
I'kxe:og

F|_2*21

'y e:op X 09
xE

[y mie) : o;

I'kxe:op = o0, I'ts e :og

=E

['Fye(er) : oo

Fkyge:(Tv:k.o) Chysu:k

ITE

by elu] : [u/v]o
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Formulae

Formulae are obtained by applying the usual logical operators of first order predicate

calculus to the atomic formulae generated by the following rules:

I'kyer:o I'kyey:o

eqn
['ts e1 =5 ez prop

ILv:kbgoscheme Thgu:k Thyge:|u/v)o
Y(P) = (v:k)o = prop

[ b5 P(u,e) prop

Truth inference

The inference rules for truth judgements include the standard rules of intuitionistic pre-

dicate calculus with equality. Axioms are introduced by the rule:

Fs 7 theory
axiom —— ¢ €T

I'Fs7r¢

The equational fragment of HML is the congruence generated by operator equality

and the following rules:

Fs 7 theory ks e:1l

1.m
I "277* =1 €
Fs 7 theory I'ts e :og 'ty es: o9
X
I' Fsrmiler, e2) =0, €
Fs 7 theory I'kFs e:op X o9
X.1

r |_Z,T <771(€)7772(€)> =o1x0oy €
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Fs 7 theory 'z :01Fses:oo I'kxeg:og
= .0

oz (Ax:or.e2)er =4, [e1/]e2

Fs 7 theory I'Fse:op = o0,

= .M
Fhsrdx:ore(r) =520, €

Fs 7 theory Fv:kbse:o 'k u:k

I1.3
[hsr (Av:koe)u] =00 [u/v]e
ks T theory I'Fee: (Vo: ko)
II.n
FherAv:k.ev] =muo €
I "27761 =1 €2 I "2 01 = 02
conv-eq

I'Fs7e1 =4, €2



B Dom, the category of discourse

[Doml:Type = Sigma [X:Dom](Sigma [Y:Dom](E X)->E Y)];
[Dom2:Type = Sigma [X:Dom](Sigma [Y:Dom](Sigma [Z:Dom]
indprod ((E X)->E Y) (E Y)->E 2))];

(* defn mkarr = ... : {X,Y|Dom}((E X)->E Y)->Doml (internalization) *)

[dO = sig_pil]|Dom|[X:Dom](sigma|Dom][Y:Dom](E X)->E Y):Doml->Dom];
[d1 = [Z: Doml]sig pil (sig_pi2 Z):Doml->Dom];
[1 = [X:Dom] mkarr ([x:E X] x):Dom->Doml];
[o = [fg:Dom2] mkarr ([x:E (sig_pil fg)]
Snd (sig_pi2 (sig_pi2 (sig_pi2 fg)))
(Fst (sig_pi2 (sig_pi2 (sig_pi2 fg))) x)):Dom2->Doml];
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C Signatures and theories

[Sum = <sum:Dom->Dom->Dom>
<inl:{X1,X2|Dom}(E X1)->E(sum X1 X2)>
<in2:{X1,X2|Dom}(E X2)->E(sum X1 X2)>
<case:{X1,X2,X|Dom}

((E X1)->E X)->
((E X2)->E X)->
(E(sum X1 X2))->E X> Unit ];

[AX_INL = {S:Sum}{X1,X2,X|Dom}{f:(E X1)->E X}{g:(E X2)->E X}
Eq ([x1:E X1] (case S f g (inl S x1))) f];
[AX_INR = {S:Sum}{X1,X2,X|Dom}{f:(E X1)->E X}{g:(E X2)->E X}
Eq ([x2:E X2] (case S f g (in2 S x2))) dl;
[AX_CASE = {S:Sum}{X1,X2,X|Dom}h: (E(sum S X1 X2)) -> (E X)}
Eq (case S ([x:(E X)Jh(inl S x)) ([x:(E X2)]h(in2 S x))) h];

[Prod = <prod:Dom->Dom->Dom>
<pin:{X1,X2]Dom}(E X1)->(E X2)->E(prod X1 X2)>
<poutl:{X1,X2|Dom}(E (prod X1 X2))->E X1>
<pout2:{X1,X2|Dom}(E (prod X1 X2))->E X2> Unit ];

[Exponential = <arr: Dom->Dom->Dom>
<Imb: {X,Y|Dom}((E X)->E Y)->E(arr X Y)>
<app: {X,Y|Dom}(E (arr X Y))->(E X)->E Y> Unit];

The usual axioms for products and exponentials can be defined as for sums.
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[Ind = <mu:Functor->Dom>
<alg:{F|Functor}(E (FT F(mu F)))->E(mu F)>
<it:{F]Functor}{X|Dom}
((E(FT F X))->E X) => (E (mu F)) -> E X> Unit ];

[AX_WEAK_INITIAL = {Z: Ind}{F|Functor}{X]Dom}
{a:(E (FT F X)) -> E X}
Eq ([z: E(FTF (mu Z F))] it Z a (alg Z 2))
([z: E(FTF (mu Z F))] a (str F (it Z a) 2))];

[AX_UNIVERSAL = {Z:Ind}{F]Functor}{X|Dom}
{a:(E (FT F X)) -> E X}
{9:(E (mu Z F)) -> E X}
({z: E(FT F (mu Z F))} Eq (g(alg Z 2)) (a (str F g 2)))
-> Eq ([x: E(mu ZF)] it Z a x) g];
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The operations in Ind are shown to satisfy Lambek’s lemma, that is: the initial

F-algebra alg is an isomorphism with inverse coalg = 1t(F(alg)):

[coalg [Z:Ind][F]Functor] = [x:E (mu Z F)] it Z (str F(alg Z|F)) x];

(* Lemma LM_LAMBEK1: it(alg)=id
Lemma LM _LAMBEKZ2: coalg;alg=id
Lemma LM _LAMBEK3: alg;coalg=id *)

[LM_LAMBEK1 = {Z:Ind}{F|Functor}
Eq ([X:E (mu Z F)Ix) (IX:E (mu Z F)] it Z (alg Z|F) x)1;

Goal LM_LAMBEK1;
Intros;
Claim {z:E (FT F (mu Z F))} Eq (alg Z z)(alg Z|F (str F ([y:E (mu Z F)1y) 2));
Qrepl ax_universal Z (alg Z|F) ([y:E (mu Z F)]y) ?+1;
Immed;
Intros;
(* Due to a LEGO bug, "Qrepl ax_str_id..." would not work here *)
Refine (Eg_sym(ax_str_id F|(mu Z F)))
(Ik:(E (FT F (mu Z F)))->E (FT F (mu Z F))] P1 (alg Z (k 2))) H1;

Save Im_Lambekl;

[LM_LAMBEK2 = {Z:Ind}{F|Functor}
Eq ([x:E (mu Z F)]IxX) ([x:E (mu Z F)] alg Z (coalg Z x))];
[LM_LAMBEK3 = {Z:Ind}{F|Functor}
Eq ([z:E (FT F(mu Z F))] 2)
([z:E (FT F(mu Z F))] coalg Z (alg Z 2))];

The proofs of LM_LLAMBEK2 and LM_LAMBEK3 are similar to the one above.



D Encoding MLy

[Grd: Type];

Inductive [Ty: Type] Constructors
[GR: Grd->Ty]
[AR: Ty->Ty->Ty]
[TT: Ty->Ty];

[Con = list Ty]
[Con_elim = list_elim Ty];

Inductive [Var:Con->Ty->Type] Constructors
[Vo: {c:Con}{t:Ty}var (cons t c) t]
[Weak: {c|ConH{s:TyHt]Ty}(var ¢ t)->Var (cons s c¢) t];

Inductive [Exp:Con->Ty->Type] Constructors
[VAR: {c|Con}{t|Ty}(Var c t)->Exp c t]
[LMB: {c]Con}{s,t]Ty}(Exp (cons s c) t)->Exp ¢ (AR s t)]
[APP: {c]|Con}{s,t]Ty}(Exp ¢ (AR s t))->(Exp ¢ s)->Exp c t]
[LET: {c]Con}{s,t|Ty}(Exp (cons s c) (TT t))->(Exp ¢ (TT s))->Exp ¢ (0T t)]
[VAL: {c|Con}{t|Ty}(Exp c t)->Exp ¢ (0T t)];

233



E Interpretation of MLy

[1 _Grd: Grd->Dom];

[1_Ty [Ex:Exponential] [M:Monad]: Ty->Dom = Ty _elim
(L_1Ty]Dom)
1_Grd
(L,_ITyl[X,Y:Dom]arr Ex X Y)
CLITYI[X:Dom]T M X)1;

[1 _Con [P:Prod] [Ex:Exponential] [M:Monad]: Con->Dom = Con_elim
([_]Con]Dom)
(one:Dom)
([t:Ty][ _:Con][X:Dom] prod P X (1_Ty Ex M t))];

[1_Var [P:Prod] [Ex:Exponential] [M:Monad] = Var_elim
([clCon][t]Ty]l[ _:var ¢ t]J(E (1 Con P Ex M ¢))->E (1_Ty Ex M t))
([c:Con][t:Ty]pout2 P| (I _Con P Ex M c)|(1_Ty Ex M 1))
([clCon][s:TylItITyl[ :var ¢ t]J[F:(E (1 _Con P Ex M ¢))->E (I_Ty Ex M )]

[X: E (prod P (1 Con P Ex M ¢c) (I_Ty Ex M s))] F (poutl P x))];
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[1_Exp [P:Prod] [Ex:Exponential] [M:Monad] =
[1_Ty=1 Ty Ex M] [1_Con=I1 Con P Ex M] [I _Var=1_Var P Ex M] Exp_elim
([clCon][t]TY][ :Exp ¢ t]J(E (1_Con c))->E (1_Ty t))

(* variables *)
([cl|Con][t]Ty][v:Var c t] 1 Var v)

(* lambda abstraction *)
([clCon][s,t]Tyl[ _:Exp (cons s c) t]
[F:(E (1 _Con (cons s c)))->E (1_Ty )]
[x: E (1 Con c)] Imb Ex (Jy: E (1_Ty s)] F (pin P x y¥)))

(* application *)

([clCon][s,tITyl[ _:Exp ¢ (AR s ©)][ _:Exp ¢ s]
[F:(E (1_Con c))->E (1_Ty (AR s 1t))]
[G:(E (1 _Con ¢))->E (1_Ty s)]
[X:E (1_Con c)] app Ex (F x) (G x))

(* composition (let) *)

([clCon][s,tITy][ :Exp (cons s ¢c) (0T ©)][_:Exp ¢ (0T s)]
[F:(E (1_Con (cons s ¢)))->E (1_Ty (0T ©))]
[G:(E (1_Con ¢c))->E (I_Ty (TT s))]
[x:E (1_Con c)] let M ([y:E (I_Ty s)]1 F(pin P x y)) (G x))

(* lifting (val) *)

([clCon]ItlTY]1L _:Exp ¢ t][F:(E (1_Con c))->E (I_Ty )]
[X:E (1_Con c)]val M (F x))1;



F Correctness of the exception constructor

Goal {S:Sum}{Exn:Dom}{M:Monad}AX RUNIT (Exception_Constructor S Exn M);
Normal ;
Intros;
Equiv P (Ix:E X]([z:E(sum S X Exn)]

(let M (case S T ([x’2:E Exn] val M (in2 S x’2)))

(val M 2)))(inl S x));
Qrepl Eq_sym (ax_runit MJ(sum S X Exn)|(sum S Y Exn)|
(case S T ([x’2:E Exn] val M (in2 S x72))));
Qrepl ax_inl
SIXIEXn] (T M (sum S Y Exn))|Fl([x’2:E Exn] val M (in2 S x’2));

Immed;
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Goal {S:Sum}{Exn:Dom}{M:Monad}AX ASSOC (Exception_Constructor S Exn M);
Normal ;
Intros;
Qrepl Eq_sym (ax_assoc M]J(sum S X Exn)](sum S Y Exn)](sum S Z Exn)|
c|(case S T ([x:E Exn] val M (in2 S x)))|
(case S g ([x:E Exn] val M (in2 S x))));
Claim {S]Sum}{MMonad}{X,Y,A,B|Dom}{k:(E A)->(E (T M B))}
{f:(E X)->CE (T M ADHg: (E Y)->(E (T MA))}
Eq ([w: E (sum S X Y)] let M k (case S T g w))
(case S ([x: E X] let M k (f x))
(Ly: E Y] let Mk (9 ¥)));
Qrepl ?+1|SIMIX]Exn](sum S Y Exn)|(sum S Z Exn)|
(case S g ([x’2:E Exn] val M (in2 S x’2)))|
fl([x’2:E Exn] val M (in2 S x’2));
Equiv P (let M (case S
([x:E X]Jlet M (case S g ([x’2:E Exn] val M (in2 S x’2)))
(f )
(Ly:E Exn]
([z: E (sum S Y Exn)]
let M (case S g ([x’2:E Exn] val M (in2 S x’2)))
(val M 2))(in2 S y)))
c);
Qrepl Eq_sym (ax_runit MJ(sum S Y Exn)|(sum S Z Exn)|
(case S g ([x’2:E Exn] val M (in2 S x72))));
Qrepl ax_inr S|Y|Exn|(T M (sum S Z Exn))|gl([x’2:E Exn] val M (in2 S x’2));
Immed;
Normal ;
Intros;
Equiv P1 (case S1 ([x:E X1]([z:E (T M1 A)] let M1 k z)(f1 x))
(Ly:E Y1]([z:E (T M1 A)] let M1 k 2)(0l v)));
Qrepl Sum_comp|STIX1]YLI(T M1 A)J(T M1 B)]|
f1lo1]([z:E (T M1 A)] let M1 k z);

Immed;



G The operator pand of parallel composition

Let F be the constructor of resumptions. Given M:Monad, let functions ROR and RY apply
uniform redefinitions to the operations of structures N: (Nondetm M) and F:Fix (T M) to
produce operations of structures (FN):(Nondetm FM) and (FF):Fix(T FM). The
operator pand of parallel composition for computations with resumptions is defined as

follows:

[pand [S:Sum] [P:Prod] [Z:Ind] [M:Monad] [N:Nondetm M] [F:Fix (T M)] =
[resumptions = Resumptions S Z M]
[Res: Dom->Dom = resumptions.l1]
[Rval: {X]|Dom}(E X)->E (Res X) = resumptions.2.1]
[Rlet: {X1,X2]|Dom}((E X1)->E (Res X2))->(E (Res X1))->E (Res X2) =
resumptions.2.2.1]
[CH: {X1,X2]Dom}((E X1)->E (Res X2))->((E (Res X1))->E (Res X2))->
(E (Res X1))->E (Res X2) = resumptions.2.2.2.2.1]
[orr = ROR S Z M N]
[yrr =RY S Z M F]
[X,Y]|Dom] [w:E(Res X)] [z:E(Res Y)]
(((yrr [h:(E (prod P (Res X)(Res Y)))->E (Res (prod P X Y))]
[vV:E (prod P (Res X)(Res Y))]
[v1:E (Res X)=poutl P v] [Vv2:E (Res Y)=pout2 P V]
orr (CH (Ix:E X] Rlet ([y:E Y] Rval (pin P x y)) v2)
([w:E (Res X)] h (pin P w v2)) v1)
(CH (Iy:E Y] Rlet ([x:E X] Rval (pin P x y)) vl)
([z:E (Res Y)] h (pin P vl z)) v2)) (pin P w 2)):
E (Res (prod P X Y))1;
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H Commutativity of pand

Goal THM_COMMUTATIVITY;

Expand THM_COMMUTATIVITY pand pand;

intros;

[CH=resumptions.2.2.2.2_1][orr=ROR S Z M N][yrr=RY S Z M F];

Intros 1;

Equiv P1
(([X,Y]Dom][f: (E X)->E Y]Rlet
([x:E XJRval (f x))) (pswap P|X1]X2)

((yrr ([h:(E (prod P (Resl X1) (Resl X2)))->E (Resl (prod P X1 X2))]
[V:E (prod P (Resl X1) (Resl X2))][vl=poutl P v][v2=pout2 P v]
orr (CH ([x:E X1]JRlet ([y:E X2]JRval (pin P x y)) v2)

([w’16:E (Resl X1)]h (pin P w’16 v2)) vi1)
(CH ([y:E X2]Rlet ([x:E X1]Rval (pin P x y)) vi1)
([z16:E (Resl X2)]h (pin P vl z716)) v2))
(pin P w 2))));

Qrepl Eg_sym (Im_pswapl P z w);
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Equiv P1
((IK:(E (prod P (Resl X1) (Resl X2)))->E (Resl (prod P X1 X2))]
[V:E (prod P (Resl X2) (Resl X1))]
([X,Y|Dom][f:(E X)->E Y]Rlet ([x:E XJRval (f x))) (pswap P|X1]|X2)
(K (pswap P v)))
(yrr ([h:(E (prod P (Resl X1) (Resl X2)))->E (Resl (prod P X1 X2))]
[V:E (prod P (Resl X1) (Resl X2))][vl=poutl P v][v2=pout2 P v]
orr (CH ([x:E X1]JRlet ([y:E X2]JRval (pin P x y)) v2)
([w’16:E (Resl X1)]h (pin P w’16 v2)) v1)
(CH ([y:E X2]Rlet ([x:E X1]Rval (pin P x y)) vi1)
([z16:E (Resl X2)]h (pin P vl z716)) v2)))

(pin P z w));

Claim STRICT

([K:(E (prod P (Resl X1) (Resl X2)))->E (Resl (prod P X1 X2))]
[V:E (prod P (Resl X2) (Resl X1))]
([X,Y|Dom][f:(E X)->E Y]Rlet ([x:E XJRval (f x))) (pswap P|X1]|X2)
(K (pswap P Vv)));

Claim
[h = (JK:(E (prod P (Resl X1) (Resl X2)))->E (Resl (prod P X1 X2))]
[V:E (prod P (Resl X2) (Resl X1))]
([X,Y|Dom][f:(E X)->E Y]Rlet ([x:E XJRval (f x))) (pswap P|X1]|X2)
(K (pswap P v)))]
[T = ([h:(E (prod P (Resl X1) (Resl X2)))->E (Resl (prod P X1 X2))]
[V:E (prod P (Resl X1) (Resl X2))][vl=poutl P v][v2=pout2 P v]
orr (CH ([x:E X1]JRlet ([y:E X2]JRval (pin P x y)) v2)
([w’16:E (Resl X1)]h (pin P w’16 v2)) vl1)
(CH ([y:E X2]Rlet ([x:E X1]Rval (pin P x y)) vi1)
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([z16:E (Resl X2)]h (pin P vl z716)) v2))]
[g = (Jh:(E (prod P (Resl X2) (Resl X1)))->E (Resl (prod P X2 X1))]
[V:E (prod P (Resl X2) (Resl X1))][vl=poutl P v][v2=pout2 P v]
orr (CH ([x:E X2]JRlet ([y:E X1]Rval (pin P x y)) v2)
([w’16:E (Resl X2)]h (pin P w’16 v2)) vl1)
(CH ([y:E X1]Rlet ([x:E X2]JRval (pin P x y)) vi1)
([z16:E (Resl X1)]h (pin P vl z716)) v2))]
{k:(E (prod P (Resl X1) (Resl X2)))->E (Resl (prod P X1 X2))}

Eq (h (fF K)) (@ (h K));

Qrepl Eg_sym (Im_Res uniformity S Z M F (ax_uniformity F)
([K:(E (prod P (Resl X1) (Resl X2)))->E (Resl (prod P X1 X2))]
[V:E (prod P (Resl X2) (Resl X1))]
([X,Y|Dom][f:(E X)->E Y]Rlet ([x:E XJRval (f x))) (pswap P|X1]|X2)
(K (pswap P v)))
?+1
([h:(E (prod P (Resl X1) (Resl X2)))->E (Resl (prod P X1 X2))]
[V:E (prod P (Resl X1) (Resl X2))][vl=poutl P v][v2=pout2 P v]
orr (CH ([x:E X1]JRlet ([y:E X2]JRval (pin P x y)) v2)
([w’16:E (Resl X1)]h (pin P w’16 v2)) vi1)
(CH ([y:E X2]Rlet ([x:E X1]Rval (pin P x y)) vi1)
([z16:E (Resl X2)]h (pin P vl z716)) v2))
([h:(E (prod P (Resl X2) (Resl X1)))->E (Resl (prod P X2 X1))]
[V:E (prod P (Resl X2) (Resl X1))][vl=poutl P v][v2=pout2 P v]
orr (CH ([x:E X2]JRlet ([y:E X1]Rval (pin P x y)) v2)
([w’16:E (Resl X2)]h (pin P w’16 v2)) v1)
(CH ([y:E X1]Rlet ([x:E X2]JRval (pin P x y)) vi1)
([z16:E (Resl X1)]h (pin P vl z716)) v2))

?+2

241
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(pin P z w));

Immed;

Refine ax_strict

([resumptions=Resumptions S Z M][Res’3=resumptions.1]
[Rval=resumptions.2.1][Rlet=resumptions.2.2.1]

[K:(E (prod P (Res’3 X1) (Res’3 X2)))->E (Res’3 (prod P X1 X2))]
[V:E (prod P (Res’3 X2) (Res’3 X1))]Rlet ([x:E (prod P X1 X2)]Rval

(pswap P|X1]X2 x)) (K (pswap P Vv)));

intros;

Refine Eq_sym;

Expand f g h;

Refine (ax_extensionality
([v:E (prod P (Resl X2) (Resl X1))][vl=poutl P v][v2=pout2 P v]
orr (CH ([x:E X2]JRlet ([y:E X1]Rval (pin P x y)) v2)
([w”16:E (Resl X2)]Rlet
([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))
(k (pswap P (pin P w’16 v2)))) vl1)
(CH ([y:E X1]Rlet ([x:E X2]JRval (pin P x y)) vi1)
([z16:E (Resl X1)]Rlet
([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))
(k (pswap P (pin P vl z716)))) Vv2))
([Vv:E (prod P (Resl X2) (Resl X1))]
Rlet ([x:E (prod P X1 X2)]Rval (pswap P|X1]X2 x))
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([vl=poutl P (pswap P v)][v2=pout2 P (pswap P v)]
orr (CH ([x:E X1]Rlet ([y:E X2]JRval (pin P x y)) v2)
([w’16:E (Resl X1)]k (pin P w’16 v2)) vi1)

(CH ([y:E X2]Rlet ([x:E X1]Rval (pin P x y)) vl)
([z16:E (Resl X2)]k (pin P vl z716)) v2))));

Intros v P2 H1;

Qrepl Eg_sym(Im_pswap2 P Vv);

Qrepl Eg_sym(Im_pswap3 P Vv);

Qrepl Eg_sym (ax_or_naturality
(Rnd S Z M N)(pswap P|X1]X2)
(CH ([x:E X1]Rlet ([y:E X2]Rval (pin P x y)) (poutl P v))
([w”16:E (Resl X1)]k (pin P w?16 (poutl P v)))(pout2 P v))
(CH ([y:E X2]Rlet ([x:E X1]Rval (pin P x y)) (pout2 P v))
([z16:E (Resl X2)]k (pin P (pout2 P v) z’16))(poutl P Vv)));

Qrepl ax_ch_naturality S Z M (pswap P|X1]X2)
([x:E X1]Rlet ([y:E X2]JRval (pin P x y)) (poutl P v))
([w”16:E (Resl X1)]k (pin P w?16 (poutl P v)))
(pout2 P v);

Qrepl ax_ch_naturality S Z M (pswap P|X1]X2)
([y:E X2]JRlet ([x:E X1]JRval (pin P x y)) (pout2 P v))
([z16:E (Resl X2)]1k (pin P (pout2 P v) z’16))
(poutl P v);
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Qrepl (ax_extensionality
([y:E X2] Rlet ([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))
(Rlet ([x:E X1]Rval (pin P x y)) (pout2 P v)))
([y:E X2] (Rlet ([x:E X1]Rlet (Ju:E (prod P X1 X2)] Rval (pswap P|X1]|X2 u))

(Rval (pin P x ¥y)))
(pout2 P v)))
(Ly:E X2](Eq_sym
(ax_assoc (Resumptions_Constructor S Z M)
(pout2 P v)
([x:E X1]JRval (pin P x y))
([x:E (prod P X1 X2)]JRval (pswap P|X1]X2 x))))));

Equiv P2
(orr (CH ([x:E X1] Rlet ([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))
(Rlet ([y:E X2]Rval (pin P x y)) (poutl P v)))
([w”16:E (Resl X1)JRIet([x:E (prod P X1 X2)]JRval(pswap P|X1]|X2 x))
(k (pin P w?16 (poutl P v)))) (pout2 P v))
(CH ([y:E X2]
(Rlet (Ix:E X11(([p: E (prod P X1 X2)]RIet
([u:E (prod P X1 X2)] Rval (pswap P|X1|X2 u))

(Rval p)) (pin P x y)))

(pout2 P Vv)))
([z716:E (Resl X2)]Rlet([x:E (prod P X1 X2)JRval(pswap P|X1]|X2 x))

(k (pin P (pout2 P v) z716))) (poutl P v)));

Qrepl Eg_sym (ax_runit (Resumptions_Constructor S Z M)
([u:E (prod P X1 X2)] Rval (pswap P|X1]X2 u)));

Claim {P:Prod}{X1,X2|Dom}
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Eq ([x:E X1][y:E X2]pswap P|X1|X2 (pin P X y))
([Xx:E X1][y:E X2] pin P y X);

Equiv P2

(orr (CH ([x:E X1] Rlet ([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))
(Rlet ([y:E X2]Rval (pin P x y)) (poutl P v)))

([w’16:E (Resl X1)JRIet([x:E (prod P X1 X2)]Rval(pswap P|X1]|X2 x))
(k (pin P w?16 (poutl P v)))) (pout2 P v))

(CH (([K:(E X1)->(E X2)->E (prod P X2 X1)]
([y:E X2]JRlet ([x:E X1]Rval (K x y))(pout2 P Vv)))
([a:E X1][b:E X2]pswap P|X1|X2 (pin P a b)))

([z716:E (Resl X2)]RIet([x:E (prod P X1 X2)JRval(pswap P|X1]|X2 x))

(k (pin P (pout2 P v) z716))) (poutl P v)));

Qrepl ?+1 P|X1]|X2;

Qrepl (ax_extensionality
([x:E X1] Rlet ([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))
(Rlet ([y:E X2]JRval (pin P x y)) (poutl P v)))
([x:E X1] (Rlet ([y:E X2]Rlet (Ju:E (prod P X1 X2)] Rval (pswap P|X1|X2 u))

(Rval (pin P x y)))
(poutl P v)))
([x:E X1](Eq_sym
(ax_assoc (Resumptions_Constructor S Z M)
(poutl P v)

([y:E X2]JRval (pin P x y))
([x:E (prod P X1 X2)]JRval (pswap P|X1]X2 x))))));

Equiv P2
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(orr (CH ([x:E X1]
(Rlet ([y:E X2](([p: E (prod P X1 X2)]Rlet
([u:E (prod P X1 X2)]JRval (pswap P|X1]|X2 u))

(Rval p)) (pin P x y)))

(poutl P v)))
([w”16:E (Resl X1)]Rlet

([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))
(k (pin P w?16 (poutl P v)))) (pout2 P v))
(CH ([y:E X2]JRlet ([x:E X1]Rval (pin P y x))(pout2 P v))
([z16:E (Resl X2)]RIet([x:E (prod P X1 X2)]Rval(pswap P|X1]|X2 x))

(k (pin P (pout2 P v) z716))) (poutl P v)));

Qrepl Eg_sym (ax_runit (Resumptions_Constructor S Z M)
([u:E (prod P X1 X2)] Rval (pswap P|X1]|X2 u)));

Equiv P2
(orr (CH (([K:(E X1)->(E X2)->E (prod P X2 X1)]
([x:E X1]Rlet ([y:E X2]JRval (K x y))(poutl P Vv)))
([a:E X1][b:E X2]pswap P|X1]X2 (pin P a b)))
([w’16:E (Resl X1)]Rlet
([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))
(k (pin P w?16 (poutl P v)))) (pout2 P v))
(CH ([y:E X2]JRlet ([x:E X1]Rval (pin P y x))(pout2 P Vv))
([z16:E (Resl X2)]RIet([x:E (prod P X1 X2)]JRval(pswap P|X1]|X2 x))
(k (pin P (pout2 P v) z716))) (poutl P v)));

Qrepl ?+1 P|X1]|X2;

Qrepl (ax_or_commutativity (Rnd S Z M N)
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(CH ([x:E X1]RIet ([y:E X2]Rval (pin P y x)) (poutl P v))
([w”16:E (Resl X1)]Rlet

([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))

(k (pin P w?16 (poutl P v)))) (pout2 P v))

(CH ([y:E X2]JRlet ([x:E X1]Rval (pin P y x)) (pout2 P v))
([z716:E (Resl X2)]Rlet

([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))

(k (pin P (pout2 P v) z716))) (poutl P v)));

Equiv P2
(orr (CH ([y:E X2]JRlet ([x:E X1]Rval (pin P y x)) (pout2 P v))
((IK:(E (Resl X2))->E (prod P (Resl X1) (Resl X2))]
[z716:E (Resl X2)]Rlet
([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))
(k (K z716)))([z:E (Resl X2)]pin P (pout2 P v) z2))
(poutl P v))
(CH ([x:E X1]RIet ([y:E X2]Rval (pin P y x)) (poutl P v))
([w”16:E (Resl X1)]Rlet
([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))
(k (pin P w?16 (poutl P v)))) (pout2 P v)));

Qrepl ax_extensionality

([z:E (Resl X2)]pin P (pout2 P v) 2z)

([z:E (Resl X2)]pswap P (pin P z (pout2 P v)))
([z:E (Resl X2)] Eq_sym(Im pswapl P z (pout2 P v)));

Equiv P2
(orr (CH ([y:E X2]JRlet ([x:E X1]Rval (pin P y x)) (pout2 P v))
([z16:E (Resl X2)]Rlet
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([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))

(k (pswap P (pin P z”16 (pout2 P v))))) (poutl P v))

(CH ([x:E X1]RIet ([y:E X2]Rval (pin P y x)) (poutl P v))
((IK:(E (Resl X1))->E (prod P (Resl X1) (Resl X2))]

[w?16:E (Resl X1)]Rlet

([x:E (prod P X1 X2)]JRval (pswap P|X1]|X2 x))

(k (K w?16)))([w:E (Resl X1)]pin P w (poutl P v)))

(pout2 P v)));

Qrepl ax_extensionality

([w:E (Resl X1)]pin P w (poutl P v))

([w:E (Resl X1)]pswap P (pin P (poutl P v) w))
([w:E (Resl X1)] Eqg_sym(Im pswapl P (poutl P v) w));

Immed;

Intros PP A B;

Refine ax_extensionality
([x:E A][y:E B]pswap PPJA|B (pin PP x y))
([x:E A][y:E B]pin PP y X);

Intros x;

Refine ax_extensionality

([y:E B]pswap PP (pin PP x y))
([y:E B]pin PP y Xx);

Intros y;

Qrepl Eg_sym (Im_pswapl PP X y);
Refine Eq_refl;



I Preservation of uniformity

Goal {S:SumHZ:Ind}{M:Monad}{F:Fix (T M)}
(AX_UNIFORMITY F) -> AX_UNIFORMITY (Rfix S Z M F);

Expand AX_UNIFORMITY RFfix Yop RY Uniform_Redefinition2;

Intros;

Equiv P
(h ([w:E X1]alg Z|(RF S (Monad_to_Functor M) X2)
(Yop FIX1](sum S X2 (Res S Z M X2))
([h:(E X1)->E (Unwind S Z M X2)][x1:E X1] coalg Z
(f ([x:E X1]alg Z|(RF S (Monad_to_Functor M) X2) (h x)) x1))

w)) X);

Qrepl Eg_push (Im_Lambek2 Z](RF S (Monad_to Functor M) X4))
(h ([w:E X1]alg Z|(RF S (Monad_to_Functor M) X2)
(Yop F ([h:(E X1)->E (Unwind S Z M X2)][x1:E X1] coalg Z
(f ([x:E X1]alg Z|(RF S (Monad_to_Functor M) X2) (h x)) x1))
w)) X);

Equiv P (alg Z
((IK:(E X1)->E (Unwind S Z M X2)][x3: E X3]
(coalg Z (h ([w:E X1]alg Z](RF S (Monad_to_Functor M) X2) (K w)) x3)))

249
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(Yop F ([h:(E X1)->E (Unwind S Z M X2)][x1:E X1] coalg Z
(f ([x:E X1]alg Z|(RF S (Monad_to_Functor M) X2) (h x))

x1))) X));

Claim STRICT ([K:(E X1)->E (Unwind S Z M X2)][x3: E X3]
(coalg Z (h ([w:E X1]alg Z](RF S (Monad_to_Functor M) X2) (K w)) x3)));

Claim {J:(E X1)->E (Unwind S Z M X2)}
[h1l = [K:(E X1)->E (Unwind S Z M X2)][x3: E X3]
(coalg Z (h ([w:E X1]alg Z](RF S (Monad_to_Functor M) X2) (K w)) x3))]
[f1 = [h:(E X1)->E (Unwind S Z M X2)][x1:E X1]
coalg Z (f ([x:E X1]alg Z](RF S (Monad_to_Functor M) X2) (h x)) x1)]
[91 = [k:(E X3)->E (Unwind S Z M X4)][x3:E X3]
coalg Z (g ([x:E X3]alg Z](RF S (Monad_to_Functor M) X4) (k x)) x3)]
(Eq (h1 (f1 J)) (91 (M1 j)));

Qrepl Eqg_sym
(H ([K:(E X1)->E (Unwind S Z M X2)][x3: E X3]
(coalg Z (h ([w:E X1]alg Z](RF S (Monad_to_Functor M) X2) (K w)) x3)))
?+1
([h:(E X1)->E (Unwind S Z M X2)][x1:E X1]
coalg Z (f ([x:E X1]alg Z](RF S (Monad_to_Functor M) X2) (h x)) x1))
([k:(E X3)->E (Unwind S Z M X4)][x3:E X3]
coalg Z (g ([x:E X3]alg Z](RF S (Monad_to_Functor M) X4) (k x)) x3))

?+2 X);

Immed;

Refine ax_strict
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([K:(E X1)->E (Unwind S Z M X2)][x3:E X3]
coalg Z (h ([w:E X1]alg Z](RF S (Monad_to _Functor M) X2) (K w)) x3));

Intros;

Equiv P1 [x3:E X3]coalg Z (g ([x:E X3]
([z:E (Res S Z M X4)] alg Z](RF S (Monad_to_Functor M) X4) (coalg Z z))
(h ([w:E X1]alg Z|(RF S (Monad_to_Functor M) X2) (J w)) X)) x3);

Qrepl (Eg_sym (Im_Lambek2 Z](RF S (Monad_to_Functor M) X4)));

Qrepl Eg_sym (ax_eta (h ([w:E X1]alg Z](RF S (Monad_to_Functor M) X2) (J w))));

Equiv P1 (([K:(E X3)->E (Res S Z M X4)][x3:E X3]coalg Z (K x3))
(g (h (Jw:E X1]alg ZJ](RF S (Monad_to_Functor M) X2) (G w))))):

Qrepl Eg_sym (H2 ([w:E X1]alg Z|(RF S (Monad_to_Functor M) X2) (J w)));
Qrepl ax_eta (f ([w:E X1]alg Z](RF S (Monad_to_Functor M) X2) (J w)));
Equiv P1 ([x3:E X3]coalg Z

(h ((JK:(E (Res S Z M X2))-> E (Res S Z M X2)]

[X:E X1] K (f ([w:E X1]alg Z](RF S (Monad_to_Functor M) X2) (J w)) X))
(Ly:E (Res S Z M X2)1y)) x3));

Qrepl (Im_Lambek2 Z](RF S (Monad_to Functor M) X2));

Immed;
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algebras of, 43, 174
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constructor, 61
lifting, 42, 122, 126, 128
in Cpo, 63
powerset, 44
strong, 1, 28-33
~ morphism, 32, 149
category of ~s, 32
composition of ~s, 33
general axioms for, 85
special axioms for, 86
underlying strong endofunctor of,
30
mono
class of admissible ~s, 43, 96, 114
regular, 112, 113
requirement, 37, 86, 116

name of a morphism, 25
natural numbers object, 60, 63
natural transformation
M-cartesian, 92, 104, 124
naturality, 39
necessity, 83
standard interpretation of, 99
nondeterminism, 44, 74, 115

noninterference, 119

object
class of conservative ~s, 175
finitely presentable, 175
operation, 7, 154
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polymorphic, 33, 163
operator

of HML, 163

parametric extension, 20, 157
partial correctness, 18, 134-137
partial equivalence relation (PER), 11, 81
partial functions, 42
partial map
category of ~s, 49
classifier, see classifier,
of partial maps
PCF, 4
pCpo, 63
PLC, see lambda calculus, higher order
polymorphic
polytype, 33
computationally positive (negative),
149
light ~ of MLp(X), 161
possibility, 83
standard interpretation of, 99
possible worlds, 65, 120
preservation of equations, 13, 160
products
D, 94, 181
indexed, 94

absoluteness of, 122

raise, 51

reindexing

273

in a fibration, 180
in a hyperdoctrine, 88
in categories with display maps, 94
relation, 38
admissible, 68
evaluation, see evaluation relation
logical, 16, 38, 49, 65, 217
relational parametricity, 38
relational structure, see structure, rela-
tional

resumption, 45

Scott
induction, see fixed point, induction
semantics
axiomatic, 3
denotational, 1, 2
functorial, 14, 21, 147, 173-176
operational, 2
of TMLE, 52
standard, 10
side effects, 47, 115
Sierpinski space, 97
signature
morphism, 156
of L(X), 34
of HML, 163
sketch
finite limit, see finite limit, sketches

soundness, 3
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of EL, 91-106 strongly ~ of TMLE, 52
of HML, 186 light ~ of MLy(X), 158
of the computational lambda calcu- theory
lus, 41 algebraic, 173
of the metalanguage for exceptions, essentially algebraic, 178
62 finite limit, 21, 175
Standard ML models of, 21
exceptions in, 48 in the computational lambda calcu-
state reader, 121 lus, 8, 14
strength, 28 Lawvere, 173
functorial, 25 lex, see theory, finite limit
tensorial, 26, 109 of L(X), 35
strictness, 44, 68 of HML, 163
of TMLE, 59 TMLE, 50-54
structure tripos, 98
¥, 151 type
of L(X), 40 computational, 7
of HML, 186 constructor, 33
additional, 42, 148 dependent, 93, 111, 200
for exceptions, 62 inductive ~ in HML, 167
relational, 68 product, 164
substitution scheme
sign-preserving (reversing), 150 closed ~ of £(X), 34
SUms of HML, 163
D, 94 parametric ~ of HML, 164
indexed, 94 sum, 164
term uniform redefinition, 155, 161, 172, 208
canonical universality, 3

of TMLE, 52 variety, 175
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while-programs, 136

annotated, 19

XCC, see Extended Calculus of

Constructions
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